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Abstract
We are interested in the following singular boundary value problem:

U+ pw®f(u) =0, 0<t<1,
1
u0)=0, u(l) :/ u(s) dA(s),
0

where i > 0'is a parameter and f(; u(s) dA(s) is the Stieltjes integral. The function

w e C((0,1),(0,+00)) and w may be singularat t=0and/ort =1,

f e C([0,+00),(0,+00)) and f,, = +00. Some a priori estimates and the existence,
multiplicity and nonexistence of positive solutions are obtained. Our proofs are based
on the method of global continuous theorem, the lower-upper solutions methods
and fixed point index theory. Furthermore, we also discuss the interval of parameter
/ such that the problem has a positive solution.

Keywords: singularity; global continuous theorem; solution of boundedness; fixed
point index; positive solution

1 Introduction

We are concerned with the second order nonlocal boundary value problem:

u”(t) + /Lw(t)f(u(t)) =0, O0<t<l,

1 (1.1)
u(0) =0, u(l) = / u(s) dA(s),
0

where > 0 is a parameter and fol u(s) dA(s) is a Stieltjes integral. The function w €
C((0,1), (0, +00)) and w may be singular at £ = 0 and/or ¢ = 1, f € C([0, +00), (0, +00)) and
fxo = limuﬁw@ = +00.

Integral boundary conditions and multi-point boundary conditions for differential
equations come from many areas of applied mathematics and physics [1-7]. Recently, sin-
gular boundary value problems have been extensively considered in a lot of literature [1, 2,
5, 8], since they model many physical phenomena including gas diffusion through porous
media, nonlinear diffusion generated by nonlinear sources, chemically reacting systems
as well as concentration in chemical or biological problems. In all these problems, positive
solutions are very meaningful.
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In [1, 2], Webb and Infante considered the existence of positive solutions of nonlinear

boundary value problem:
u’(t) + uh(t)g(t, u(t)) =0, O0<t<l],

where /1, g are nonnegative functions, subjected to the nonlocal boundary conditions
u(0) =0, u(1) = o[u].

Here a[u] is a linear functional on C[0, 1] given by

olu] = Alu(s) dA(s)

involving a Stieltjes integral with a signed measure, that is, A has bounded variation. They
dealt with many boundary conditions given in the literature in a unified way by utilizing
the fixed point index theory in cones.
Recently, many researchers were interested in the global structure of positive solutions
for the nonlinear boundary value problem (see, e.g., [3, 6, 7]). In 2009, Ma and An [3]
considered the problem (1.1). Assume that
(AO) A:[0,1] — R is nondecreasing and A(¢) is not a constant on (0,1), 0 <« <1 with
K= fol tdA(t), and fol G(t,s)dA(t) > 0 for s € [0,1] (for the definition of G(¢,s), see
(2.1) below).

(A1) w:(0,1) — [0, +00) is continuous and w(t) # 0 on any subinterval of [0,1], and
wd e L'[0,1] N C(0,1), where &(s) = s(1 —s), s € [0, 1].

(A2) f e C([0,+00),[0,+00)) and f(s) > 0 for s > 0.

(A3) fo =fx =0, where fy =lim,_, o+ 1) and fo = limu_,oo@.

u

They obtained the following main result:

Theorem 1.1 ([3, Theorem 4.1]) Assume that (A0)-(A3) hold. Then there exists a compo-
nent ¥ in Y which joins (00,0) to (00, 00), and

Projp T = [p, +00)

for some p” > 0. Moreover, there exists i’ > p" > 0 such that (1.1) has at least two positive
solutions for u € (1", 00). Here T joins (00,8) to (0o, 00) such that

lim ||z]| =0, lim ||zl = oo.
(u)e%,|lul <1 (u) €%, |lul>1
H—>00 H—>00

Here, ) is the closure of the set of positive solutions of (1.1) on [0,00) x X, X = {u €
C'10,1] : u(0) = 0, u(1) = fol u(s) ds}, and the component of a set M is a maximal connected
subset of M.

A natural problem arises: How can we consider the global structure of positive solutions
for the case fj = foo = 00?

In this paper, we first obtain the global structure of positive solutions by the use of global
continuous theorem, and some a priori estimates. Applying the analysis technique, we
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construct the lower and upper solutions. Those combined with the fixed point index the-
ory, the existence, multiplicity and nonexistence of positive solutions to (1.1) in the case
fo =fs = 00 are investigated. Finally, we discuss the interval of parameter u such that the
problem (1.1) has positive solutions. The proof of the method which is based on the con-
struction of some bounds of the solution together with global continuous theorem and
fixed point index is of independent interest, and is different from the other papers.

This paper is arranged as follows. We will give some hypotheses and lemmas in Sec-
tion 2. In Section 3, new criteria of the existence, multiplicity and nonexistence of a posi-
tive solution are obtained. Moreover, an example is given to illustrate our result.

2 Preliminaries and lemmas
Let X denote the Banach space C[0,1] with the maximum norm

[l#]] = max |u(t)|.
te[0,1]
Define K := {u € C[0,1] : u is concave in [0, 1] and u«(¢) > 0}, then K is a cone. Let

(I-t)s, 0<s<t<1,
G(t,s) = (2.1
1-98)t, 0<t<s<l.

Denote
1
= dA(t),
K /(;L‘ ()
1
G(s)::/ G(t,s)dA(t), forse[0,1], (2.2)
0

t
Gi(t,s) = G(t,s) + l—G(s), Kk #1.
-k
Throughout this paper, we suppose that the following conditions hold:
(HO) A:[0,1] — R is nondecreasing, dA(t) > 0 on (0,1) and « := fol tdA(t) with

0<k<l.

(H1) we C((0,1),(0, +00)) and w may be singular at ¢ = 0 and/or 1, satisfying
1
0< f Gi(t,s)w(s)ds <00, Vte(0,1). (2.3)
0

(H2) f € C([0,00),(0,00)) (£(0) > 0 obviously holds).
(H3) foo = im0 1% = +o0.

Remark 2.1 It is easy to see from (HO) that G(s) < [A(1) — A(0)]G(s,s). Therefore, if we
assume that 0 < fol G(s,s)w(s) ds < 0o, then (2.3) obviously holds.

Define an operator T : K — X as follows:

1
Tu(t) = T(u, u)(t) := /L/O Gl(t,s)w(s)f(u(s)) ds.

Page3of 13
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Assume that the conditions (H0)-(H2) hold, then it is easy to verify that T : K — K is well

defined and completely continuous.

Lemma 2.1 ([9] Global continuation theorem) Let X be a Banach space and let K be an
order cone in X. Consider the equation

u=T(u,u), (2.4)

where 1 € R, = [0,00) and u € X. Suppose that T : R, x K — K is completely continu-
ous and T(0,u) = 6 for all u € K, then £,(K), the component of the solution set of (2.4)
containing (0,0) is unbounded.

Remark 2.2
(1) We note that u is a positive solution of the problem (1.1) if and only if # = T'(i, ) on
K.
(2) If T(u,0) #0 for u #0 and T(0,u) = 0 for all u € K, then we get from Lemma 2.1
that there exists an unbounded continuum £ emanating from (0, 0) in the closure of

the set of positive solutions (1.1) in R, x K.

Lemma 2.2 ([10]) Let X be a Banach space, K an order cone in X and S an open bounded
set in X with 0 € S. Suppose that T : S N K — K is a completely continuous operator. If
Ty # Ay, forall y € 08 N K and all A > 1, then i(T,S NK,K) =1.

3 Main results

Lemma 3.1 Let (HO)-(H3) hold and let J = [jwg,00) with o > 0. Then there exists a con-
stant Qg > 0 such that for all u € J and all possible positive solutions u, of (1.1), the
inequality ||u, || < Qg holds.

Proof Suppose on the contrary that there exist a sequence {u,,} C J and a sequence {u,,,}

of the positive solutions of (1.1) corresponding to p, such that
|y, || = 00, asn— oo.

Denote u,, := u,,,. From the concavity of u,, it follows that

N2 | 13
t) > 0, forte|—,—|. 3.1
un(t) > 2 or 72 (3.1)
Choose n := %, where w = minte[%’%] w(t). Then we find from (H3) that there exists a
constant R > 0 such that
fw)>nu, forallu>R. (3.2)

Since lim,,_, « || 1, || = 00, we get

llun]l > 4R, for enough large N.
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This, together with (3.1) and (3.2), implies
13
f(uN(t)) >nuy(t), forte <E’ Z) (3.3)

Put v (¢) := —cos 2rt, for t € [%, %]. Hence, we know from (3.3) that

o / CwOF (un )y (0) i = m / C w(Oun 0y () de
> nwpn / L un(Ow () de.

4

On the other hand, multiplying (1.1) by ¥ and integrating by parts, we obtain that

. / w0 (un(O) (O di = / O de
—u&(t)w(t)‘j + / LU (1) de

4

- / a0 dt + »m(t)w)‘j

< an? /1 L un(Ov (0 dt

4

leads to

3

S—_ / Y un O (0 dt < 4 / L) dt,

ie.,
1072 47?107
=n= < .
How UNW  HoW
This is a contradiction. O

Lemma 3.2 Assume that the hypotheses (H0)-(H3) hold. Then there exists p > 0 such that
if the problem (1.1) has a positive solution for parameter u, then 1 < p.

Proof Let u be a positive solution of (1.1) corresponding to j. From the hypotheses (H2)

and (H3), it follows that there exists o > 0 such that f(u) > ou for all u > 0. Consequently,

we have

row(®u(t) < pw@)f (u(t)) = —u"(t), t<(0,1). (3.4)
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Let A1 be the first eigenvalue of

o" () + w(t)p(t) =0, t€(0,1),
9(0)=¢(1) =0,

and let ¢; be the positive eigenfunction corresponding to A (see [8]). It is easy to see that
¢;(1) < 0. Multiplying (3.4) by ¢; and integrating by parts, we get that

1

1
;wﬁvmmw%mws—ﬁu%wwwt
1
=—wmwm%+/uvmet
0
1
:umﬂu»umwm»—/lmmﬂnm
0
1
<- /0 u(t)gy (t) dt
1
= A d
1A1wwmnwu>t

implies

-1

H=<Xo .
This completes the proof. O

Lemma 3.3 Assume that (H0)-(H3) hold. Then we have

lim  |ju,| =oco.
(noup)el
ity |2 1,—0

Proof Suppose this fails, that is, there exists {(u,#,)} C £ such that
p—0 and 1< |u,l <M,

where M, is a positive constant. Since (11, 4,) € £, we get that for all £ € [0,1]

1
u,(t) = M/o Gl(t,s)w(s)f(uu(s)) ds

1
= (u/ Gl(t,s)w(s)f(L(s)) ds>||u“||
0

N2t I

1
< M(Ml max / Gl(t,S)W(S) dS) ”uu_”’
0

te[0,1]
where
t
M = max{f('rl“(”)) 1< luyll < Mo, t € [0,1]} € (0, 00).
Uy
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Hence, we find that

1 -1
w=> {Ml max / G1(t, s)w(s) ds} > 0.
te[0,1] 0

Thus, it implies that p -+ 0. This is contradiction. O

Theorem 3.1 Assume that the conditions (H0)-(H3) hold and fol dA(t) < 1. Then there
exists a constant |1 > 0 such that the problem (1.1) has at least two positive solutions for
0 < 1 < Wy, and at least one positive solution for u = (1, and no positive solution for L > ;.

Proof Define

= sup{;f >0:forall u e (O,M*), (3.5)

there exist at least two positive solutions of (1.1)}.

From Lemma 2.1 and Remark 2.2, we can find that there exists an unbounded contin-
uum £ emanating from (0, 0) in the closure of the set of positive solutions in R, x K and
T(0,u) = 0 for all u € K. Meanwhile, Lemma 3.1 and Lemma 3.3 respectively imply that
u, is bounded (i > 0, u - 0) and unbounded (1 > 0, © — 0 and ||z, || > 1). Therefore, we
conclude that the set of (3.5) is nonempty. Those combined with Lemma 3.2 follows that
w1 > 0 is well defined and p; € (0, p]. From the definition of u, it is easy to see that the
problem (1.1) has at least two positive solutions for € (0, 141). Again, since the continuum
is a compact connected set and T is a completely continuous operator, the problem (1.1)
has at least one positive solution at u = ;.

Next, we only show that the problem (1.1) has no positive solution for any u > (1. Sup-
pose on the contrary that there exists some o (> 1) such that the problem (1.1) has a
positive solution u, corresponding to ;. Then we will prove that the problem (1.1) has at
least two positive solutions for any p € [141, t2) which contradicts the definition of (3.5).

For the sake of obtaining the contradiction, we divide the proof into four steps.

Step 1. Constructing a modified boundary value problem.

Choose arbitrarily a constant p € [141, 7). Since f is uniformly continuous on [0, ||, || +
1], there exists a constant o > 0 such that

fu+o)<f(u)+e, forue [0, 2| +1], (3.6)

where

e (2 = ) minye(o, juy ) +11.f (%) N
: 2

0.

Denote ¢ (£) := uy(t) + o, for ¢t € [0,1]. Then we claim that
¢"(t) + ww()f (£(8)) <0, te€(0,1), (3.7)

and

1
(=0, ()= fo 15(5) dA(s) + o (3.8)
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Indeed, using (3.6), we have

¢" () + uwt)f (£ (8)) = uy(8) + pw(t)f (ua(t) + o)
= —Mgw(t)f(uz(t)) + /.LW(Z')f(Mz(t) + a)
< w(t)[-paf (u2(2)) + puf (u2(2)) + pre]

< _“22’ B s wt)f (ur(0))

< 0.

Defineaset S := {u € C[0,1]]0 < u(t) < £(£), £ € (0,1)}. Then the set S is bounded and open
in C[0,1]. Now, we construct the modified second-order boundary value problem:

u"(t) + pw()f (6 (u(2))) =0, t€(0,1),
1

(3.9)
u(0) =0, u(l) = / u(s) dA(s),
0

where £ : R — R, is defined by

¢, ifu(t)>¢(t),
E(u®) = Ju@), ifo<ul)<c(@),
0, if u(t) < 0.

Step 2. We will show that if u is a positive solution of (3.9), then u € SN K.

Let u be a positive solution of (3.9), then we claim that
ueSNK. (3.10)

Suppose this fails, that is, u ¢ S N K. Clearly, we only show that u(t) £ ¢(¢), for ¢t € (0,1].

Comparing the boundary conditions (3.8) and (3.9), the only following three cases need

to be considered. Case 1. There exists #; € (0,1) such that u(¢;) = ¢(¢;) and 0 < u(¢) < ¢(¢),

for t € (t; — 01,t1) U (1,1 + 01) and some o7 > 0; Case II. There exists £, € (0,1] such that

u(ty) = £(t,) and u(t) > ¢(¢) for t € (t,,1]. Case III. There exists [t3,£4] C (0,1] such that

u(t) > ¢ (), t € [ts3,ta), u(ts) = ¢ (¢3) and u(ts) = ¢ (t4). See the three Figures 1, 2 and 3.
Case L. From (3.7), it implies that there exists a constant €; > 0 such that

max  {£"(t) + uw(t)f (¢ (2))} = —e1 < 0. (3.11)

te[ty—o1,t1+o1]

Figure 1 Casel.

Page 8 of 13
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| ult)
|
. cf)
| | 1 »
0 4
£y 1
Figure 2 Casell.
)
| Y
1 |
L | >
0! t
£ g 1
Figure 3 Caselll.

Since f is uniformly continuous on [0, ||uz|| + 1], there exists a of > 0 such that if u,v €

[0,IZ]1] and |u — v| < o7, then we get
[f () -fW)| <aW™, (3.12)

where W := pumaxe[, —o,,1+01] W(¢) > 0. From the assumption of Case I, it follows that there
exists a subinterval [r,s] C (t; — 01,1 + 01) with £ € (7, s) such that

—of <u(t)-¢(@) <0, fortelrs]
and
(-2)()>0 and (u-¢)(s)<0.
This together with (3.11) and (3.12) leads to
0> (=06 =00 = [ [0~ 0)de
-/ o) (o) + £ (0)] de
- [ Lm0 () £ (€(0) +" 0+ it (e )
> - /rs[ﬂw(t)q W —e]dt

= gl/s[l——mv/y(t)}dtzo.

This is a contradiction.

Page9of 13
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Case IL. Let x(t) := u(t) — ¢ (¢), for ¢ € [0,1]. Then we have that for ¢ € (£,,1]

x(t2) = 0, x(t) = 0, (3.13)

&'(t) = (u(t) - ¢ ()" = —uw(@e)f (¢(8)) - " (&) > 0. (3.14)

Obviously, we have &' (¢;) > 0. From (3.13), it implies that x'(¢) > 0, for any ¢ € (¢,,1]. Hence,
the function «x(¢) is strictly increasing in [£;,1]. From (3.8) and the boundary condition
(3.9), we find

1 1
x(1)=u1)-¢@1) = /0 u(s) dA(s) —/0 uy(s)dA(s) — o

1 1
= / (u(s) - C(s)) dA(s) +o </ dA(s) — 1)
0 0

1 1
= / x(s)dA(s)—o(l— / dA(s))
0 0

< x(1).

We obtain a contradiction. In particular, if £, = 1, then we obtain

1 1
x(l):u(l)—;(l):/o x(s)dA(s)+o</0 dA(s)—1)<0.

This contradicts (3.13).

Case IIL. Since & (u(t)) = ¢ (¢), for t € (3, t4), we have that (u(t) — ¢(£))” > 0, for ¢ € (t3,t4).
Again since (1 — ¢)(t3) = (u — ¢)(ts) = 0, we know from the maximum principle that u(¢) <
£(t), for t € (t3,¢4). This contradicts the assumption of Case III.

Therefore, we conclude that the claim (3.10) holds.

Step 3. i(Tw S NK,K) =1 (the definition of Tu see below).

Using (2.2), we define an operator Tu : K — X by

1
T, (u)(t) = /0 Gi(t, )w(s)f (£ (u(s)))ds, te[0,1].

Then Tu : K — K is completely continuous and u is a positive solution of (3.9) if and only
if u= Tﬂ(u) on K. From the definition of & (u(¢)), it implies that there exists R; > 0 such
that || Tﬂull < Ry, for all u € K. Consequently, we get from Lemma 2.2 that

i(T,,Bg, NK,K) =1,

where By, = {u € X : ||| < R;}. Applying the conclusion of Step 2 and the excision property
of fixed point index, we find that

iT,,SNK,K) = i(T,,Bg, NK,K) = 1. (3.15)

Step 4. We conclude that the problem (1.1) has at least two positive solutions corre-
sponding to .

Page 10 0of 13
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Since the problem (1.1) is equivalent to the problem (3.9) on S N K, we get that the
problem (1.1) has a positive solution in S N K. Without loss of generality, we may suppose
that T has no fixed point on 3S NK (otherwise the proofis completed). Then i(7, SNK, K)
is well defined and (3.15) implies

(T,SNK,K) =1 (3.16)

On the other hand, from Lemma 3.2, we choose .+ > p such that the problem (1.1) has
no positive solution in K. By a priori estimate in J = [, j4+], there exists Ry (> R;) > 0 such
that for all possible positive solutions u; of (1.1) with A € [u, u-], we know that ||, || < Rs.
Define & :[0,1] x (Bz, N K) — K by

B(v,u) = T(vu +(1- v),w,u).

Then it is easy to verify that & is completely continuous on [0,1] x K and & (v, u) # u for
all (v,u) € [0,1] x (0B, N K). From the property of homotopy invariance, it follows that

i(T,Br, NK,K) =i(T(i,), Br, NK,K) = i(T(w+,), Bz, N K,K) = 0.
Hence, by the additivity property and (3.16), we have
i(T, (Bg,\S) N K,K) = -1.

Then we conclude that the problem (1.1) has at least two positive solutions corresponding
to u. O

Remark 3.1
(i) From the hypotheses (H2) and (H3), it implies that there exists L > 0 such that

D:]% :minf(—u).

min— (3.17)

Let f attain its maximum at the point L” of [0, L]. If fol Gi(t,s)w(s) ds < 0o, then
adopting the similar method as in [11, Theorem 1], we get that for
O<p< (ﬂ%) fol Gi(t,s)w(s) ds)™!, the problem (1.1) has at least two positive solutions
u1(t) and uy(t) such that O < ||uy|| < L < |luz || by the use of compression of conical
shells in [12, Corollary 20.1]. Consequently, we know that
m = () (1 Gyt s)wis)ds) .

(ii) If u is a positive solution of the equation (1.1) corresponding to u, then we have

1
llu| = tren[(z)l’)f]’u(t)‘ = (0 max / Gl(t,s)w(s)f(u(s)) ds

te[0,1] 0

ie, from (3.17),

1 1
1= max / Gi(t,s)w(s f(lu_(s)) ds > uD max / Gi(t,s)w(s) ds.
0 0

t€[0,1] |u| t€[0,1]

Therefore, we get that 1 < (D max,c(o, fol Gi(t,s)w(s)ds)™.

Page 11 0f 13


http://www.boundaryvalueproblems.com/content/2012/1/72

Hu Boundary Value Problems 2012, 2012:72 Page 12 0f 13
http://www.boundaryvalueproblems.com/content/2012/1/72

Corollary 3.1 Assume that (H1)-(H3) hold. Consider the following m-point boundary

value problem

u”(t) + Mw(t)f(u(t)) =0, O<t<l,

m=2 (3.18)
w(0)=0,  u)=_ o),

i=1

where [ is a positive parameter, a; € [0,00), i =1,2,...,m—2,0<m < - <Ny <1 and
0< ZZIZ a;n; < 1. Then there exists a constant [t > 0 such that the problem (3.18) has at
least two positive solutions for 0 < . < 1, and at least one positive solution for . = @, and

no positive solution for u > (.

Proof In the boundary condition of (1.1), if we let
m-2
Als) =Y aix(s—ny),
i=1
where y (s) is the characteristic function on [0, 00), i.e.,

1, ifs>0,
0, ifs<O.

x(s) =

Then the boundary condition of (1.1) reduces to the m-point boundary condition of (3.18).
Applying the method of Theorem 3.1, we get the conclusion. O

Example 3.1 We consider the following singular boundary value problem:

1
u'(t) + /L%(Z +sinu(t) +e“) =0, te(0,1),

1 (3.19)
u(0) =0, u(l) = / u(s) dA(s),
0

where A(s) = s?(2 - s).

Computing yields

1 1 7
K:/O tdA(t)z/O td(2t2—t3)=ﬁ,
G(s) = /IG(t,s) dA(t)

0

s 1
=/ (1—s)t(4t—3t2)dt+/ (1-t)(4t - 3¢)sdt
0 s

5 2 1
= —5- 5+ =5t
12° 3 4

t
Gi(t,s) = G(¢,8) + - (55 -85+ 3s4).
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We find that for any ¢ € (0,1],

1
O</ Gi(t, s)w(s)ds
0

LG, t [t
= ( S)ds+—/ s%(5—8s2+333)ds
o s 7 Jo

2988 9 ,
=t - —t" ) <o0.
2,695 10

Thus, it implies that (2.3) holds. It is easy to verify that the conditions (H2) and (H3) hold.
Therefore, by Theorem 3.1, we obtain that there exists a constant u; > 0 such that the

problem (3.19) has at least two positive solutions for 0 < i < u1, and at least one positive
solution for u = uy, and no positive solution for p > ;.
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