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Abstract

A nonlinear partial differential equation, which includes the Novikov equation as a
special case, is investigated. The well-posedness of local strong solutions for the
equation in the Sobolev space H°(R) with s > % is established. Although the H'-norm
of the solutions to the nonlinear model does not remain constant, the existence of its
local weak solutions in the lower order Sobolev space H*(R) with 1 <s < % is
established under the assumptions ug € H* and ||ugxl| e < o0.
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1 Introduction
Novikov [1] derived the integrable equation with cubic nonlinearities

Up — Uppy + 40P Uy = SUllyly + W llrr, 1)

which has been investigated by many scholars. Grayshan [2] studied both the periodic
and the non-periodic Cauchy problem for Eq. (1) and discussed continuity results for the
data-to-solution map in the Sobolev spaces. A Galerkin-type approximation method was
used in Himonas and Holliman’s paper [3] to establish the well-posedness of Eq. (1) in
the Sobolev space H*(R) with s > % on both the line and the circle. Hone et al. [4] ap-
plied the scattering theory to find non-smooth explicit soliton solutions with multiple
peaks for Eq. (1). This multiple peak property is common with the Camassa-Holm and
Degasperis-Procesi equations (see [5-7]). A matrix Lax pair for Eq. (1) was acquired in [8,
9] and was shown to be related to a negative flow in the Sawada-Kotera hierarchy. Suf-
ficient conditions on the initial data to guarantee the formation of singularities in finite
time for Eq. (1) were given in Jiang and Li [10]. Mi and Mu [11] obtained many dynamic
results for a modified Novikov equation with a peak solution. It is shown in Ni and Zhou
[12] that the Novikov equation associated with the initial value is locally well-posed in
Sobolev space H® with s > % by using the abstract Kato theorem. Two results about the
persistence properties of the strong solution for Eq. (1) are established in [12]. Tiglay [13]
proved the local well-posedness for the periodic Cauchy problem of the Novikov equation
in Sobolev space H*(R) with s > % The orbit invariants are used to show the existence of
a periodic global strong solution if the Sobolev index s > 3 and a sign condition holds.
For analytic initial data, the existence and uniqueness of analytic solutions for Eq. (1) are
obtained in [13]. Using the Littlewood-Paley decomposition and nonhomogeneous Besov
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spaces, Yan et al. [14] proved that Eq. (1) is locally well-posed in the Besov space under
certain assumptions. For other methods to handle the Novikov equation and the related
partial differential equations, the reader is referred to [15—24] and the references therein.

We note that the coefficients of the terms u?u,, utt,lt,, and uu,y, in the Novikov equa-
tion (1) are 4, 3 and 1, respectively. Namely, 4 = 3 + 1. This guarantees that the conservation
law of Eq. (1) holds

/(uz(t, x) + ul(t,x)) dx = /(uz(O,x) +u2(0,x)) dx,

R R

which takes a key role in obtaining various dynamic properties in the previous works.
Motivated by the desire to extend parts of local well-posedness results in [3, 11, 12], we

study the following model:

Uy — Uppy + MU Uy = AU Uy + buzuxm, (2)

where m, a and b > 0 are arbitrary constants. Clearly, letting m = 4,4 =3 and b =1, Eq. (2)
becomes the Novikov equation (1).

The objective of this paper is to investigate Eq. (2). Since m, a and b > 0 are arbitrary
constants, we do not have the result that the H! norm of the solution of Eq. (2) remains
constant. We will apply the Kato theorem for abstract differential equations to prove the
existence and uniqueness of local solutions for Eq. (2) subject to the initial value u((x) €
H*(R) (s > %). In addition, the existence of local weak solutions for Eq. (2) is established
in the lower-order Sobolev space H*(R) with 1 <s < % under the assumptions uy € H*(R)
and || ugxlro < 0.

The rest of this paper is organized as follows. The main results are given in Section 2.
The proof of a local well-posedness result is established in Section 3, while the existence
of local weak solutions is proved in Section 4.

2 Main results
Firstly, we state some notations.

The space of all infinitely differentiable functions ¢(t,x) with compact support in
[0,+00) X R is denoted by C§°. L¥ = L?(R) (1 < p < +00) is the space of all measurable
functions % such that ||h||‘zp = fR |h(t,x)|P dx < 0o. We define L = L*°(R) with the stan-
dard norm |[|/||ro = inf(e)=0 SUP,cp\, /(2 %)|. For any real number s, H* = H*(R) denotes
the Sobolev space with the norm defined by

Vil = ( / 1+ |s|2)syzz<t,s>yzds)2 oo,

where h(t, ) = Jr€ " h(t,x) dx.

For T > 0 and nonnegative number s, C([0, T); H*(R)) denotes the Frechet space of all
continuous H*-valued functions on [0, T). We set A = (1— 8?%)% . For simplicity, throughout
this article, we let ¢ denote any positive constant which is independent of parameter ¢.

Defining

1
ex?-1, |x| <1,

0, || > 1,

o(x) =
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and setting ¢, (x) = 8’%¢(8’%x) with 0 < ¢ < i and .o = ¢, * uy, we know that u,o € C*
for any uy € H*, s > 0 (see [17]).
We consider the Cauchy problem for Eq. (2)

Up — Upgy + MU Uy, = AUU U3y + DU Uy,

3)

u(0,%) = uo(x),

which is equivalent to
uy + bt u, = A2 [(b — m)uPu, + S22 (uni?), + 24 u3), @

u(0,x) = ug(x).
Now, we give our main results for problem (3).

Theorem 1 Let ug(x) € H*(R) with s > % Then the Cauchy problem (3) has a unique solu-
tion u(t,x) € C([0, T); H*(R)) N CX([0, T); H*"(R)), where T > 0 depends on ||u || s (r)-

It follows from Theorem 1 that for each ¢ satisfying 0 < € < i, the Cauchy problem

Up — Uppy + MU Uy, = AUU Uy + DU Uy, )

u(0,x) = ugo(x), x€R,

has a unique solution u,(t,x) € C*([0, T,); H*), in which T, may depend on ¢. However,
we shall show that under certain assumptions, there exist two constants c and T > 0, both
independent of ¢, such that the solution of problem (5) satisfies ||#ex||1 < ¢ for any ¢ €
[0, T) and there exists a weak solution u(¢,x) € L*([0, T], H*(R)) for problem (3). These

results are summarized in the following two theorems.

Theorem 2 If uy(x) € H*(R) with s € [1, %] such that ||ugyx||Lo < 00. Let u.o be defined as
in system (5). Then there exist two constants c and T > 0, which are independent of ¢, such
that the solution u. of problem (5) satisfies ||Uey||po < c forany t € [0, T).

Theorem 3 Suppose that uy(x) € H* with1 <s < % and ||ugx|| o < 00. Then there exists
a T > 0 such that problem (3) has a weak solution u(t,x) € L*([0, T], H*(R)) in the sense of
distribution and u, € L*°([0, T] x R).

3 Proof of Theorem 1

Consider the abstract quasi-linear evolution equation

dv

7 +AW)v=f(w), t>0 and v(0)=v,. (6)

Let X and Y be Hilbert spaces such that Y is continuously and densely embedded in X,
and let Q: Y — X be a topological isomorphism. Let L(Y, X) be the space of all bounded
linear operators from Y to X. If X = Y, we denote this space by L(X). We state the following
conditions in which p1, p2, p3 and ps4 are constants depending only on max{||y|ly, |z|ly}-
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() A(y) € L(Y, X) for y € X with
1(AG) -A@)w|, < pilly - zlxlwlly, yzweY,

and A(y) € G(X,1, B) (i.e., A(y) is quasi-m-accretive), uniformly on bounded sets in Y.
(II) QA(y)Qt = A(y) + B(y), where B(y) € L(X) is bounded, uniformly on bounded sets
in Y. Moreover,

|(Bo) - B@)w|, < p2lly—zllyliwllx, yz€Y,weX.

(III) f : Y — Y extends to a map from X into X, is bounded on bounded sets in Y, and
satisfies

lfo) -f@|, <psly-zly, yzey,
IfO) -f@|y < pally—zlx, pzeX.

Kato theorem (see [25]) Assume that (1), (II) and (I11) hold. If vy € Y, there is a maximal
T > 0 depending only on ||vo ||y and a unique solution v to problem (6) such that

v=v(-,vo) € C([0, T);Y) N C'([0, T); X).
Moreover, the map vy — v(-,vy) is a continuous map from Y to the space
C([0,T);Y) nC'([0, T); X).

We set A(u) = bud, with constant b>0, Y = H(R), X = H*Y(R), A = (1 — 83)%,]’(14) =
A2[(b - m)uPu, + “‘;b(uuﬁ)x + 21’2_“ u3] and Q = A®. We know that Q is an isomorphism
of H* onto H*1. In order to prove Theorem 1, we only need to check that A(x) and f ()

satisfy assumptions (I)-(III).
Lemma 3.1 The operator A(u) = bu*d, with u € H*(R), s > 3 belongs to G(H*"\(R),1, B).

Lemma 3.2 Let A(u) = bud, with u € H*(R) and s > 3. Then A(u) € L(H*(R), H*"\(R)) for
all u € H*(R). Moreover,

(4w - A@)w

Hs-1 = plllu_Z”HS’l”W”HSi M,Z,WEHS(R). (7)

Lemma 3.3 For s > 3, u,z € H(R) and w € H*™, it holds that B(u) = [A®, bu*3,]A~ €
L(H*™) for u € H® and

|(B(w) = B@)w|| 1 < p2llu = zll s | Wl pgs-1. ®)
The above three lemmas can be found in Ni and Zhou [12].
Lemma 3.4 Let r and q be real numbers such that —r < q <r. Then
luviipe < cllullprVliga  ifr> %

. 1
luvllgregz < cllullgrlVilge  ifr < 7
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This lemma can be found in [25, 26].

Lemma 3.5 Let u,z € H® with s > 3 and f(u) = A72[(b — m)ulu, + =22 (uu?), + 22u3).
Then f is bounded on bounded sets in H® and satisfies

If @) - (2)
If ) —f(2)

HS = ,03”1/1—2”1-15, (9)

Hs-1 E 104”” - Z”HS’I' (10)

Proof Using the algebra property of the space H*°(R) with so > %, we get

If () —f(2)

s e([w? = 2 o + Nz = 225 o + 112 = 22 1o0)

HS

2 2
< c(llu =zl [lwlizs + Nl 20z + 112017 ]

+ u(l - 22) + (u-2)22 | o

2 2
et = Zall s [ 62 | pyos + Nt st Izl s + 120175 ])

< p3llu —zl|ms, (11)

which completes the proof of (9). Using s —1 > % and the first inequality in Lemma 3.4, we
have

a6 = 222 ysn

<|u(k -22) + 22 - 2)| ;o0

< |l + 2) (0t — 2) | oa + Nl = 2l || 22

Hs2

2
< cllulus + 2.) || o 18 = 2l st + Nl = 2l 1|20

<cllu—z| s (||M||%1s + ||Z||12-1s) (12)
and

2 =22 -

< [ = 2 (06 + 20+ 25) |

=< cllthy — zx || pys2

2 2
|12 + uze + 24 |

< cllu = zll s (Nul7s + 12ll35)- (13)
Using (12) and (13) yields

If () —f(2)

sl =2 oo+ sz =22 oo + |2 = 22 2)

Hs-1

2 2 2 2
< cllu = zllpsr (T4 el Fror + N2l + Nl + 2ll75), (14)

which completes the proof of inequality (10). d
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Proof of Theorem 1 Using the Kato theorem, Lemmas 3.1, 3.2, 3.3 and Lemma 3.5, we

know that system (3) or problem (4) has a unique solution
u(t,x) € C([0, T); H*(R)) N C'([0, T); H* ' (R)). O

4 Proofs of Theorems 2 and 3

Using the first equation of system (3) derives

d
— | ( 2+ui)dx+2(a—3b)/uuidx=0,
dt R R

from which we have the conservation law

t
‘/(u2 +ul)dx +2(a - Bb)/ / un dx = /(u(z) + ug,) dx. (15)
R o Jr R
Lemma 4.1 (Kato and Ponce [26]) Ifr > 0, then H" N L* is an algebra. Moreover,
luvll, < C(”M”LOC vl + ”””r”‘/”LO@)y

where c is a constant depending only on r.
Lemma 4.2 (Kato and Ponce [26]) Letr>0.Ifu € H' N W' andve H' N L™, then
[[A%ulv]> = c(lamlo [ A7H] o + [ A2 o 1VIL0)-

Lemma 4.3 Let s> % and the function u(t,x) is a solution of problem (3) and the initial
data uy(x) € H*(R). Then the following results hold:

la=3b| t 2 d
lulln < o e » 0" iew, (16)

For g € (0,5 — 1], there is a constant ¢ only depending on m, a and b such that

/(A‘i”lu)2 dx
R
t
< /R[(Aq+1uo)2]dx+cfo 2]l 2 g1 (12l 200 ot oo + Nt 7o) AT (17)

For g € [0,s — 1], there is a constant ¢ only depending on m, a and b such that
2
luellra < clloallpgan (oellzoo el pr + Natllzoo llstall oo + llaae 700 )- (18)

Proof Using |2uu| < (u* + u2), the Gronwall inequality and (15) derives (16).

Using 82 = —A? + 1 and the Parseval equality gives rise to

/ AuA193 () dx = -3 /
R

(AT u) AT () dx + 3 / (ATu) A (4 uy) dx.
R

R
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For g € (0,s — 1], applying (A7) A7 to both sides of the first equation of system (3) and
integrating with respect to x by parts, we have the identity

li /((Aqu)z + (Aqux)z)dx = —(m —b)/(Aqu)Aq(uzux) dx
2dt Jp r
—b/(Aq+1u)AQ+1(u2ux) dx—Zb/Aqquui dx
R R

+ (a - 6b) / A uAN(uu,u,,) dx. (19)
R

We will estimate the terms on the right-hand side of (19) separately. For the first term, by
using the Cauchy-Schwarz inequality and Lemmas 4.1 and 4.2, we have

/R(Aqu) A (uPuy) dx

/(Aqu) [Aq(uzux) - uquux] dx + /(Aqu) W Ay, dx
R R

< cllull e (2l1oell oo gl oo el pra + llttll oo 28]l oo N2t o )
2
+ lluallpoe Nl oo || A%u]

2
=< cllullq llullzoe || el oo (20)

Using the above estimate to the second term yields

2
=< cllullypga llull oo [l oo (21)

/(Aq*lu)Aq+1 (Puy)dx
R

Using the Cauchy-Schwarz inequality and Lemma 4.1, we obtain

‘ [t (i)

= A% o A7 ()| -

< cllallpganr (Natlloe ||| g + Notllpaa || 4] o)

2 2
< cllulfrgn (Il oo ot oo + llaaxl7o0)- (22)

For the last term in (19), using u(u?2), = (uu?), — u,u> results in

1 1
/(Aqu)Aq(uuxum) dx| < — /Aququ(uui) dx| + = /Aqqu[uxui] dx
R R R
- K+ K. (23)
For Kj, it follows from (22) that
Ky < cllal)?gr (atll oo Nt l oo + okl oc ) (24)

For K5, applying Lemma 4.1 derives

Ky <c|lu||ge ||”x”:2c ||H‘1
< claellze (tallzoe | 2] g + el 2] )

2 2
= cllullzrgi | tellzoo- (25)

Page 7 of 12
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It follows from (20)-(25) that there exists a constant ¢ such that

1d 2 2
_ q q
2dt/R[( W) + (M%) d
<l (el alloo + Nitel o). (26)

Integrating both sides of the above inequality with respect to ¢ results in inequality (17).
To estimate the norm of u;, we apply the operator (1 — 92)7! to both sides of the first

equation of system (3) to obtain the equation

U, = (1 - 3,%)71 [—% (us)x + g&ﬁ (us) —2b0, (uuﬁ) +(a- 2b)uuxuxx]. (27)

Applying (A7u,;) A1 to both sides of Eq. (27) for g € [0,s — 1] gives rise to
2
/(Aqut) dx
R
-2 m g b, 2
= | (A%u) AT?| 0, U §8xu = 2buu; | + (a - 2b)usi,uyy, | dr. (28)
R

For the right-hand of Eq. (28), we have

/(Aqut) (1-02)" A%, <—%u3 - 2buu§> dx
R

< cllell ( f (1+£2)" [ f [_@;2@ )i - 2 - n)ﬁ(n)} dnT>%
< cltallgellaly el Nl - (29)
Since

/ (Au) (1 - 82) " AT92 (1P 1y) dx = — / (A%u) AT (1) dix

+ / () (1 - 82) " A (1P 1y) i, (30)

using Lemma 4.1, |4y ||na < cl| (%)l g < cllsel|Zo0 |24l a1 and [Juel|zoe < ||ue]l g1, we have

‘ [ (8 at(u) s

< clluel| e || 8”0

[

< clluell mallullzoo ]l g | ]| g2 (31)
and

V(Aqut)(l — 02) " A (P uy) dix| < el el oo ot o 1l o (32)

Page 8 of 12
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Using the Cauchy-Schwarz inequality and Lemma 4.1 yields

/ (A7) (1 - 02) ™ A uttytr) dix
R

< cllute o Nttt a2 < cllitelga | 0(222) | o
< cllugllpa | [”(”yzc)]x — (u) 1 HHH

< cllugllpn (2| s + 02 1102

< clluellma (e ] g + astil ] )

< clluae |l ra Nl g (el oo Mot oo + Nl Zoc ) (33)
Applying (29)-(33) into (28) yields the inequality

el e < cllaallprann (116l zoo laell g + ael oo ot oo + Naall7oc ) (34)

for a constant ¢ > 0. This completes the proof of Lemma 4.3. O

Lemma 4.4 ([17]) Fors >0, ug € H*(R) and u.o = ¢. * ug, the following estimates hold for

anyawith0<8<i

l#coxlloe < clluoxllze  and  |ugollge <c, ifq=<s, (35)
lucolla <ce’®', ifg>s, (36)
liteo — thollma < ce T, ifg <s, (37)
lueo — uollms = 0(1), (38)

where ¢ is a constant independent of €.

Proof of Theorem 2 Using notation u = u, and differentiating both sides of the first equa-
tion of problem (5) or Eq. (27) with respect to x give rise to

a-2b

Uy + uui + butu,,

m-b b-m ; a-6b , 2b-a 3)] (39)

=—— P+ A2 u’+ uu + (u
3 3 2 2
Letting p > 0 be an integer and multiplying the above equation by (,)?*! and then inte-

grating the resulting equation with respect to x yield the equality

1 d -2b 1)-2b
_ (ux)2p+2 dx + ("l )(P + ) /u(ux)2p+3 dx
2p+2dt Jp 2p+2 R
=0 b / (1) dx
3 Jr

b- —-6b 2b -
+ /(ux)zl’”A‘z[ el unl + a (i) ]dx. (40)
; 3 2 2 *

Page 9 of 12
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Applying the Holder’s inequality yields

1 d

- = 2p+2 d
2p +2dt R(Mx) *

2p+l

1 1 9%
-b + 2p+2 2p+2 2p+2
< { |I’}’1 |</|u3|2p de) P + (/ |G|2p+2dx> P }(/ |ux|2p+2dx> p
3 R R R

(@a-2b)(p+1)-2b .
- 2(” [l oo [l 22| oo / |14 |72 dx (41)
p+2 R
or
d ( )2p+2d 2}7%
E ‘/Rux X
) . .
_ p+ P+
< {M(/Ws!ma dx) N (/ G|+ dx) }
3 R R
1
(@a-2b)(p+1)-2b ) 2p+2
.| 2he ot el f wl2dx) " (42)
p+2 R
where
b-m a—6b 2b-a
G=A 2|: 3 7 > uu? + 5 (ui)x}

Since ||f|lzz — ||f|lz= as p — oo for any f € L® N L?, integrating both sides of the inequal-
ity (42) with respect to ¢ and taking the limit as p — oo result in the estimate

@ — 25|

t
3 2
llotelloe < Nlutoxllzoe + C/ [IlullLoo +11Gllze + llae| 2o ”ux||L00:| dr, (43)
0

where ¢ only depends on m, a, b.
Using the algebraic property of H* (R) with s¢ > % and the inequality (16) yields

t 2
llullzoe < lluallpn < [lutg || e o 1”7 (44)
and

1Glize = cllGll 1.

A_Z[b—m ; a—-6b , 2b-a 3):|
X

=C u + uu, + u
e e 220w |

< c([®] o + i o + 263 )
<c(lull3n + Nl g (1 + i)

< ceh AT (14 2.0), (45)

where c is a constant independent of . From (45), we have

t t
/ Gl dr < / e I5 P E (1 4 sy 2.c) dir. (46)
0

0
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It follows from (43) and (4:6) that

t
T 2
ot llzoe < llztosllzoe +c / [eIo 18 (1t | o) + 1+ NutallFc ] . (47)
0
It follows from the contraction mapping principle that there is a 7' > 0 such that the

equation

t T
Wl = lluoxllzoe + C/ [(1 + IIWII%oo)eXp(C/ W 17 dg) +1+ IIWIIEoc} dr
0 0

has a unique solution W € C[0, T]. Using the theorem presented on p.51 in Li and Olver
[18] yields that there are constants 7' > 0 and ¢ > 0, which are independent of ¢, such that
lletx |l L0c < W) for arbitrary ¢ € [0, T], which leads to the conclusion of Theorem 2. [

Using Theorem 2, (17), (18) and (44), notation u, = u and Gronwall’s inequality results
in the inequalities

t
2
llte lrra < CCXP[/ (Husx”L“’”uE”L“’ + ”Msx”LOC)dfiI =c
0

and

2
latee < Mote Nl pgren (lete lzoe llote g + ot N oo gl oo + llstexllZo0) < €,

where g € (0,s], r € (0,s — 1] and ¢ € [0, T). It follows from Aubin’s compactness theorem
that there is a subsequence of {u.}, denoted by {u,,}, such that {u,,} and their tempo-
ral derivatives {u,,} are weakly convergent to a function u(t,x) and its derivative i, in
L%([0, T], H®) and L*([0, T, H*™!), respectively. Moreover, for any real number R; > 0, {u,, }
is convergent to the function u strongly in the space L*([0, T], HY(—R;, R;)) for g € (0, s] and
{ue,,1} converges to u, strongly in the space L*([0, T], H"(=Ry, Ry)) for r € [0,s - 1].

Proof of Theorem 3 From Theorem 2, we know that {u,,,} (¢, — 0) is bounded in the

space L. Thus, the sequences {u,, }, {ue,}, {2 ,} and {u3 ] are weakly convergent to u,

enx

uy, u2 and 2 in L*([0, T],H"(~Ry, Ry)) for any r € [0,s — 1), separately. Hence, u satisfies
the equation

T
—/ /u@t—gxxt)dxdt
-2b - 6b
/ /( ulg, - u 3 e + 4 5 uwg— a 5 uuﬁgx> dx dt (48)

with %(0,x) = uo(x) and g € C°. Since X = L'([0, T] x R) is a separable Banach space and

{u.,~} is a bounded sequence in the dual space X* = L*([0, T] x R) of X, there exists a
subsequence of {u,,.}, still denoted by {u,,,}, weakly star convergent to a function v in
L>([0, T] x R). As {u,,} weakly converges to u, in L*([0,T] x R), it results that u, = v
almost everywhere. Thus, we obtain u, € L>([0, T] x R). O
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