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Abstract

In this paper, we study a strongly damped plate or beam equation. By using spatial
sequence techniques and energy estimate methods, we obtain an existence theorem
of the solution to abstract strongly damped plate or beam equation and to a
nonlinear plate or beam equation.
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1 Introduction

We consider the following nonlinear strongly damped plate or beam equation:

Pu  9Au
ar? ot
ulyq = Aulze =0,

u(x,0) = @, uy(x,0) =,

=f(x, Azu) +g(x, u,Du,Dzu,Dgu), k>0,
(1.1)

where A is the Laplacian operator, Q denotes an open bounded set of RN (N = 1,2) with a
smooth boundary 92 and u denotes a vertical displacement at (x; £).

It is well known that flexible structures like suspension bridges or overhead power trans-
mission lines can be subjected to oscillations due to various causes. Simple models for such
oscillations are described with second- and fourth-order partial differential equations as
can be seen for example in [1-8]. The problem (1.1) can be applied in the mechanics of
elastic constructions for the study of equilibrium forms of the plate and beam, which has
a long history. The abstract theory of Eq. (1.1) was investigated by several authors [9-14].

The main objective of this article is to find proper conditions on f and g to ensure the
existence of solutions of Eq. (1.1). This article uses the spatial sequence techniques, each
side of the equation to be treated in different spaces, which is an important way to get
more extensive and wonderful results.

The outline of the paper is as follows. In Section 2 we provide an essential definition and
lemma of solutions to abstract equations from [15-18]. In Section 3, we give an existence
theorem of solutions to abstract strongly damped plate or beam equations. In Section 4,
we present the main result and its proof.
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2 Preliminaries

We introduce two spatial sequences:

XCH3;CX, CX, CH,
X, CHy, CH CH,

(2.1)

where H, Hy, H,, H; are Hilbert spaces, X is a linear space, and Xj, X, are Banach spaces.
All embeddings of (2.1) are dense. Let

L:X — X; beone-one dense linear operator, (2.2)

Lu,Vig = (U, V), Yu,veX.
Furthermore, L has eigenvectors {e;} satisfying
Lek = )\.kek (k = 1,2, .. .), (2.3)

and {e;} constitutes a common orthogonal basis of H and Hs.

We consider the following abstract equation:

du  d
P‘I’kaﬁu:G(u), k>0,

u0)=¢,  w(0)=1,

(2.4)
where G : X; x R* — X, is a mapping, R* = [0,00) and £ : X, — X; is a bounded linear
operator satisfying

(Lot Loy = (U, Vpyy  Vitv € X 2.5)

Definition 2.1 [15] Wesayu Wl{;j‘)((o, 00), Hi) NLy (0, 00), X3) is a global weak solution
of Eq. (2.4) provided that (¢, V) € X, x Hy

t
(g, Vg + k{Lu, vy = /0 <G(u), V) dt + (Y, Vg + k{(Le,V)H, (2.6)

forallve X;and 0 <t <oo.

Lemma 2.2 [18] Letu € L},
|h| < 1), then {u;)} € I¥

loc

((—00,00),X), X be a Banach space. If u, = ; fh”h u(s)ds (0 <
((—00,00), X), satisfying

%iir(l)”uh(t) — u(t) Hx =0, a.ete(-00,00),

T
%i_r)r(l)/_THuh(t)—u(t)||idt:O, 0<T<oo.

3 Existence theorem of abstract equation
Let G=A+B:X; x R* — X,. Assume:
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(Al) Thereisa C' functional F: X, — R! such that
(Au,Lv) = (-DF(u),v), Vu,veX. (3.1)
(A2) Functional F: X, — R! is coercive, i.e.,
Flu)—> o0, < |ulx, > oo (3.2)
(A3) B satisfies
|(Bu, Lv)| < CF(u) + §||V||§,2 +g(t), Yu,veX, (3.3)
for g € L}, (0,00).
Theorem 3.1 If G: X, x R* — X is bounded and continuous, and DF is monotone, i.e.,

(DF(u1) = DF(2), w1 — ti3) 2 0, V13 € X, (3.4)

then, for all (¢, V) € X5 x Hy, the following assertions hold.
(1) If G = A satisfies (A1) and (A2), then Eq. (2.4) has a global weak solution

u € W((0,00), Hy) N W"((0,00), Hy) N L*((0,00), X3). (3.5)

(2) If G = A + B satisfies (A1)-(A3), and u,, = ug in L*((0, T), X,) such that

T T
lim (Bu,,v)dt = / (Buo,v)dt, VveL®((0,T),X>), (3.6)
n— o0 0 0

T T
lim/ (Buy,,Luy,)dt:/ (Bug, Lug) dt, (3.7)
n—0o0 0 0

then Eq. (2.4) has a global weak solution
ue WE*((0,00), Hy) N WE2((0,00), Hy) N L2 ((0,00), Xs). (3.8)
(3) Furthermore, if G = A + B satisfies
[(Gu, v)| < CF(u) + %nvn%{ +g(0), (3.9)

for g € L0, T), then u € W2((0,00); H).

Proof Let {ex} C X be a common orthogonal basis of H and Hj, satisfying (2.3). Set

n
X,, = {Zaieilai GRI},
i=1

X, = {Z,Bj(f)eﬂﬁj € C*[0,00)

j=1

] (3.10)

Clearly, LX,, = X,,, LX,, = X,,.
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By using Galerkin method, there exists u, € C?([0,00), X,,) satisfying

t
<dﬂ,\/> +k(£umv}H=/(G(un),V)dH(wmv}H+k(£<pmV>H,
i ’’|,, A

Mn(o) = ©n, M/n(O) = Wn:

(3.11)

for Vv € X,,, and

t 2 t
f [< ddzb;n , V> + k<£%, v> :| dt = / (Gu,,v) dt (3.12)
0 H H 0

for Vv e X,,.

Firstly, we consider G = A. Let v = %Lun in (3.12). Taking into account (2.2)and (3.1), it
follows that

0_/t 1d]|du, du, “k du, du, +[DF( )dun it
CJo L2de\ dt” dt [y dt’ dt [y, b ag

2 2

1| du, 1 ) Y du,
= — — =¥y k dt + F(u,) — F(@,).
2” i, "Ml fo g |, 4 F)—Flon
We get
1| du, || | du, || 1
— | == k 2\l dt+ F(u,) = F(,) + = 2. 3.13
e Hl+/0 | F) = Flon) + 5y (3.13)

Letp € H3.From (2.1) and (2.2), it is known that {e, } is an orthogonal basis of H;. We find
that ¢, — ¢ in Hs, and v, — ¥ in H;. From that Hs C X is an imbedding, it follows that

o ink (3.14)
Vu— ¥ inHi.
From (3.2), (3.13) and (3.14), we obtain
{1a} C WH((0,00), H) N W"*((0,00), H) N L®((0,00), X>) is bounded.
Let
uy =" o in W((0,00), Hy) NL>((0,00),X>), (3.15)

uy — o in W((0,00), Hy),

which implies that u,, — uy in W2((0, c0), H) is uniformly weakly convergent from that
H, C H is a compact imbedding.

According to (2.2), (2.4), (2.5) and (3.4), we obtain that
t
0> / <DF(v) — DF(u,), u,, — v)dr
0

t t
= / (Av,Lv — Lu,) dt +/ (Au,, Lu, — Lv)dt
0 0

Page 4 of 12
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t t d2 d
= f (Av,Lv — Lu,) dt +f o +k—Lu,,Lu, —Lv) dt
0 o \ dt? dt H

t t dzun t d
=/(Av,Lv—Lu,,)dt+/ ——,Lu, dt+k/ —Lu,,Lu,) dt
0 o \ dt? H o \dt H
t dz ” t d
—/ “ ,Lv dt—k/ —Lu,, Lv) dt
o \ dt? H o \dt H
t t 2 t
:/(Av,Lv—Lun)dr+/<d—u2”,u,,> d1:+k/ <dﬂ,un> dt
0 0\ dt H 0\ dt Hy
t 2 t
—/ <d L;",v> dr—k/ <%,v> dt
o \ dt H o\dt  [p
/t(A Lv—Luyydr + {2\~ (onv) /t iy ditn)
= V, LV — LUy Upy —— - nr» Yn - .
0 dt [, T o \ae |,
k k du, du, dv
+ (U, Un) Hy 2<(Pn’(/7n) _<E,V>H1 <wm v(0 )) /<dt dt>

t
_ k(un,v)Hz + k<(Pan(O))H + k/ <Mn; ﬂ> dt.
R\ ),

N

Let n — oo. From (3.15), we get

t
/ (AV;LV —Luo) d‘[ + <M0, %> <(p w) hm <dun dl/ln>
0 dt [y,

X k dug duy dv
) ’ ’ 0 dtdt
+ 2(%0 uo> 2((/) (/)) < dt V>H1 +<w V( ))H1 +/0 < dt dt>H
t dv
— ko, V), + k((p,V(O))H + k/ ug,— ) dr <0. (3.16)
2 0 dt H2

Since | J°2, X,, is dense in W"*°((0, 00), H;) N W2((0, 00), Hy) NL=((0, 00), X3), the above
equality (3.16) holds for Vv € W1>((0, 00), H;) N W2((0, 00), Hy) N L>((0, 00), X3).

We set v the following variable:

1
Uy +Aw = — Uy dt + AW,
hJ:

1 t
U_p+Aw= —/ U dt + Aw,
h i
where w € X5, A is a real, t1g = ug if t > 0, and &4y = 0 if £ < 0. Thus the equality (3.16) is
read as

du(t)
dt

/t<A(uh + Aw), L(uy, + Aw) —Luo>dr + <u0(t), > {0, ¥
0 H;

. t dun dbt,, k k

i [{82) St S
duo(t)

_< o s up(t) + )\W>H1 + (w,uh(O) + )»w)Hl
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+/t<@ uo(f+h)—uo(t)> e

dt’ h H,
- k(uo(t) uy(t) + Aw) + k(go, 1;,(0) + Aw)
+k/ < uor +h) - ”O(r)> dr <0, (3.17)
Hy

and,

t+h
/ (A(u_p + Aw), L(u_p + 2w) — Lug)dt + <u0(t +h), W> (o, ¥)m
0 Hy

— lim

i du, du, k k
/0 <E’ 7 > dr + 2(uo(t+h) uo(t+h)> E(‘P"P)m

d h
_ <%, u_p(t+h)+ )\w>H1 + <1p,u_h(0) + )»W)H1

t+h
s / <@ M> dr — K{uolt + W), u_y(t + ) + 2w),,
0 H ’

dt’ h
t+h _ _
((p,u #(0) + Aw) + kf <u0, M> dtr <0. (3.18)
0 Hy

In view of (3.17) and (3.18), we have

t+h

/ <A(uh + Aw), L(uy, + Aw) — Luo)dt + / <A(u_h + Aw), L(u_y + Aw) —Luo)dt
0 h

N <u0(t), d”°(t)> N <u0(t UG h)>
H dt H

dt

‘<dun du, >

- 2o, - 1i —y
(@, ) — lim ' dt |,

n—o0 Jo

. gy, du, k k
_ nll>ngo ) < o E>Hl dr + 5(”0(t)’”0(t)>HQ + §<uo(t +h), ug(t + h))H2
du(t
—kig, @), — < ;t( 0 + )»w> + (W, (0) + aw),
Hy

d h
_ <$, u_p(t+h)+ )\w>H1 + <1p,u_h(0) + )»W)H1

- k(uo(t), up + )‘W>H2 + k((p, up(0) + Aw)H2

+k<<p, u_p(0) + AW)HZ + ,/ot<%’ M> it
H
h) -

t+h _ _ t
+/ <@’ uo(t) — uo( h)> dr +k/ <Mo, uo(t + uo(f)> Jr
0 dt h H; 0 h Hy

- k(uo(t +h),u_y + Aw)Hz

t+h
+ k/ <u0, W> dr <0. (3.19)
0 Hy
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We know that

/t<% uo(t+h)—uo(t> <du0 uo(t) — uo(t—h)> .

dt’ h H
_/<d”0 uo(t +h) - MO(T)> /t+h<duo(f) uo(7) - Mo(f—h)> de
AV P I "

" dug(t) uo(t)
+/o< dt " >H1””

:/t<% uo(r+h)—u0(r)> dr+/’[<duo(t+h) uo(t+h)—u0(r)> e
Hy 0 Hy

dt’ h dr h

dito(<)
+E/o< 0 (e )>H1dr

and

t _ t+h _ _
/0 <MO(T), ML{ drs /0 <u0(,), ML it
t h _ t+h _ _h
:/0 <uo(r), Uo(r + 1)~ uo(r) })l MO(r)>H2 dr+/h <uo(r), Uo(r) — tolz — ) ZO(T )>H2 dt
g MO(T)>
, —— d
+/0 <u0(r) n L, T

¢ h) — ¢ h) —
:/O <uo(f), ot +h) ~ o) })1 MO(t)>szr+/o <M0(T+h), uo(r +h) ~ o) 21 MO(T)>HZdT

1

h
+ Z/o (uo(t),uo(r))]_[2 dt

Nl

t+h
/ (Mo(f); Mo(f)>H2 dr.
t
Let 1 — 0*. (3.19) can be read as
t duo
/ (A(uo + Aw), ALw)dT — ki k{uo, AW, + (Y, Aw) g, + k(@ Aw)r, < 0.
0 Hy
According to (2.2) and (2.5), we obtain that

t d
/ <A(u0 + Aw),Lw)dr - <%,Lw> —k{Luo, Lw)py + (¥, Lw)py + k{Lp, Lw)y <0
0

H

Let A — 0*. It follows that
t du()
/ <A(u0),Lw)dt - E’LW —k{Lug, Lw)p + (¥, Lw) iy + k{Le, Lw)y < 0.
0 H

Since L : X, — Xj is dense, the above inequality can be rewritten as

<du0

t
,v> +k(Luy,V)y = / (A(uo), v)dr + (Y, V)i + k(Lg, V),
dat [y 0
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which implies that uy € W((0, 00), Hy) N WY2((0, 00), Hy) N L®((0,00), X,) is a global
weak solution of Eq. (2.4).

Secondly, we consider G =A + B. Let v = %Lun in (3.12). In view of (2.2) and (3.1), it
follows that

2 t
+k/
H; 0

From (3.3), we have

2

t
L die M+er/«m%) w»m+ﬂw) 2,
Hy

dt

du,
dt

1 du,,

dun
2| dt

du,,
dt

H

dtf C/t[F(u,,) t3
0

Jog@)dz + 51913, + sup, F(py).
By using the Gronwall inequality, it follows that

:| dr+f(t), (3.20)
Hi
where f(¢) =

1| du, 2 ct ! C(t-1)
— + F(u,) <f(0)e*" + / f(©)e""dr
2| dt |, 0

(3.21)
which implies that for all 0 < T < oo,

{un} C WH((0, T),H;) N L®((0, T), X;) is bounded
From (3.20) and (3.21), it follows that

{u,} C W1'2((0, T),Hz) is bounded.

Let

uy =" uo in WH((0,T),H) NL>((0, T),X>) (3.22)
U, —ug in Wh? ((O, T),Hz); '
which implies that u, — uo in WY2((0, T), H) is uniformly weakly convergent from that
H, C H is a compact imbedding.

The remaining part of the proof is same as assertion (1).
Lastly, assume (3.9) holds. Let v = d ””

/ d*u, d’u, dt+lﬁ

A’ de 2
< /llf%
=g Wnlln * 2

in (3.12). It follows that

du, ||*
dt

2

H;

dt?

+ CF(u,) +g(t)] dt

H
From (3.21), the above inequality implies

2

dr <C
H

H dPu,
dt?

(C > 0 is constant). (3.23)

We see that for all 0 < T < oo, {u,} C W>%((0, T), H) is bounded. Thus u € W>2((0, T), H)

O
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4 Main result
Now, we consider the nonlinear strongly damped plate or beam equation (1.1). Set

y
F(x,y)zfof(x,z)dz. (4.1)
We assume

Flx,9) > CilylP = Cy, p=>2,

(4.2)

[Fexy)l < C(lyPt+1),
(Feey1) —f(x,92)) 0 —y2) = 0, (4.3)
g(x, u,Du,Dzu,Dsu)h,g =0, Vulyg=Aulq =0, (4.4)
866, 6)] + | Dag(x,6)| < C(Z 6517 + 1), (4.5)

1B1=3

ZD&‘ SC(Z |‘§ﬁ|g_l+1)» (4.6)

Jor|<3 IB1=3
where & = {&, ||| < 3}, &, corresponds to D*u.

Theorem 4.1 Under the assumptions (4.1)-(4.6), if ¢ satisfies the bounded condition of
Eq. (1.1), for (¢, ) € W*P(Q) N H? x H}(), then there exists a global strong solution for
Eq. (11)

u € Lo ((0,00), WH(Q)),

u, € Ly ((0,00), H*(Q)) N L},

loc

((0,00), H*(Q)),

utteLp,((O, T) x Q), p'=L1 VO < T < o00.
p p—
Proof We introduce spatial sequences
X ={ueCQ)|a*ul,,=0,k=0,12,..},

X =17(Q),  Xo={W*"(Q)ulsa = Aulsq =0},
H=1*(Q), H=H(Q)NH)Q),
H, = {H*(Q)ulae = Aulye = 0},

Hj = {u e H"(Q)|ulag = --- = A" Mulyq},

where the inner products of H;, H, and Hj are defined by
(U, V)py = /s; Aulvdx, (U, V)k, = /Q vVAuy Avdx,
(U, V) hy =/QA2mqumvdx,

where m > 1 such that H3 C X, is an embedding.
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Linear operator £ : X, — Xj and L : X, — Xj is defined by
Lu=-Au, Lu=Nu.

It is known that £ and L satisfy (2.2), (2.3) and (2.5). Define G = A + B: X, — X, by
(Au,v) = /f(x, Azu)vdx, (Bu,v) = f g(x, u, Du,Dzu,D3u)vdx, for v € X;.
Q Q

Let Fi(u) = [, F(x, Au) dx, where F is the same as in (4.2). We get

(Au, Lu) = —(DFy(u),v),

Fi(u) > 00 & |ulx, — oo,

which implies conditions (A1), (A2) of Theorem 3.1.
From (4.3), we have

(DFI(Ml) — DFI(MQ), uy — Mg) > 0.
From (4.5) and (4.6), we obtain that B: X, — X] is a compact operator. Then, B satisfies
(3.6) and (3.7).
We will show (3.3) as follows. From (4.4) and (4.5), for Vu, v € X, it follows that
’(Bu, Lv)} = / |g(x, u,Du,Dzu,Dsu)sz‘ dx
Q

= / |Vg(x, u, Du, D*u, D*u) - v Av| dx
Q

= lif |vAv|* dx + %/ ’vg(x,u,Du,Dzu,D3u)’2dx
2 Jo xJq

k n
< =lviz, + cfﬂ[mxgﬁ Y |D;ag|2|DiD°‘u|2:| dx

i=1 |a|<3
=< I£||V||2 + C/ Z |Dau|p +1|dx,
=9 Hy o =
which implies condition (A3) of Theorem 3.1. From Theorem 3.1, Eq. (1.1) has a solution
u € L% ((0,00), W*(Q)), (4.7)
u, € Ly ((0,00), HA(2)) N L}, ((0, 00), H*(Q)). (4.8)

Lastly, we show that 4" € L7 (2 x (0, T)). By Definition 2.1, u satisfies

t
/ut(x,t)vdx+/ u(x,t)vdx:/ /[f(x, Au)+g(x,u,Du,D2u,D3u)V] dxdt
Q Q 0o Ja

+/1/fvdx+/govdx, Vv e IX(Q).
Q Q

Page 10 of 12
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Then, for any / > 0, it follows that
/ Ay (x, t)vdx +/ A u(x, t)vdx
Q Q
1 t+h
= 7 / / [f(x, Au) +g(x, u, Du, D?u, D3u)v] dx dt, (4.9)
t Q
where Abu = }(u(t +h) — u(t)). Let v = |ALuy P2 AL u,. From (4.9), we have
/ | A1y (x, £) |p, dx+/ Aju(x, t)\AZutV’,_zAZut dx
Q Q
1 t+h /g
= E/ / [(f(x,Au) +g(x u,Du,Dzu,D3u))|A§lut|p_ A;,M:] dxdt.
t Q
Then, it follows that
/|A2ut(x, t)|p, dx
Q
§/|quu(x,t)||A§,ut|P,_ldx
Q
1 t+h 1
+ Z\/t /Q[(V(x, Au)| + |g(x, u,Du,Dzu,D3u)|)|AZut|p_ ]dxdt
1 t y t I 4 [ ' '
<- |Ahut(x,t)| dx + 4 |Ahu(x,t)| dx + — [[f|p + |g|”]dxdt.
2 Jo Q ' J, Q
From (4.2) and (4.5), we have
T
)
T /
< C/ / ‘AZu(x, t)’p dxdt
o Ja
T pt+h , ,
+C/ / f[[ﬂp +|g|p]dxdrdt
0o Je Q

T »
< C/ /‘ut(x, L‘)|P‘1 dxdt
0o Ja

T , v
+C/ /[(|Au|P-1+1)” N <Z|D"u|g +1> ]dxdt
0 Q

| <3

T » T 2
<c [ [futwolasacec [ [ [iour+ 3 ol o1) dva
0 Q 0 Q

la|<3

u, (e, t + h; —u,(x0) | et

By using the Sobolev embedding theorem, it follows that from (4.7) and (4.8) the right
of the above inequality is bounded. Then, u;, exists almost everywhere in & x (0, T), and
uy € LP (2 x (0,T)), VO < T < 00. O
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