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1 Introduction and main results
In this paper, we consider the solutions to the following periodic-integrable boundary
value problem (for short, PIBVP):

(p()x) +f(t,x) =0,
T (L1)
x(0) =x(T), / x(s)ds =0,
0

where p(t) € C}(R, R) is a given T-periodic function in ¢ € R, and p(¢) > 0; f € CY(R x R,R)
is T-periodic in ¢.
Throughout this paper, we assume

(A1) there exist two constants m and M such that

A9

pt) — M

m=

forallt e Rand x € R;
(A2) there exists N € Z* such that

4r? 47?2 5

— N <m<M<—(N+1)~.

T2 T2

Recently, boundary value problems with integral conditions have been studied exten-

sively [6-10]. As we all know Lazer type conditions are essential for the existence and
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uniqueness of periodic solutions of equations [1-4]. In [5] the existence of periodic solu-
tions has been considered for the following second order equation:

(p@)x) +f(x,t) = 0.

Motivated by the above works, we will consider periodic-integrable boundary value prob-
lem (1.1). The main result obtained by us is the following theorem.

Theorem 1 Assume that (Al) and (A2) are satisfied. Then PIBVP (1.1) has a unique solu-
tion.

This paper is organized as follows. Section 2 deals with a linear problem. There, using
the bilinear lemma developed by Lazer, one proves the uniqueness of solutions for lin-
ear equations. In Section 3, applying the result in Section 2 and Schauder’s fixed point
theorem, we complete the proof of Theorem 1.

2 Linear equation
Consider the following linear PIBVP:

(pt)x) +qOx =0,
T (2.1)
%(0) = x(T), / (s)ds = 0,
0

here p(t) € C}(R, R) is a given T-periodic function in ¢ € R, and p(¢t) > 0; q(¢) € C(R,R) is a
T-periodic function. Assume that
(L1) there exist two constants # and M such that

m<@<M

—p)

for all £ € R. Moreover, m and M suit (A2).

Theorem 2 Assume that (L1) and (A2) are satisfied, then PIBVP (2.1) has only a trivial
solution.

In order to prove Theorem 2, let us give some following concepts.
First, for any interval [o, 8] C [0, T], define

Oup = {u(t) € L*(0,T) : #/(t) is absolutely continuous on [a, 8],
and u(t) =0 forany t € [0,a] U [B, T }
It is clear that O, is a linear space with the norm as follows:
ll£]| = max ’u(t)| + max |u/(t)|.
t€l0,T] t€[0,T]

Define a bilinear form on O, g as follows:

T
Hyp(u,v) = [ [p(Od )V (t) - q(@)ut)v()] dt
0
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for any u(t) € Oy p and v(t) € Oy p. Let

nd 27i 27
Xy g = eOa:=§ 1COS — ¢ + b;sin —t¢ ) },
B {x B X (a cos T + b; sin T )}

i=N+1

N . .
2 2
ya,ﬂ:{yeoa,ﬂiy260+ E (ckcos$t+dksin$t)},

k=1

where N suits assumption (L1), and @y, by, o, ¢ and dy are some constants. Then Oy g =

Xa,ﬂ ® ya,ﬂ~
From p(t) € C}(R,R) and p(t) > 0, we can obtain that there exist two constants M; and

M, such that
0 <M; <p(t) <M,

for all £ € R. Then from assumptions (L1) and (A2), we have

T
Ha,ﬂ<x,x>=f0 p(t)( (1) - qi; 2t ))

> /Tp(t) (x%(t) - Mx*(2)) dt
0

2 oo
= S (@ N 17) (@ )

i=N+1

>0

for all x € &, 3, and

T
Hup(y,y) = /0 p(t)(y’2() Et; 2(1:)) de

< / Tp(t) (V) - my* (1)) de

0

27'[2M N
ZZ - N?)(cj +dp) - mM, Tc;
=1

<0

forall y € Y, g. Thus, Hy g is positive definite on X, g and negative definite on ), g. By the
lemma in [1], we assert that if H, g(u,v) =0 for all u € O, g, then v=0.

For every x on [«, 8] with x(«) = x(8) = 0, we introduce an auxiliary function

x(t)’ le [Ol,ﬂ],

x%B(t) =
0, tel0,a]UI[B,TI.

The following lemma is very useful in our proofs.
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Lemmal Ifp(t), g(t) are continuous and satisfy (L1) and (A2), then the following two points
boundary value problem

(px) +qx=0,
x(a) =%(B) = 0

(2.2)

has only a trivial solution.

Proof Tt is clear that 0 is a solution of two points boundary value problem (2.2). If v(¢) is a
solution of problem (2.2), then v*#(t) e Oq,p. Forany u € O, g, we have

B
/ [(p(6)V (&) u(t) + q(Oult)v()] de = 0

by using (2.2). Integrating the first terms by parts, we derive

T
~Ho g (u,vF) = - fo [p@u O () - qOuv? )] dt = 0.

By assumption (L1), Hy,g is positive definite on X, g and negative definite on Y, . These
show v*(t) = 0 for t € [0, T}, that is, v(t) = 0 for t € [, B]. The proof of Lemma 1 is
ended. d

Proofof Theorem 2 1tis clear that PIBVP (2.1) has at least one solution, for example, x, = 0.
Assume that PIBVP (2.1) possesses a nontrivial solution x* # 0. The proof is divided into
three parts.

Case 1: *(0) =x*(T) = 0. By Lemma 1 (¢ = 0 and 8 = T), PIBVP (2.1) has only a trivial
solution. This contradicts x* # 0.

Case 2: x*(0) =«x*(T) = n > 0. Denote

S={te[0,T]:x*(t) = 0}.
Take

a=inft and b=supt.
teS teS

From fozn x*(s) ds = 0, there are at least two points in the set S, which implies that 0 < a <
b <2 and x*(a) = x*(b) = 0. By Lemma 1 (o = a and B = b) the two points boundary value
problem

(p®x) +q®x =0,
x(a) =x(b) =0

(2.3)

only has a trivial solution. Hence we obtain x*(t) = 0, ¢ € [a, b]. By the definitions of a and
b, one has

x*(£)>0 forallte [O,a) U (b, T].
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From fOT x*(s)ds = 0, we get

/oax*(s) ds + /bTx*(s) ds=0.

This contradicts [; x*(s)ds > 0 and be x*(s)ds > 0.
Case 3: x*(0) =x™(T) = n < 0. This case is similar to Case 2.
Thus, we complete the proof of Theorem 2. d

Theorem 3 If p(t), q(t) are continuous and satisfy (L1) and (A2), then the following PIBVP

(p(t)x) +q(O)x = h(®),

T (2.4)
#(0) = (T, / (s)ds = 0

0

has a unique solution.

Proof Let x,1(t) and x,,(f) be two linear independent solutions of the following linear

equation:

(p(t)x) +q(O)x = 0.

Assume that x.(£) = c1x,1(£) + cox.o(2) is a solution of PIBVP (2.1), where ¢; and ¢, are

constants. Then by the boundary value conditions of (2.1),

(%:1(0) = x41(T))c1 + (x42(0) — x42(T))c2 = 0,

fOT %x41(8) dscy + fOT %2(s)dscy = 0.
By Theorem 3, PIBVP (2.1) has only a trivial solution, which shows

x*l(o) - x*l(T) x*Z(O) - x*Z(T)

[T xa@ds [T xads |70 (2.5)

Let x, (£) = c3x41 (£) + caxi (£) + x40 (¢) be a solution of PIBVP (2.4), where x.,(¢) is a solution

of the equation
(p(e)x') + q()x = h(2).

From the boundary value conditions, we have

(241(0) = x51(T))cs + (%42(0) — x42(T))ca = %40(0) — x40(T),
fOTx*l(s) dscs + fOTx*z(s) dscy = fOTx*o(s) ds.

From (2.5) constants c3, ¢4 are unique. Thus, PIBVP (2.4) has only one solution. O
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3 Nonlinear equations
Let us prove Theorem 1. Rewrite (1.1) as follows:

(p(t)x') + h(t,x)x = £ (£,0),

T (3.1)
x(0) = x(T), / x(s)ds =0,
0
where
1
h(t,x) = / fx(t,0x)d6.
0
Define
O* = {u(t) € L*(0,T) : #/ (t) is absolutely continuous on[0,T],
T
#(0) = u(T) and f u(s)ds = 0}.
0
Fix y € O, introduce an auxiliary PIBVP
(pOx')" + h(t,y)x = £ (£, 0),
(3.2)

T
%(0) = x(T), / () ds = 0.
0

To prove the main result, we need the following Lemma 2.

Lemma 2 [ff satisfies (Al) and (A2), then for any given y € O%, PIBVP (3.2) has only one

solution, denoted as x,(t) and ||x,|| <M.
Proof From condition (A2), it follows that

h(t,y)
p(t) =M

m<

By Theorem 3, PIBVP (3.2) has only one solution x,(¢). If |lx,|| <M does not hold, there
would exist a sequence {y,,(t)} such that |x,,, || = 0o, m — oo. Choose a subsequence
of {h(t,y.,)}5.1, without loss of generality, express as itself, such that the sequences are
weakly convergent in L2(0, T). Denote the limit as /(). It is obvious that /() € L*(0, T).
Because the set
q(t)

S= {q(t) eL?[0,T]:m< ——= §M}
p(®)

is bounded convex in L%(0, T), by the Mazur theorem, we have /(t) € S. Hence,

ho(2)
p(t) =M

m =

Page 6 of 9
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By the Arzela-Ascoli theorem, passing to a subsequence, we may assume that

Xy

1%y, I

m — X0,

and x), — z(t) in C([0, T, R). Thus, x¢(0) = x¢(7) and fOT x0(s)ds = 0.
By

% (£) = %,(0) + /tx/m(s) ds,
0
one has
x0(t) = x0(0) + /0 z(s) ds,

which implies z(£) = x((¢), for any ¢ € [0, T]. Hence, |lxo|| = 1.
From PIBVP (3.2), we obtain

/ —f(t,0)
(p(05,) + e g = 220,
Ym

T 3.3)

30(0) = %,(T), / () ds = 0.
0
This shows that x((¢) is a nontrivial solution of the following PIBVP:
(p(Ox) + ho(B)x =0,
(3.4)

T
x(0) = x(T), / x(s)ds = 0.
0

On the other hand, by Theorem 2, PIBVP (3.4) has only zero, which leads to a contradic-

tion. The proof of Lemma 2 is completed. d

Set
By = {x € O* 1 ||x|| < M*}.
Define an operator F : O* — O* by Fy = x,. Applying Lemma 2, F : Byjx — By+.
Lemma 3 Operator F is completely continuous on O*.

Proof We first prove that F is continuous. Given any {y,,} C O* such that y,, — yo € O*.

Put u,, = x,,, — %,,. From the definition

(p(t),) + h(t, Y tti = [t 0) = Bt ) |y,
T (3.5)
Um(0) = uy,(T), / Up(s)ds = 0.
0

Page 7 of 9


http://www.boundaryvalueproblems.com/content/2012/1/89

Hua et al. Boundary Value Problems 2012, 2012:89 Page 8 of 9
http://www.boundaryvalueproblems.com/content/2012/1/89

We would prove that u,, — 0 in C'([0, T],R). If not, then there would be a ¢ > 0 such
that

lim sup ||u,,| > c.
m—> 00

Utilizing Lemma 2 and Arzela-Ascoli theorem, passing to a subsequence, we may assume
that u,, — uo. Similar to the proof of Lemma 2, we have u,, — u;. Then

(p(O)uy) + hit, yo)uo = 0,

T (3.6)
uo(0) = uo(T), /0 ug(s)ds = 0.

Moreover,

h(t, yo)
p(?)

Hence, from Theorem 2, u((¢t) = 0. This implies F is continuous. By Lemma 2, for any
bounded subset D C O*, F(D) is also bounded. Hence, applying the continuity of F and
Arzela-Ascoli theorem, F(D) is relatively compact. This shows F is completely continuous
on O*. The proof of Lemma 3 is completed. d

Proof of Theorem 1 By Lemma 2, Lemma 3 and Schauder’s fixed point theorem, F has a
fixed point in O%, that is, PIBVP (1.1) has a solution x(¢).

The following is to prove uniqueness. Let x1 (£) and x,(¢) be any two solutions of equation
(1.1). Then x(t) = x;1(£) — x2(£) is a solution of the equation

1
(p(t)x/), + x/ So(t, %0 + 0x)dO = 0.
0
Employing (A2), we have

- folﬁc(t,xg +6x)dé

N

m

Hence by Theorem 3, x(t) = 0. The uniqueness is proved. g
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