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1 Introduction

Consider the following Navier-Stokes problem with a parameter:

0
B—Lt‘ A+ (- VYu+ Ve =flnf), divu=0xeG,te(0,T), (L1)
mki . .
, o'u do'u
Lijeu = 28"’ [akji_i(GkO) + ,Bkji—i(Gkb)] =0, (1.2)
Py RE RE
k=1,2,...,n,j=12,u(x0) = a(x), (1.3)
where

"~ 0%u 1/ 1
NAeh=¢ Y —, oi==|i+—], ge€(,00),
oy oxy, 2 q

n
G= l_[(oy bk)) GkO = (xlleY ce s Xk-15 Ol‘xk+1’ e ;xn)»
k=1

Gkb = (xlyxZ; ce ey Kk—15 berk+lx e }x}’l)i 0 =< myi; = 1,
ayis P are complex numbers, ¢ is a small positive parameter,

u= (1 (x1), us(%,8),...., un (%, 1)), @ =pxt)
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represent the unknown velocity and pressure, respectively,

£ = (A 0.5 0, fi 1)

represents a given external force and a denotes the initial velocity. This problem is char-
acterized by nonlocality of boundary conditions and by presence of a small term ¢ which
corresponds to the inverse of Reynolds number Re very large for the Navier-Stokes equa-
tions. From both the theoretical and computational points of view, singularly perturbed
problems and asymptotic behavior of the Navier-Stokes equations with small viscosity
when the boundary is either characteristic or non-characteristic have been well studied;
see, e.g., [1-6]. In the present work, we established a uniform time of existence and esti-
mates for solutions of problem (1.1)-(1.3). It is clear that for ¢ = 1, choosing the boundary

conditions locally and #z;; = 0, problem (1.1)-(1.3) is reduced to the classical Navier-Stokes

problem
ou .
Frie Au+(u-Vu+Ve=fxt), divu=0,xeQ,t€(0,7T), (1.4)
u |3§2= 0, M(xro) = ﬂ(x)'

Note that the existence of weak or strong solutions and regularity properties of classical
Navier-Stokes problems were extensively studied, e.g., in [1-3, 5, 7-33]. There is extensive
literature on the solvability of the initial value problem for the Navier-Stokes equation (
see, e.g., [25] for further papers cited there ). Hopf [20] proved the existence of a global
weak solution of (1.4) using the Faedo-Galerkin approximation and an energy inequality.
Another approach to problem (1.4) is to use semigroup theory. Kato and Fujita [18, 22, 34]
and Sobolevskii [27] transformed equation (1.4) into an evolution equation in the Hilbert
space L2. They proved the existence of a unique global strong solution for any square-
summable initial velocity when # = 2. On the other hand, when n = 3 they proved the
existence of a unique local strong solution if the initial velocity has some regularity. Other
contributions in this field have also assumed some regularity of the initial velocity cor-
responding to the Stokes problem; see, for example, Solonnikov [26] and Heywood [21].
Afterward, Giga and Sohr [13] improved this result in two directions. First, they general-
ized the result of Solonnikov for spaces with different exponents in space and time, and the
estimate obtained was global in time. Here, first at all, we consider the nonlocal (bound-
ary value problem) BVP for the following differential operator equation (DOE) with small

parameters:

-Nu+(A+Nu=f(x), xeG,

my . )
o d'u d'u

Liyjeu = Z & [akjiw(GkO) + ﬂkji@(Gkb)} =0, (L.5)
i=0 k k

k=1,2,...,n,j=12,
where A is a linear operator in a Banach space E, oyj;, By are complex numbers, & are

positive and A is a complex parameter. We show that problem (1.5) has a unique solution
u e W1(G;E(A),E) for f € W"4(G;E) and A € Sy, with sufficiently large » > 0, and the
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following coercive uniform estimate holds:

nomi2 i

-4 u
SN e | + | Aula@r < Cllflwmaey, m >0,
‘1 im0 W laGp

with C(q) independent of ¢y, &5,...,&,, A and f.
Further, we consider the nonlocal BVP for the stationary Stokes system with small pa-
rameters

Acu+Vo=f(xt), divu=0,xe€G,te(0,7T),

Mij

Lyjeu = ng |:ak]z 9 z (Gro) + ﬂk]z (Gkb)i| (1.6)
i=0
k=1,2,...,m,j=1,2,u(x,0) =0,

where

u = (1 (% 1), ua (%, 1), . .., (%, 1)), f= (il 0, 0),....fu(x1)).

Then we consider the initial nonlocal BVP for the following nonstationary Stokes equation
with small parameters:

d
8_Ltl -Au+Vo=ft), divu=0,xeG,te(0,7),
my; ai
ijsu Z 8k |:ak11 Y (GkO) + ,Bk]l (Gkb):| (17)

i=0
k=1,2,...,mj=1,2,u(x0) = 0.

Problem (1.7) can be expressed as the abstract parabolic problem with a parameter

du

E + Oe,qu :f(t)’ u(0) = 0, (1.8)

where O, is a stationary parameter depending on the Stokes operator in a solenoidal
space L2 (G; R") defined by

D(O,q) = W2UG, Lyje) = {u € W*4(G),divu=0,Lyeu=0,k=1,2,...,m,j=1,2},

Ogqu=—-P A, u.

We prove that the operator O, , is positive in L?(G; R") uniformly with respect to param-
eters € = (&1,&3,...,€&,) and also is a generator of a holomorphic semigroup. Then, by using
L?-maximal regularity theorems (see, e.g., [33, 35]) for abstract parabolic equations (1.8),
we obtain that for every f € L?(0, T; L1(2; R")) = B(p,q), p,q € (1,00), there is a unique
solution (1, V) of problem (1.8) and the following uniform estimate holds:

n 2M
Ek T
k B(qu)

u

at

+IVollpg =< Clif l3p.q

Bpg) k=1
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with C = C(T, 2, p, q) independent of f and ¢. Afterwords, by using the above uniform
coercive estimate, we derive local uniform existence and uniform a priori estimates of a
solution of problem (1.1)-(1.3).

Modern analysis methods, particularly abstract harmonic analysis, the operator theory,
the interpolation of Banach spaces, the theory of semigroups of linear operators, embed-
ding and trace theorems in vector-valued Sobolev-Lions spaces are the main tools imple-

mented to carry out the analysis.

2 Notations, definitions and background
Let E be a Banach space and L?(£2; E) denotes the space of strongly measurable E-valued

functions that are defined on the measurable subset 2 C R” with the norm

1
p
W llze = W llzeie) = (/ [If (x) IIde) , 1<p<oo.
Q
The Banach space E is called a UMD-space if the Hilbert operator

(Hf)(x) = lim M dy

>0 Jie yse X =Y
is bounded in L,(R,E), p € (1,00) (see, e.g., [36]). UMD spaces include, e.g,, L,, /, spaces

and Lorentz spaces Ly, p,q € (1,00).
Let C be the set of complex numbers and

S,p:{Ae(C,|argA|§<pU{O},0§w<n},

Sy = {A €Sy, IAl > >0}

A linear operator A is said to be y-positive in a Banach space E with bound M > 0 if
D(A) is dense on E and ||(A + AI) || g < M(1+|A|)7! forany A € Sy, 0 < ¥ < 7, where ] is
the identity operator in E, B(E) is the space of bounded linear operators in E. It is known
[30, §1.15.1] that there exist the fractional powers A? of a positive operator A. Let E(A%)
denote the space D(A?) with the norm

1
lutll gy = (lell? + |A%u|”)?, 1<p<o0,0<8 <oco.
Let N denote the set of natural numbers. A set G C B(E;, E,) is called R-bounded

(see, e.g., [36]) if there is a positive constant C such that for all T, T5,...,T,, € G and

Ui, Uz, ..., Uy, €E,meN,

m m
[0t ar=c [y nom| o,
2y Ep 2 j=1 B

where {r;} is a sequence of independent symmetric {-1,1}-valued random variables on .
The smallest C for which the above estimate holds is called an R-bound of the collection
G and denoted by R(G).
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A set G, C B(E,, E,) is called uniform R-bounded if there is a constant C independent
of 1 € Q such that for all T1(h), To(h),..., T,y(h) € Gy and uy uy, ..., u, € E;, meN,

[ nomm) ar=c [ 1> nom o,
&y Ey 2| j=1 Ey

which implies that sup,,., R(G) < C.

The ¥ -positive operator A is said to be R-positive in a Banach space E if the set L4 =
{E(A+&)1:£€8,},0 <y <m,is R-bounded.

The operator A(t) is said to be y-positive in E uniformly in ¢ € o with bound M > 0 if
D(A(2)) is independent of ¢, D(A(t)) is dense in E and ||(A(£) + A)™!|| < M(1 + |A|)7! for all
A €S8y, 0 =<y <m, where M does not depend on ¢ and A.

Let Ey and E be two Banach spaces, and let Ey be continuously and densely embedded
into E. Let Q be a measurable set in R” and m be a positive integer. Let W"?(2; Ey, E)
denote the space consisting of all functions u € L(2; Ey) that have the generalized deriva-
tives gm—zﬁ‘ € [P(2; E), with the norm

0x

n

el wmo sz = el oeuee) + Y
k-1

0"u

< 00.
oy

LP(SUE)

Forn=1, Q = (a,b), a,b € N, the space W"P(Q; E,, E) will be denoted by W"(a, b;
Eo,E).

Sometimes we use one and the same symbol C without distinction in order to denote
positive constants which may differ from each other even in a single context. When we
want to specify the dependence of such a constant on a parameter, say «, we write C,.

3 Boundary value problems for abstract elliptic equations
In this section, we consider problem (1.5). We derive the maximal regularity properties of
this problem.

It should be noted that BVPs for DOEs were studied, e.g., in [35-38] and [6, 26, 27,
39-43]. For references, see [35, 43]. Let a; = otgj, and Bi; = Byjm, . First, we prove the
following theorem.

Theorem 3.1 Let the following conditions be satisfied:

(1) E isa UMD space and A is an R-positive operator in E for 0 < < 7;

(2) g€ (1,00), mk = (=)™ Bra — (1) t2fra #0,0< txr <1, k=1,2,...,n.

Then problem (1.5) has a unique solution u € W*1(G;E(A),E) for f € L1(G;E) and )\ €
Sy, with sufficiently large > > 0. Moreover, the following coercive uniform estimate holds:

du

")

n 2 j .
L 17/
DD el

k=1 j=0

+ lAullzae) < Clif e (3.1)
L9(GE)

with C(q) independent of €1,¢€,...,&4, A and f.
Proof Let us consider the BVP

9%u 9%u )
82_2 + (A + )‘-)u(xlxe) :f(x11x2), ijsu = 0’ k;] = 1; 2, (32)

dx? 0x3
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where x1,%, € Gy = (0,b1) x (0,by), L. are defined by equalities (3.1)-(3.2). For the inves-
tigation (3.4), we consider the following BVP for ordinary DOE:
d*u
Lu= —82% + (A + )")M(xZ) =f(x2)’ VAS (O!bZ)! L2j52M =0, (33)
2
where Ly are boundary conditions of type (1.5) on (0,b;). By virtue of [40, Theo-
rem 3.2], we obtain that problem (3.3) has a unique solution u € W?4(0, by; E(A), E) for
f € L1(0,by;E), A € Sy 5., with sufficiently large sc > 0, and the following coercive uniform
estimate holds:

)i

2 .
L ;
Y&t 26 g0y + AN 10,035) < CIF lLa0,0:8)- (3.4)
j=0

Since L1(0,by;L9(0, by; E)) = L1(Gy; E), problem (3.2) can be expressed as the following
problem:

du
175 + (B + Wula) =f(n),  Lnau=0, (3.5)
1

where B;, is the differential operator in L7(0, b;; E) generated by problem (3.3), i.e.,

2

d“u
D(382) = WZ]q(Ol bZ;E(A)’E;L2k£2)! Bé‘zu = _82@ +AM(?C2).
2

By virtue of [35, Theorem 4.5.2], F = L4(0, by; E) € UMD provided E € UMD, ¢ € (1, 00).
Hence, by virtue of [40, Theorem 3.2] and [41, Theorem 3.1], the operator B,, is uni-
formly R-positive in F. Then, by applying again [40, Theorem 3.2], we get that for f €

L%(0,by;F), A € Sy, and sufficiently large s > 0, problem (3.5) has a unique solution u €
W24(0, by; D(B), F), and the following coercive uniform estimate holds:

2 .
[
Zé‘f A2 ||t | 40,0y * 1Besttllzaoyiy < Clf lzaomyie)- (3.6)
j=0

The estimate (3.4) implies the uniform estimate

2 .
L j ;
> et 6| oy < CIBEU] ooy (3.7)
j=0

By using (3.4) and (3.7), we obtain that problem (3.7) has a unique solution u € W24(G;
E(A),E) for f € L1(Gy; E), A € Sy, with sufficiently large s« > 0, and the coercive uniform
estimate holds

du

I .
0 k

2

2
+ [ Aull La(Gye) < Clf llLa(GosE)-
k=1 j=0

2
= L9(Go;E)

Further, by continuing this process n-times, we obtain the assertion.
From Theorem 3.1 we obtain the following. O
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Corollary 3.1 Let 0 < g <1, (-1)"Maq By — (-1)" 2y Bia # 0. For f € L1(G;R"), q €
(1,00) and for A € Sy, .. with sufficiently large > > 0, there is a unique solution u of problem
(1.5) and the following uniform coercive estimate holds:

ZZW‘%;

k=1 i=0

S Clif llg

with C = C(q) independent of f, ey and A.

Proof Let us put E = R" and A = 5 > 0 in Theorem 3.1. It is known that the operator A =
2 >0 is R-positive in R” (see, e.g., [36]). So, the estimate (3.1) implies Corollary 3.1.
Consider the differential operator Q. generated by problem (1.5), i.e.,

D(Q.) = W>U(G; Lyge) = {u € W*(G), Lijeuu = 0,k =1,2,...,n,j = 1,2},

Qu=—-Nu+Au.
From Theorem 3.1 we obtain the following. O

Result 3.1 For A € Sy .., there is a resolvent (Q. + A)~! of the operator Q; satisfying the
following uniform estimate:

D WIRE:

k=1 i=0

<C.
B(L1(G:E))

ai
—(Qc+1)!
0y,

It is clear that the solution u of problem (1.5) depends on parameters € = (&1, 3, ...,&x),
i.e.,, u = u(x,¢e). In view of Theorem 3.1, we established estimates for the solution of (1.5)

uniformly in €1, &,...,&,.

4 Regularity properties of solutions for DOEs with parameters
In this section, we show the separability properties of problem (1.5) in Sobolev spaces
W™4(G; E). The main result is the following theorem.

Theorem 4.1 Let the following conditions be satisfied:
(1) E is a UMD space and A is an R-positive operator in E;
(2) m is a positive integer q € (1,00), 0 < tx <1, and

Nk = (_l)mlaklﬂkz - (_l)mzakZﬁkl # 07 k= 17 2; e

Then problem (3.1)-(3.2) has a unique solution u € W2*"4(G; E(A),E) for f € W™4(G;
E), » € Sy .., with sufficiently large s > 0, and the following coercive uniform estimate
holds:

n m+2

ZZEWI;J |)\‘|l—m

k=1 i=0

+ |Aull ey < Cllf llwma(cr) (4.1)
W (GE)

i
0x;,

with C = C(g,A) independent of €1, &5,...,&,, A and f.
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Consider first the following nonlocal BVP for an ordinary DOE with a small parameter:
(Le + Mu = —tu? (%) + (A + Dulx) =f(x), x€(0,1),

mp
Liu =Y 7 [axad(0) + Braul® )] = fi,  k=1,2, (4.2)

where o; = 5 + —, my € {0, m +1}, oy, Br; are complex numbers, £ is positive, A is a complex
parameter and A is a linear operatorin E. Let A, = A + Al.

To prove the main result, we need the following result in [37, Theorem 2.1].

Theorem A Let E be a UMD space, A be a r-positive opemtor in E with bound M, 0 <

Y <. Let m be a positive integer, 1 < p < 00, and o € (5, 3t m). Then, for A € S,, an
1

3 . _xA2 L ,
operator —A ,\2 generates a semigroup e~ which is holomorphic for x > 0. Moreover, there

exists a positive constant C (depending only on M, W, m, a and p) such that for every u €
(EEA™M)a_ 1, and k€S,
m mp’

00 1
f Ase™ 4 ull” dx < ClNulfgpum), , + M2 lulle].
0

=P
In a similar way as in [43, §1.8.2, Theorem 2], we obtain the following lemma.

Lemma 4.1 Let m and j be integer numbers, 0 <j<m-1,6; = p“l ,0<t<1,x €[0,D].
Then, for u € W[:”(O,b,EO,E), the transformation u — u¥ (xo) is bounded linear from
W;”(O, b; Ey, E) onto (Eo,E)g}.’p and the following inequality holds:

% “”(])(x())H (Eo.E)y < C([|eu™ ||L o) + 1l 0iEo))-

Counsider at first the homogeneous problem of (4.2)

(L + N = —tu@ (x) + (A + Mulx) =

my
Ligu=Y_ t"[au®(0) + B W)] =fi,  k=1,2. (4.3)
i=0
Let
Ex = (E(A),E) -

Lemma 4.2 Let A be an R-positive operator in a UMD space E and
0<t<1, n=("ap;-(-1)"ap, #0.

Then problem (4.3) has a unique solution u € W"™+>#(0,1; E(A),E) for fx € Ex, p € (1,00),
A € Sy, and the coercive uniform estimate holds

m+2

Ztﬁml—miz

i=0

2
Novons + 1A8lrons <MY (file + M Wfille).  (44)
k=1
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Proof Inasimilar way as in [40, Theorem 3.1], we obtain the representation of the solution
of (4.3)

1 13 _1 3 _m
ux) = £ {247 [c11 +dy 0 )] + eI [Cy + din (0, 1)] VA 2 A

>

+fﬁ{ -t “ » [Cor +don (0, )] + 700 142 [Coa +dan (1, 1)]}A; fz, (4.5)

where C;; and dj; are uniformly bounded operators. Then, in view of positivity of A, we
obtain from (4.5)

m+2
>t w6 o + AUl
i=0

L 2 m+2 (=) 2 1 %

<Ct¥ Z|:Z|)\|W A [t a; re A ]fk“LP(O,l;E)
k=1L i=0
+ “AA;mz -t~ 2A2ﬁ(||m01£:| <Ct 2p (4.6)

2 [[m+2 . , 7
Z[ZMP%IIA T 4y e A
k=1L i=0

1 32
+ |AA; ™2 [ P g et Ay ]fk”LP(O,l;E)
, 1
<oty ([l el W)
k=1 - \/0

! - % 3 1,3 »
([ laa e el et as) ] 7
0

By changing the variable XtI = y and in view of Theorem A, we obtain

1
([ ey
0

2
<My ) [Ilfellg + ] (4-8)

k=1

By using the estimate (4.8), by virtue of Theorem A, we get the uniform estimate

1
S ([ 1ot et gpa)”
k=1 0

2
<My Y [IWfellg, + A AN (4.9)

k=1
Then from (4.6)-(4.9) we obtain (4.4). O

Now we can represent a more general result for nonhomogeneous problem (4.2).
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Theorem 4.2 Assume that the following conditions are satisfied:
(1) Eisa UMD space and A is an R-positive operator in E;
(2) n=(D)"pr— (1)1 70,6 = ;%5 + 55, k=1,2,0<t <1, p e (1,00).

m+2

Then the operator u — {(L;+A)u, Lisu, Lysu} is an isomorphism from W2 (0,1; E(A), E)
onto W"™P(0,E) x Ey x E for A € Sy, .. with large enough > > 0. Moreover, the uniform
coercive estimate holds

m+2

Z it V»llf%2 u? ||LP(0,1;E) +lAulrone
j=0

< C[ufnwm,p(o,l;g) + 3 (Wfillg, + 1A% Ilﬁ(lls)}. (4.10)

2

k=1
Proof The uniqueness of a solution of problem (4.2) is obtained from Lemma 4.2. Let us
define

]?(x) _ fx), %fx € [0,1],
0, ifx ¢ [0,1].

We will show that problem (4.2) has a solution u € W"+27(0,1; E(A), E) for f € W™?(0,1;
E), fx € Ex and u = u; + u,, where u; is the restriction on [0, 1] of the solution of the equation

Ly +Mu=f(x), x€R=(-00,00), (4.11)
and u; is a solution of the problem
(Le+Mu=0,  Lgu=fi — L. (4.12)

A solution of equation (4.11) is given by

) = FHL7 0,0 = o / L7 1, ) (EF) (&) d,

[o¢]
where L(A,t,&) = A + t2 + ). It follows from the above expression that

m+2

Ztﬁ Wz
j=0

1) oy + 1AM e

m+2

:Ztﬁml—ﬁ
j=0

FUL M OEF | ey + | FALT Gt OEF | sy (4413)

It is sufficient to show that the operator-functions

W (6) = AL O 1,6)(1+8™) 7,
m+2 . .
on(§) =Yt Al mn L0, 5,6) (14 £7)

j=0
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are uniform Fourier multipliers in L?(R; E). Actually, due to the positivity of A, we have

|27 8, i8) | < M(1+ 282 + 1)) (4.14)

|w.. &) = |A[A + 2+ tf;‘z]*l | <.

It is clear to observe that

£ %xpﬂ(s) = —2E*AL (M 1,€) = [-2tE°L7 (0, £,€) JAL (W, £, €).

Due to R-positivity of the operator A, the sets
[—2e2[A+ 182 +2]),  [A[A+82+2]7), &eR\{0)

are R-bounded. Then, in view of the Kahane contraction principle, from the product prop-
erties of the collection of R-bounded operators (see, e.g., [36] Lemma 3.5, Proposition 3.4),
we obtain

i

d
R{E’dgi‘l’m(%') 3 EIRi\{O}} <G,
(4.15)

d
R{E’d—giaﬂ(s) &€ R\{O}} <G, i=0,1.
By [33, Theorem 3.4] it follows that W, , (§) and o0, (&§) are the uniform collection of mul-
tipliers in L?(R; E). Then in view of (4.13) we obtain that problem (4.11) has a solution
u € WP (R;E(A), E) and the uniform coercive estimate holds

m+2

Ztﬁml-ﬁ

Jj=0

U | i + 1Al @ < CIf e (4.16)

Let u; be the restriction of # on (0,1). The estimate (4.16) implies that u; € W"*%#(0,1;
E(A),E). By virtue of Lemma 4.1, we get

w™ () e (EA)E), , k=12

Orp

Hence, Lisu; € Ex. Thus, by virtue of Lemma 4.2, problem (4.12) has a unique solution
15 (x) that belongs to the space W"+27(0,1; E(A), E) and

m+2

Z it |2 |17ﬁ I ”g) ||LP(0,1;E) +lAm o
j=0

2
< CY [Whlg + A e + €% 1™ oz + A * Nl cqonsn]. (417)
k=1

Moreover, from (4.16) we obtain

m+2

Ztﬁml—ﬁ

j=0

u)) | oz *+ HAmlroa) < Clf lwmeoe).- (4.18)

Page 11 of 19
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Therefore, by Lemma 4.1 and by estimate (4.17), we obtain

Ok ||, (i)
1% |y (')“Ek = Cllnllymezr g pay,e < CIf lwmeo)- (4.19)

So, in view of Lemma 4.1 and estimates (4.17)-(4.19), we get

m+2 . .
>t A |6 | o + 1Al
j=0
2
scowmmﬂ+ZMmm+Mﬁ%mh0. (4.20)
k=1
Finally, from (4.18) and (4.20) we obtain (4.10). |

Now, we can prove the main result of this section.

Proof of Theorem 4.1 Let G, = (0,b;) x (0,by). It is clear to see that
meq(GZ;E) = erq(ox bl;XO;X) = Wm,q(o: bl;X) qu(Or bl;XO)’

where Xog = W"1(0, by; E) and X = L1(0, by; E).

Let us consider the BVP
9%u 9%u .
—E1-—5 — a7 + (A + Nulx,x2) = f (%1, %), Lyeu=0, kj=12, (4.21)
0x; 0x;

where Ly, are defined by equalities (1.5). Problem (4.21) can be expressed as the following

BVP for an ordinary DOE:
d*u
Lu = _Sld—x% + (Bsz + )‘-)u(xZ) :f(xZ)) X1 € (0¢ bl)r Lklslu =0, (422)

where Ly, are boundary conditions of type (3.2), B, is the operator acting in X, and X
defined by

d’u
&2
2

dx;

Wz’q (O, bZ;E(A)r E: L2k82)‘

Bo,u=— + Au(xy), D(B.,) = W"*24(0, by; E(A), E, Loke, )

Since Xy and X are UMD spaces, (see, e.g, [35, Theorem 4.5.2]) by virtue of Theorem 4.2,
we obtain that problem (4.22) has a unique solution u € W™**4(0, b;; D(B,,), X) for f €
W4(0,by;X) and A € Sy .. with sufficiently large s« > 0. Moreover, the coercive uniform
estimates holds

m+2 i

Zs{m || || ||Lq(0]b1;)0 + | Bey ]l 20,6150 < CIf lwma(o,p1:)5
=0
‘ (4.23)

2 .
L
P
> e 2 |1 o0 e * 1Bes #liaomixg) < CIF lraomsx-
i=0
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From (4.23) we obtain that problem (4.22) has a unique solution
ue W"™1(Gy; E(A),E)  for W™1(Gy; E).

Moreover, the uniform coercive estimates hold

m+2 i

Dol
i=0

ul ”Lq(o,bl;x) + | Bey ll (0,015 < ClIf lwmayk)- (4.24)

By applying Theorem 4.2 for f; = 0 and E = X, we get the following uniform estimate:

m+2

i X
ZE;«T [A [\
j=0

u? |, + lAulx < Cl|Beyullwmao,yip)- (4.25)

From estimates (4.24)-(4.25) we conclude the corresponding claim for problem (4.21).

Then, by continuing this process n-times, we obtain the assertion. O

5 Nonlocal initial-boundary value problems for the Stokes system with small
parameters

In this section, we show the uniform maximal regularity properties of the nonlocal initial
value problem for nonstationary Stokes equations (1.6).

The function u € Wf’q(G, L) ={u e W24(G; R"), Ljeu = 0,divu = 0} satisfying equa-
tion (1.6) a.e. on G is called the stronger solution of problem (1.6).

Let W*4(G), 0 < s < oo be the Sobolev space of order s such that W%4(G) = L4(G). For
g e (1,00),let X, = LL(G) denote the closure of C3°(G) in L#(G; R"), where

Coo(G) = {u € C(G), divu = 0}.

It is known that ( see, e.g., Fujiwara and Morimoto [17]) a vector field u € L1(G; R") has
the Helmholtz decomposition, i.e., all u € L1(G; R") can be uniquely decomposed as u =
ug + Vo with ug € LL(G), ug = P,u, where P, = P is a projection operator from L?(G;R")
to LL(G)and ¢ € LfQC(G), Vo € L1(G;R"), so that

IVollg = Cliullg, lellzaGns) < Cllullg

with C independent of #, where B is an open ball in R” and ||«||, denotes the norm of # in
L1(G;R") or L1(G).
Then problem (1.6) can be reduced to the following BVP:

-PA;u+ru=f(kx), xeG,
- o du du

Lyjeu= Z & akjiw(GkO) + ,Bkjiﬁ(Gkb) =0, (5.1)
i=0 k k

k=1,2,...,mj=1,2.

Page 13 of 19
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Consider the parameter-dependent Stokes operator O, = O, , generated by problem (5.1),

ie.,
D(O,) = (W?(G;Ly))",  Ou=-PA, u.

From Corollary 3.1 we get that the operator O, is positive and also is a generator of a
bounded holomorphic semigroup S, (¢) = exp(—O,t) for ¢ > 0.
In a similar way as in [18], we show the following.

Proposition 5.1 The following estimate holds:
Joss. ] < cr
uniformly in € = (€1,€2,...,&,) fora >0 and t > 0.

Proof From Result 3.1 we obtain that the operator O, is uniformly positive in L,(G;R"),
i.e,for A € Sy .., 0 <y <, the following estimate holds:
M

O+ M7 < —,
o, +n <5

where the constant M is independent of A and ¢. Then, by using the Danford integral and
operator calculus as in [18], we obtain the assertion. O

Now consider problem (1.7). The main theorem in this section is the following.

Theorem 5.1 Let 0 < g <1, (1) By — (-1)" 2281 # 0 and p,q € (1,00). Then
there is a unique solution (u, Vo) of problem (1.7) for f € L*(0, T; L1(G;R")) = B(p, q) and

2-2
a € By, . Moreover, the following uniform estimate holds:

with C = C(T, G, p, q) independent of f and ¢.

n 2

2
oxy,

ou

—_— £
at k

+IVellspg < Clflspg + lall 52 (5.2)
B

Bp.g) k=1 B(p.q) pg (G)

Proof Problem (1.7) can be expressed as the following abstract parabolic problem with a
small parameter:

du

7 + O:u =£(2), u(0) = a. (5.3)

If we put E = L1(G;R") and A = 5¢ > 0 in Theorem 3.1, then the Result 3.1 implies that
the operator O, is uniformly positive and generates bounded holomorphic semigroup
in L1(G; R") uniformly in &;. Moreover, by using [41, Theorem 3.1] we get that opera-
tor O, is R-positive in E. Since E is a UMD space, in a similar way as in [33, Theo-
rem 4.2], we obtain that for f € L?(0, T; E) and a € (D(Os),E)}gyp, there is a unique solution

u € W(0,T,D(0,),E) of problem (5.3) so that the following uniform estimate holds:

du

= )- (5.4)

+ 10:ull1r0,7:5) < C(If Nlro,7:8) + lallpear) )
LP(0,T;E)

P
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From (5.4) for all u € Wf’q(G, Lyje), we get the following estimate:

- 8%u
Y ek | <ClA.ull
k=1 kg
uniformly in € = (1,€3,..., ). O

6 Existence and uniqueness for the Navier-Stokes equation with parameters
In this section, we study the Navier-Stokes problem (1.1)-(1.3) in the space X,. Problem
(1.1)-(1.3) can be expressed as

du

7 + Ogu = Fu + Pf, u(0)=0, ¢>0, (6.1)
where
Fu=—-P(u,V)u.

We consider equation (6.1) in an integral form

u(t) =S, (t)a + /tSs(t - s)[Fu(s) + Pf(s)] ds, t>0. (6.2)
0

To prove the main result, we need the following result which are obtained in a similar
way as in [11, Theorem 2].

Lemma 6.1 For any 0 < « <1, the domain D(O?) is the complex interpolation space
[Xg, D(O¢)]a-

1
Lemma 6.2 For each k =1,2,...,n, the operator u — O, 2P(%)u extends uniquely to a
uniformly bounded linear operator from L1(G; R") to X,.

Proof Since O, is a positive operator, it has fractional powers OY. From Lemma 6.1, it
follows that the domain D(O?) is continuously embedded in X, N H;"‘ (G;R") forany « > 0,
where H;“(G; R”) is the vector-valued Bessel space. Then, by using the duality argument

1
and due to uniform positivity of OF , we obtain the following uniformly in & estimate:

_1 d
O. Pl — |u
Bxk

By reasoning as in [12], we obtain the following. O

< Cllullx,- (6.3)
L1(G;R")

Lemma 6.3 Let0 <§< % +5(1- %1). Then the following estimate holds:
[e0:* P, V)v |, = M| Oful, | OFu],

uniformly in & with some constant M = M(8,60,q,0) provided that 0 >0,0 >0,0 +§ > %
and

0+o+8>£+—.
2qg 2
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Proof Assume that 0 < v < 5(1 - %). Since D(OY) is continuously embedded in X; N
H;”‘(G; R"), and since LY (G; R") N Xy is the same as Xy, by the Sobolev embedding theo-
rem, we obtain that the operator

O Xy — D(O! q,) — Xy

is bounded, where

1 1 2v 11
T T
S/ q/ n q q/

By the duality argument then, we get that the operator # — O, is bounded from X; to

X4, where
1 1 1 2v
—=]—-—=—- 4+ —
S s q n

Consider first the case § > % Since P(u, V)v is bilinear in u, v, it suffices to prove the
estimate on a dense subspace. Therefore, assume that # and v are smooth. Since divu = 0,
we get

n

(u, V)v = Z i(uku).

= 0xy

Taking v =46 — %, using the uniform boundedness of O, from X; to X; and Lemma 6.2
for all € > 0, we obtain

1y~ 3
[¢02°Pe, Vv, = |£02" D Py ()| < [laivl]
k=1 k q
By assumption we can take r and 7 such that
1 1 26 1 1 20 1 1 1
-> - —, -> -, -+—=-, r>ln<oo.
r—q n n"q n romos

Since D(OY q) is continuously embedded in X,; N H;"‘(G; R"), by the Sobolev embedding,
we get

[leellvl |, < Null Nvll, < M| 0L u |07 v

7]’

i.e., we have the required result for § > % In particular, we get the following uniform esti-

mate:

Y
[¢0:* P, V)v |, = M| OLgu, [ OF v

n
v 9+ﬁ2§], B >0.

Similarly, we obtain

1
|eP, Vv, < Cllull, vl < C| O ul | OFs? v,
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for % + % = é and 8 = 0. The above two estimates show that the map v — P(u, V)v is

1 1
a uniform bounded operator from D(O?) to D(O; ?) and from D(Of”) to X,. By using

Lemma 6.1 and the interpolation of Banach spaces [30, §1.3.2] for 0 < 4§ < 1 we obtain
|eP@, Vv, < C[Of jul, | OZ,v ],

By using Lemma 6.3 and the iteration argument, by reasoning as in Fujita and Kato [18],
we obtain the following. O

Theorem 6.1 Let 0 < g <1, (—1)" oy Bra — (1) 2y Br1 7 0. Let y < 1 be a real number
and 8 > 0 such that

n 1< 5<1-ly|
—— = , -y <d<l—|y|
2 2_1/ 14 14

Suppose that a € D(OY), and that |O°Pf (¢)|| is continuous on (0, T) and satisfies
|02 Pf ()] = o(e ") ast—o.

Then there is T, € (0, T) independent of € and a local solution of (6.2) such that

1) u e C([0, T.1; D(OY)), u(0) = a;

(2) u e C((0T,]; D(0O2)) for some T > 0;

(3) 10%u(@)|l = o(t”=) as t — 0 for all a with y <« <1 -8 uniformly with respect to the
parameter €.

Moreover, the solution of (5.2) is unique if

(4) u e C((0T,]; D(OF));

(5) 110%u(t)|| = o(t” ) as t — O for some B with B > |y| uniformly in e.

Proof We introduce the following iteration scheme:
t
ug(t) = Sg(t)a + / Se(t —s)Pf(s)ds, (6.4)
0
t
a®)=10(0)+ [ S.6=S)Fu(9)ds, 0.
0

By estimating the term u(¢) in (6.4) and by using Proposition 5.1 for y <a <1-§, we
get

t
[0%uo(®)|| < |OS:()a + f [0S, (¢ - )| |02 Pf (s)| ds
0
t
< | 0Se ()] + Cuss f |6 =9 0:°Pf(s) | ds < Mar"™
0
uniformly in & with

My, = sup %77 || O‘;*‘SSg(t)a” + CosNB(1 -8 —a,y +a),
0<t<T,e>0
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where N = sup,,.7 t'7°||O;°Pf(t)|| and B(a,b) is the beta function. Here we suppose
y + 6 > 0. By induction assume that u,,(¢) satisfies the following estimate:

| Ot (&) | < Mont” ™, y <a<1-8. (6.5)

We will estimate O% 1,1 (¢) by using (6.2). To estimate the term || O;‘SFum(s) |, we suppose

1
O+o0+6=1+y, y<0<1—8,y<a<1—8,0>0,0>0,8+a>§,

so that the numbers 6, o, § satisfy the assumptions of Lemma 6.3. Using Lemma 6.3 and

(6.5), we get the following uniform estimate:
” Og‘sFum (s) H < CMp,uMy s’ 7L
Therefore, we obtain

t
[0 = Mo+ M [ =91 |03 P ds
0

= Mozmﬂty_a
with
M1 = Mg + My, sMB(A =8 — o,y + 8)MpmMom

Since we get the uniform estimates with respect to the parameter ¢, the remaining part
of the proof is the same as in [12, Theorem 2.3], so this part is omitted. O
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