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Introduction

As a generalization of the Banach fixed point theorem, Nadler’s contraction principle has
lead to an excellent fixed point result in the area of nonlinear analysis. Some other works
focused on fixed point results for multi-valued mappings are, for instance, [1-5]. Coin-
cidence and common fixed points of nonlinear hybrid contractions (i.e., contractions in-
volving single-valued and multi-valued mappings) have been recently studied by many
authors. To mention some of the achievements, we cite, for example, [6-12].

The concept of commutativity of single-valued mappings [13] was extended in [14] to
the setting of a single-valued mapping and a multi-valued mapping on a metric space. This
concept of commutativity has been further generalized by different authors, viz weakly
commuting [15], compatible [16], weakly compatible [8]. It is interesting to note that in
all the results obtained so far concerning common fixed points of hybrid mappings the
(single-valued and multi-valued) mappings under consideration satisfy either the com-
mutativity condition or one of its generalizations (see, for instance, [6—10]). In this note,
we show the existence of fixed points of hybrid contractions which do not satisfy any of the
commutativity conditions or its above-mentioned generalizations. Our result extends and
improves several well-known results in the field of hybrid fixed point theory. Some other
recent related references are [17, 18], where common fixed point theorems for hybrid map-
pings on a symmetric space are proved under the assumptions of weak compatibility and
occasional weak compatibility. Some analogous results for the case of contractivity con-
ditions of integral type are presented in [19-21] and generalized contractive hybrid pairs
are considered in [22]. Finally, in [23], fixed point results are proved in topological vector
space valued cone metric spaces (with nonnormal cones).
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Preliminaries

For a metric space (X,d), let (CB(X),H) and (CL(X), H) denote respectively the hyper-
space of non-empty closed bounded and non-empty closed subsets of X, where H is the
Hausdorff metric induced by d. For f : X — X and T : X — CL(X), we shall use the fol-
lowing notations:

L(x,y) = max{d(fx,fy), d(fx, Tx), d(fy, Ty), %(d(fx, Ty) + d(fy, Tx))}

and

N(x,y) = [max{dz(fx,fy),d(fx, Tx) - d(fy, Ty), d(fx, Ty) - d(fy, Tx),

1
1 1 2
Ed(fx, Tx) - d(fy, Tx), Ed(fx, Ty) - d(fy, Ty)}] .
We recall some definitions.

Definition 1 Mappings f and T are said to be commuting at a point x € X if fTx C Tfx.
The mappings f and T are said to be commuting on X if fTx C Tfx for all x € X.

Definition 2 Mappings f and T are said to be weakly commuting at a point x € X if
H(fTx, Tfx) < d(fx, Tx).

The mappings f and T are said to be weakly commuting on X if
H(fTx, Tfx) < d(fx, Tx)

forallx € X.

Definition 3 The mappings f and T are said to be compatible if fTx € CB(X) for all x € X
and limy,_, y00 H(Tfxy,fTx,) = 0, whenever {x,} is a sequence in X such that Tx, - M €
CB(X) and fx, — t € M, as n — +00.

Definition 4 The mappings f and T are said to be f-weak compatible if fTx € CB(X) for
all x € X and the following limits exist and satisfy the inequalities:

(3) 1imyms o0 H(Tfion, [T,) < Timys o0 H(Tfi, T,

(ii) 1imy,— oo A(fT%xp, fXn) < limy,_, oo H(Tfxy, Tx,),
whenever {x,} is a sequence in X such that Tx, - M € CB(X) and fx, — t € M as n — 00.

Let C(T,f) denote the set of all coincidence points of the mappings f and T, that is,
C(T.f) ={u:fu € Tu}.

Definition 5 The mappings f and T are said to be coincidentally commuting if they com-
mute at their coincidence points.

Definition 6 Mappings f and T are said to be coincidentally idempotent if ffu = fu for
every u € C(T,f), that is, if f is idempotent at the coincidence points of f and T.
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Definition 7 Mappings f and T are said to be occasionally coincidentally idempotent (or,
in brief, oci) if ffu = fu for some u € C(T,f).

It should be remarked that coincidentally idempotent pairs of mappings are occasionally
coincidentally idempotent, but the converse is not necessarily true as shown in Example 18
of this note.

Main results
We recall the following lemma.

Lemma 8 [8] Let T:Y — CB(X) and f : Y — X be f-weak compatible. If {fw} = Tw for
somew €Y and H(Tx, Ty) < h(a - L(x,y) + 1 —a) - N(x,y)) forallx,y in Y, where 0 < h < 1,
0 <a <1, then fTw = Tfw.

We remark that the above-mentioned lemma has been used in [8, 9] and [10] to prove
the existence of fixed points of hybrid mappings. However, we have noticed some typos in
its original statement which have been rectified in the above statement without altering
the proof.

Next, we prove a fixed point result for hybrid mappings under a general integral-type
contractivity condition. In contrast to [20], we avoid the complete character of the base
space X, and we introduce hybrid mappings. With respect to the study in [21], we consider
here occasionally coincidentally idempotent mappings.

Theorem 9 Let Y be an arbitrary non-empty set, (X,d) be a metric space, f : Y — X and
T :Y — CB(X) be such that

T(Y) Cf(Y), (1
that is, Uer T(y) Cf(Y),
there exists q € (0,1) such that
H(Tx,Ty) L(x,y)
/ Y(t)dt < q/ Y(t)dt forallx,yinY, 2)
0 0
f(Y) is complete, (3)

¥R, — R, is a Lebesgue measurable mapping which is nonnegative, summable on each
compact interval and such that

Y(x)>0, Vx>0, (4)
which trivially implies that

/06 Y(t)dt>0 foreache >0 (5)

and

‘/E Y(t)dt < /E Y(t)dt foreach0<e<é. (6)
0 0


http://www.boundaryvalueproblems.com/content/2013/1/145

Pathak and Rodriguez-Lépez Boundary Value Problems 2013, 2013:145
http://www.boundaryvalueproblems.com/content/2013/1/145

Suppose also that

e €
/ Y(t)dt < y(//,)/ Y(t)dt foreach u>1ande >0, (7)
0 0
where y : (1, +00) — R, is such that

0<y(g"?)-q<1 (8)

and

v(@"?)-q- y<;> <L )

y(@'?) -q

Then T and f have a coincidence point. Further, if f and T are occasionally coincidentally
idempotent, then f and T have a common fixed point.

Proof In view of (1) and Nadler’s remark in [24], given the point xy € Y, we can construct
two sequences {x,} in Y and {y,} in X such that, for each n € N,

Yn =fxn € Txn—l and d(ymyn+l) =< q71/2 : H(Txn—ly Txn)
Indeed, since Txy C f(Y), there exists x; € Y such that fx; = y; € Txy. Besides, given y; €
Txo, by Nadler’s remark in [24] and using that g7/> > 1, we can choose y, € Tx; C f(Y) such
that d(y1, ) < g7V2 - H(Txo, Tx1) and y, = fx, for a certain x, € Y. The continuation of this
process allows to construct the two above-mentioned sequences {x,} and {y,} inductively.

We claim that {y,} is a Cauchy sequence. Using the inequality in (2) and also property
(7), which is trivially valid for € = 0, it follows, for n > 2, that

d(fxn-1fxn) q V2 H(Txy—2, Ty-1)
/ (o) dt < / Vo) de
0

0

H(Txy-2,Txp-1)
<v(@"?) / v () dt
0
12 L(xp—2,%n-1)
<vle )-q/ v (6) dt,
0
where
L(xn—Z: xn—l) = max { d(fxn—erxn—l); d(fxn—2; Txn—2): d(fxn—lr Txn—l);
1
E (d(fxn—z, Txy) + d(fxn—lr Txn—z)) }
1
< maX{d(fxnz, Sxn1), (-2, fXn1), d(fXn-1, fxn), Ed (fXu—a, fxn)}

< max{d(fx,,_z,fx,,_l), d(fx,-1,fx,), % (d(fxn-z»fxn—l) + d(fxn-pfxn)) }
= max{d(fx,_2, fn-1), d(fn-1,f%n) }.

Page 4 of 21
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Suppose that
A(fxn-1,fxq) > A - d(fxy_2,fx,1) for some n € Nwithn>2,

where A = y(¢7?) - q € (0,1), hence d(fx,._1,fx,) > 0 and

0 < max{d(fiy_a, fn1) A(fn-1,fn) } < %d(fxn_l,fxn),

so that

d(fxn_1,fxn) U2 max{d(fx_2,f2%n-1),d(fXn-1,xn)}
/1 wmmsy@-)q/ v de
0 0

" Ld(fn1,fen)
<ylg )-qf v (t)dt
0

2 1 d(fxp-1,xn) d(foxn-1,fxn)
<v(qg )~q~y<x>/0 w(t)dtsfo v (t)dt,

where we have also used (6) (a consequence of (4)), (7), (8) and (9). The previous inequal-
ities imply that

d(fxn-1,%n) A(fxn-1,%n)
f V(t)dt < / v(t)dt,
0 0

which is a contradiction. In consequence,
d(fxn-1,fxn) <A -d(fxy_2,fxn-1), foreverynmeN,n>2,

where A = y(g7%) - q € (0,1), by hypothesis, and hence {fx, } is a Cauchy sequence in f(Y).
This is clear from the following inequality, valid for n,m € N, n > m,

d(fxmfxm) = Z d(fx/’ij—l) = Z )‘jild(thfx())

Jj=m+1 Jj=m+1
A=A
Y

)\'m
d(fxi, fxo) < md(fxl,fxo),

which tends to zero as m — +o0.

Since f(Y) is complete, then the sequence {fx,} has a limit in f(Y), say u. Let w € f~(u)
and prove that fw € Tw.

Suppose that fw ¢ Tw, then, by (2), we have

d(fxp1,Tw) H(Txy,Tw) L(x,w)
] wmms/ wmmszf v dt,
0 0 0

where

L(x,,w) = max{d(fx,,,fw), d(fx,, Tx,), d(fw, Tw), %(d(fx,,, Tw) + d(fw, Txn))}

= d(fw, Tw) for nlarge.

Page 5 of 21
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Here, we have used that d(fx,, fw) = d(fx,, u) — 0,as n — +00, d(fx,, Tx,) < d(fx,, fx,.1) —
0, as n — +oo, d(fw, Tw) > 0 due to fw ¢ Tw and Tw closed, and

1 1
5 (d(fx,,, Tw) + d(fw, Txn)) < 3 (2d(fxn1fw) +d(fw, Tw) + d(fx,, Txn))
1
— Ed(fw, Tw), asmn— +00.

Hence, for # large enough, we have

d(fxp1,Tw) d(fw,Tw)
f VO dt<q / v dt.
0 0

Making # tend to +oo in the previous inequality, we have

d(fw,Tw) d(fw,Tw)
[ oz voa
0 0

and, therefore, since g < 1 and d(fw, Tw) > 0, we get fod(fW'Tw) Y(t) dt < deVW'TW) ¥ (t) dt,
which is a contradiction. Hence fw € Tw, that is, w is a coincidence point for T and f.

Although this fact is not relevant to the proof, we note that H(Tx,_;, Tx,) — 0 since
lim d(y,-1,y.) = 0.
n— o0

Indeed,

H(Txy-1,Txn) L(xp-1%n)
/ v(dt <q / V(O dt,
0 0

where

L(xn—lixn) =< max{d(fxn—l:fxn)» d(fxn’fxnﬂ)}
= max{d(fxn—lifxn)»)‘d(fxn—lexn)} = d(fxn—lexn):

therefore
H(Txy-1,Txn) A(foxn_1,f%n)
/ Y(dt<q / Vo) d.
0 0

Then lim, 100 fOH(Tx”’l’Tx”) Y(t)dt = 0 and, by the properties of v, we get H(Tx,_1,
Tx,) — 0 as n — +00. From the definition of {y,}, we deduce that d(fx,, Tx,) < H(Tx,_1,
Tx,) for every n and, therefore, lim,_, o d(fx,, Tx,) = 0, so that {x,} is asymptotically
T-regular with respect to f. However, this property can be deduced directly from the fact
that

0 <d(fx,, Tx,) < d(fxy,fxu1) >0 asn— +00.
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Now, if f and T are occasionally coincidentally idempotent, then ffw = fw for some w €
C(T,f). Then we have

H(Tfw,Tw) L{fww)
f V(O dt < q / o) dt, (10)
0 0

where
L(fw,w) = max{d(ﬁrw,ﬁ/v),d(ﬁrw, Tfw), d(fw, Tw), %(d(ﬁw, Tw) + d(fw, wa))}
= max{d(fw,ﬁu),d(fw, Tfw), d(fw, Tw), %(d(fw, Tw) + d(fw, Tfw)) }
= d(fw, Tfw) < H(Tw, Tfw).

If Tfw # Tw, then from inequality (10) and using (5) (which is guaranteed by (4)), we
have that

H(Tfw,Tw) H(Tfw,Tw) H(Tfw,Tw)
/ v dt<q / () dt < f v dt,
0 0 0

which is a contradiction. Hence Tfw = Tw. Thus we have fw = ffw and fw € Tw = Tfw, i.e.,
fw is a common fixed point of f and T. O

Let @ denote the family of maps ¢ from the set R, of nonnegative real numbers to itself
such that

o(t) <gqt forallt> 0 and for some g € (0,1). (11)

Corollary 10 Let Y be an arbitrary non-empty set, (X, d) be a metric space,f : Y — X and
T:Y — CB(X) be such that T(Y) C f(Y),

H(Tx,Ty) L(xy)
/ V(O dt < ¢ ( f v dr) 12)
0 0

forallx,yinY, where ¢ € ® (satisfying (11) for a certain q € (0,1)),
f(Y) is complete,

¥R, — R, is a Lebesgue measurable mapping which is nonnegative, summable on each
compact interval and such that (4) holds. Suppose also that (7), (8) and (9) hold for a cer-
tain y : (1,+00) — R, and q determined by (11). Then T and f have a coincidence point.
Further, if f and T are occasionally coincidentally idempotent, then f and T have a com-

mon fixed point.

Proof It is a consequence of Theorem 9 since (11) and (12) imply that

H(Tx,Ty) L(xy) L(x,y)
/ w(t)dts¢< / w(r)dt) <q / (o) de
0 0 0

forallx, yin Y and g € (0,1). O
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Remark 11 The condition

73

w(t)dtf,u/ Y(t)dt foreachpu>1lande>0 13)
0

implies the validity of hypothesis (7) in Theorem 9 for the particular case of y the iden-
tity mapping. Moreover, for 0 < g < 1, hypotheses (8) and (9) are trivially satisfied for this
choice of y. Indeed, using that 0 < g < 1, we get

-112).

O<y(q g=q . qg=g"<1

and

1 1
-1/2 -1/2
v(q g V| ————— =g ""qg—+— =1
( ) <J/(61_1/2) : Q) qq

Remark 12 Assuming (8), condition (9) is trivially valid if X - y(%) <1 forevery A € (0,1)
or, equivalently, y(%) < % for every A € (0,1), that is, y(z) < z for every z > 1. Note that this
last condition is trivially valid for y the identity mapping. Moreover, if y (z) < z for every
z>1,then y(z) < 22 for every z > 1 and, therefore, if g € (0,1), then y (g7V/?) < g7}, obtaining
(8)if y(g7%) > 0.

Remark 13 According to Remark 12, for g € (0,1) fixed and ¢ satisfying (4), an admissible
function y can be obtained by taking

’

S w(t)de
&z e e

provided that y(g7V/?) > 0 and y (z) < z for every z > 1.

Example 14 Taking i as the constant function ¥ (t) = K > 0, t > 0, in the statement of
Theorem 9, condition (7) is reduced to

Kue <y(u)Ke foreachu >1ande >0,

so that we must choose y as a nonnegative function satisfying that y(z) = z for z > 1 (ob-
viously, ¥ (g7/?) > 0 since g € (0,1)) in order to guarantee conditions (7), (8) and (9).

Example 15 A simple calculation provides that, for the function ¥ (¢) = ¢, £ > 0, condition
(7) is written as y (z) > 2% for z > 1 and, therefore, in this case condition (8) is never fulfilled.
If we take ¥ (£) = Kt", t > 0, for K > 0 and m > 0 fixed, then (7) implies that y (z) > 2! > z
for z > 1.

Example 16 Now, we choose ¥ (¢) = Kt™, ¢t > 0, where K > 0 and -1 < m < 0 are fixed.
Note that the case m = 0 has already been studied in Example 14. In this case -1 < m < 0,
condition (7) is reduced to

( €)m+1 m+1

KE (ks
m+1 m+

for u >1lande >0,
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which is equivalent to y (z) > z"*! for z > 1. Note that this inequality implies, for 0 < g <1,
that ¥ (g7V/2) > 0. If we add the hypothesis y (z) < z for z > 1, then we guarantee the validity
of conditions (8) and (9) due to Remark 12. Hence, we can take any nonnegative function
y satisfying that

"l <y@)<z forz>1

m+1 are valid choices.

Of course, y(z) =zand y(z) =z
Example 17 Take v/(¢) = e%, ¢t > 0. Condition (7) is equivalent to
l1-e* <yu(l-e°) foru>lande >0,

that is,

(=1
>
ViR = 1-e=

for 4 >1and € > 0.

Now, for each z > 1 fixed, we calculate sup,. %, which is obviously positive, and we
check that its value is equal to z.

1-e7%€ .
1-e€ 18

decreasing on (0, +00). Indeed, the sign of its derivative coincides with the sign of the

It is easy to prove that for z > 1 fixed, the function € € (0,+00) — R,(€) =

function v(e) = ze*(1 — e™) — (1 — e7*)e ¢ and also with the sign of t(€) = ze (e — 1) +
e % -1 for € € (0,+00). Now, the function 7 is strictly negative on (0, +o0) since 7(0) =
7(0*)=0and 7'(¢) = z(1 — z)e (e —1) < 0 for € > 0.

Moreover, lim,_, o+ R,(€) = z for each z > 1; in consequence, sup,., R.(€) = z for every
z > 1. Therefore, if y(z) > z for every z > 1, then (7) follows. Note also that if g € (0,1), then
y(g V) > 0. Finally, for g € (0,1), if we take y : (1, +o0) — R, such that y(z) =z for z > 1,
we deduce the validity of (7), (8) and (9).

The following example shows that Theorem 9 is a proper generalization of the fixed
point results in [7-10].

Example 18 Let X = R, be endowed with the Euclidean metric, let f : X — X and T :
X — CB(X) be defined by fx = 4(x* + x) and Tx = [0, + 7]. Let ¢ : R, — R, be defined by
o(t) = %t for all £ € R,. Then mappings f and T are not commuting and also do not satisfy
any of its generalizations, viz weakly commuting, compatibility, weak compatibility. Also
the mappings f and T are not coincidentally commuting. Note that f1 € T1, but ff1 # f1
and so f and T are not coincidentally idempotent, but fO € 70 and ff0 = f0 thus f and T
are occasionally coincidentally idempotent. For all x and y in X, we have

H(Tx,Ty) x2-52| (’%)m-wx—y\'(ﬂwyﬂ))
/ Y(t)dt = / l/f(t)dt=/ v (e) dt
0 0

0

/(’%%m-(‘lxz—yzw—yl)
0

1Ay
V() d < f "o de
0

1 [Af) 1 L) L(x.y)
< —f vt < —/ wt)dt:qs(f w)dt).
4 0 4 0 0
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Note that these inequalities are valid if

() 1 [aves)
/ vdr<t / W) d,
0 4 Jo

which is satisfied taking, for instance, the constant function ¥ = 1. On the other hand, y
is chosen as the identity map and it satisfies (8) and (9).

Note that 0 is a common fixed point of f and T'. We remark that the results of [7-9] and
[10] cannot be applied to these mappings f and T.

Theorem 19 In Theorem 9, we can assume, instead of condition (2), one of the inequalities

H(Tx,Ty) L(x.y) N(x)
/ Y(t)dt < q(a/ w(t)dt + b/ W(t) dt) forallx,yinY, (14)
0 0 0
or
H(Tx,Ty) L(x,y)+bN (x,y)
/ Y(t)dt < q/ Yv(t)dt forallx,yinY, (15)
0 0

where a,b>0,a+b <1andq € (0,1).

Similarly, in Corollary 10, we can consider one of the contractivity conditions

H(Tx,Ty) L(x,) N(xy)
/ Y(t)dt < ¢<a/ W (t)dt + b/ w(t) dt) forallx,yinY, (16)
0 0 0

or
H(Tx,Ty) aL(x,y)+bN (x,y)
f Y(t)dt < ¢</ W (t) dt) forallx,yinY, 17)
0 0
wherea,b > 0,a+b <1and ¢ € ® (satisfying (11) for a certain q € (0,1)) and the conclusion
follows.

Proof 1t follows from the inequality
N(x,y) <L(x,y) foreveryx,y
and the nonnegative character of a, b and . Indeed, 4% (fx, f¥) < [L(x, y)]?,

a(fie, Tx) - d(fy, Ty) < [L(x.9)],

d(fx, ) - d(fy, Tx) < — (d(fx, Ty) + d(fy, Tv))” < [Lx, )],

1

4
2

%d(fx, Tx) - d(fy, Tx) < [max{d(fx, Tx), %(d(fx, Ty) + d(fy, Tx)) }:| < [L(x,y)]z,

2
3105 ) ) = [ max{ s T, 5 )+ 79) || = 260
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hence, for instance,

L(xy) N(x,) L(x,y) L(x,y)
a/ 1&(t)dt+b/ 1//(t)dt§(a+b)f w(t)dtff W (t)de.
0 0 0 0

Note that, in cases (16) and (17), it is not necessary to assume the nondecreasing character

of the function ¢ since, using that ¢ € ®, we deduce (14) and (15), respectively. O

Of course, the function ¢ = 0 is admissible in the results of this paper.

Note that, taking 2 = 1 and b = 0 in the inequalities of Theorem 19, we obtain the cor-
responding contractivity conditions of Theorem 9 and Corollary 10. On the other hand,
taking 4 = 0 and b =1 in Theorem 19, we have the following results, which are also corol-

laries of Theorem 9.

Corollary 20 Let Y be an arbitrary non-empty set, (X, d) be a metric space, f : Y — X and
T :Y — CB(X) be such that conditions (1), (3) hold and

H(Tx,Ty) N(xy)
/ Y(t)dt < q/ Y(t)dt forallx,yeY, (18)
0 0

where 0 < g <1 and ¥ : R, — R, is a Lebesgue measurable mapping which is nonnega-
tive, summable on each compact interval and such that (4) holds. Assume also that (7),
(8) and (9) are fulfilled for a certain y : (1,+00) —> R,. Then f and T have a coincidence
point. Further, if f and T are occasionally coincidentally idempotent, then f and T have a

common fixed point.

Corollary 21 Let Y be an arbitrary non-empty set, (X, d) be a metric space,f : Y — X and
T :Y — CB(X) be such that conditions (1), (3) hold and

H(Tx,Ty) N(xy)
f Y(t)dt < qb(/ ¥(t) dt) forallx,yeY, (19)
0 0

where ¢ € ® (satisfying (11) for g € (0,1)) and ¥ : R, — R, is a Lebesgue measurable map-
ping which is nonnegative, summable on each compact interval and such that (4) holds.
Assume also that (7), (8) and (9) are fulfilled for a certain y : (1,+00) — R,. Then f and
T have a coincidence point. Further, if f and T are occasionally coincidentally idempotent,

then f and T have a common fixed point.

Let n : [0,00) — [0,1) be a function having the following property (see, for instance,
[6, 25]):

(P) Fort >0, there exist 5(¢) > 0, s(t) <1 such that 0 <r —t < §(¢) implies n(r) < s(t).

This property obviously holds if 7 is continuous since 1 attains its maximum (less than 1)

on each compact [, ¢ + 8(¢)].

Definition 22 A sequence {x,} is said to be asymptotically 7-regular with respect to f if
lim,,, oo d(fx,, Tx,) = 0.
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The following theorem is related to the main results of Hu [25, Theorem 2], Jungck
[14], Kaneko [26], Nadler [24, Theorem 5] and Beg and Azam [6, Theorem 5.4 and Corol-
lary 5.5].

Theorem 23 Let Y be an arbitrary non-empty set, (X, d) be a metric space, [ : Y — X and
T :Y — CL(X) be such that condition (1) holds and

H(Tx,Ty) d(fxfy)
A wGNh<nw«n@»A o (20)

forall x,y € Y, where n : [0,00) — [0,1) satisfies (P) and > 0 is nonincreasing.
Suppose also that Tx is a compact set for everyx € Y.
Iff(Y) is complete, then
(i) there exists an asymptotically T-regular sequence {x,} with respect to f in Y,
(i) f and T have a coincidence point.
Further, if f and T are occasionally coincidentally idempotent, then f and T have a com-

mon fixed point.

Proof For some xy in Y, let yo = fxo and choose x; in Y such that y; = fx; € Tx¢. Then, by
(20), we have

H(Txo,Tx1) d(fxo,fx1)
/ v (2) dt < n(d(fxo,fx1)) / W (t)dt.
0 0
Using (1), we can choose x; € Y such that y, = fx, € Tx; and satisfying that
d(y1,y2) = d(fx1, y2) = d(fxr, Txr) < H(Txo, Tx1),

hence

d(y1,y2) d(fx1,fr2) d(fxo fx1)
/ Y(t)dt = / V() dt < n(d(fxo,fxl))/ Y (t)dt
0 0 0

d(fxo,fx1)
5/ (o) de.
0

Note that, in the previous inequalities, we have used that d(fxo,fx;1) > 0. If d(fxo,fx1) = 0,
then fxo = fx; € Txo and {x,,} is asymptotically T-regular with respect to f.
By induction, we construct a sequence {x,} in ¥ and {y,} in f(Y) such that, for every #,

d(fxn—lxyn) = d(fxn—b Txn—l) = 1’1%111 d(fxn—l;y) = H(Txn—Zr Txn—l),
YE€LXp-1

and y, = fx, € Tx,_;.
Also, we have

AWn+1.9n+2)
/ w(e)dt
0

A(fxni1fon42)
= / w(t)de
0
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A(fxn11,Txn41) H(Txp, Txp41)
- s yie)de
0 0
d(fxn:fxnﬂ)
< () [ (o) de
0

A(fxn fxni1) AWnyn+1)
</ wnm:/ w(0)dt.
0 0

It follows that the sequence {d(y,, y.+1)} is decreasing and converges to its greatest lower
bound, say t. Clearly ¢ > 0. If ¢ > 0, then by the property (P) of n, there will exist §(¢) > 0
and s(¢) < 1 such that

0<r-t<d4(t) implies n(r)<s(t).

For this §(£) > 0, there exists N € N such that 0 < d(y,, y,s1) — ¢ < §(£), whenever n > N.
Hence n(d(yy,yns1)) < s(t), whenever n > N. Let K = max{n(d(yo,y1)), 1(d®,y2)),...,
n(dyn-1,9n)),s(t)}. Then for n=1,2,3,..., we have

AWYn-1.yn)

d(an)’ml)
[ vwde <a@ona) [ v
0 0
dWYn-19n)
< K/ w(t)dt
0
d(yo.y1)
51(”/ Y(E)dt >0 asn— oo,
0

which contradicts the assumption that ¢ > 0. Thus lim,— 0 d(¥y, Yus1) = 0; ie., d(fx,,
Tx,) — 0 as n — +00. Hence the sequence {x,} is asymptotically T-regular with respect
tof.

We claim that {fx,} is a Cauchy sequence. Let n,m € N with # < m, then, by the nonin-

creasing character of {, we get

AWn.ym)
A W (t)dt

/d(yn:yrﬁl)+d(yn+1:)’n+2)+"'+d()’ml:J’m)
<

d(Yn:J’ml)
wmw:A V) de

0
AWnyn+1)+AWns1.Yn2)+ - +AdYm-1,9m)

wmm+m+/ W (t)dt

AWnyns1)+AWni1.9n42)
+ \/
d AWnyn+1)+AWn+19n42)+ - +dVm-2.Ym-1)

nyn+1)

d(;Vn,ynu) d()’n+1:}’n+2) d(ym—ly)’m)
5/ 1//(t)dt+/ l/l(t)dt+---+/ w(t)de
0 0 0

Now, we recall that

AdWnyns1)

d(}’n+1:}’n+2)
/ ¢mﬁ§ﬁw%Jm»/ () de
0 0

Page 13 of 21
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for every n, which implies that

An+2:9n+3) AWYns1:9n+2)
f YO dt < 1(dGn yni2) f Y0 dt
0 0

AWYnyn+1
= 77(d(yn+1:yn+2))n(d(yn:ynﬂ))‘/(; V(t)dt

Following this procedure, we prove that

d(y/vy/'+1) j1 Anyn+1)
/ Y(t)dt < 1_[ d(y,,yHl) / Y(t)dt, foreveryj=n+1,...,m-1.
0 i=n

Therefore,

dYnyns1) m-1 d(yiyis1)
- (0)dt + / () dt
[ ed X[

m-1 i-1 ()’n: n+1)
[u S (o } / "y

i=n+l l=n

We check that the right-hand side in the last inequality tends to 0 as n,m — +00. Since
fd(y"’y”*l)l/f(t) dt — 0 as n — +00, it suffices to show that Zl ) ]_[, nr](d(yl,yl+1) ) is
bounded (uniformly on 7, m). Indeed, we check that >-7-! TT:} n(z) is bounded for any
sequence {z;} with nonnegative terms and tending to 0 as / — +00, using the property (P)
of the function 7. Given ¢ = 0, by (P), there exist §(0) > 0, so < 1 such that 0 < r < §(0)
implies 7(r) < so. Since {z;} — 0, given §(0) > 0, there exists [, € N such that, for every

[ > 1y, we have 0 < z; < §(0). This implies that 1(z;) < s for every [ > [y.

In consequence, for n > [y, we get

m-1 i-1 m-1 i-1
0<) :Hn(zz)<§:1'[so—2(so)’"
i=n+1 l=n i=n+l l=n i=n+1

S0 — (s0)™™" S0
= <

1—80 1—80’

and this expression is bounded independently of m, n.

Hence {fx,} is a Cauchy sequence in f(Y). Since f(Y) is complete, {fx,} converges to

some p in f(Y). Let z € f}(p). Then fz = p. Next, we have

d(fz, Tz) d(fxy+1,/2)+d(fxn1,T2)
/ V(t)dt < / W (t)dt
0

0

d(fxy+1,T2) d(fxy41,T2)+d(fz fxn 1)
= / 1/f(t)dt+/ w(t)dt
0 d|

(fxn+1 Tz)

d(fxy1,12) d(fzfxn.1)
5/ w(t)dt+/ V(e)dt
0 0

Page 14 of 21
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H(Tx,,Tz) d(fz,fxn1)
5/ w(t)dt+/ V(t)dt
0 0

Aa(fxn fz) Aa(fz frni1)
<o) [ wodes [ v

Letting n — 0o, we get fod(fz’TZ) ¥ (¢) dt < 0. Thus we have d(fz, Tz) = 0. Hence fz € Tz.

Now, if f and T are occasionally coincidentally idempotent, then ffw = fw for some w €
C(T,f). Then we have

H(Tfw,Tw) d(ffw,fw)
/0 Y (0) dt < n(d(fw,fw) /0 () de =0,

Thus, Tfw = Tw. It follows that ffw = fw € Tw = Tfw. Hence, fw is a common fixed point of
T and f. O

Now we state some fixed point theorems for Kannan-type multi-valued mappings which
extend and generalize the corresponding results of Shiau et al. [10] and Beg and Azam
[6, 27]. A proper blend of the proof of Theorem 9 and those of [10, Th. 6, Th. 7, Th. 8
respectively] and [9, Theorems 3.1, 3.2, 3.3] will complete the proof.

Theorem 24 Let Y be an arbitrary non-empty set, (X, d) be a metric space, f : Y — X and
T :Y — CB(X) be such that (1) holds and

H'"(Ix,Ty)
/ w(t)dt
0
' (fy,Ty)

d" (fx, Tx)
<o (d(fx, Tx)) /o Y (t)dt + (d(fy, Ty)) /o w(t)dt (21)

for all x,y € Y, where o; : R, — [0,1) (i = 1,2) are bounded on bounded sets, r is some
fixed positive real number and  : R, — R, is a Lebesgue measurable mapping which is
summable on each compact interval and foé Y (t)dt > 0 for each € > 0. Suppose that there
exists an asymptotically T-regular sequence {x,} with respect to f in Y. If T(Y) is complete
or

there exists k € N such that fx,.x € Tx, foreveryn e N, and f(Y) is complete, (22)

then f and T have a coincidence point. Further, if f and T are occasionally coincidentally
idempotent, then f and T have a common fixed point.

Proof By hypotheses,

H" (Txp, Txy,)
f v (8 dt
0

d" (fxn, Txn) d" (fxm, Txm)
< oy (d(fxn, Txn)) / Y (2) dt + otz (d(foems Tom)) / Y (t)dt.
0 0

Since {x,} is asymptotically T-regular with respect to f in Y, then {a:1(d(fx,, Tx,))},

and  {oo(d(fx,, %))} are bounded sequences and f:r(fx”‘Tx”)iﬁ(t)dt — 0,
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fodr(fx’”’TxM) Y (t)dt — 0, as n,m — +00. This provides the property H(Tx,, Tx,,) — 0 as

n,m — +00, so that {Tx,} is a Cauchy sequence in (CB(X), H).
If T(Y) is complete, there exists K~ € T(Y) € f(Y) such that H(Tx,, K’) — 0 as n — +00.
Let u € Y be such that f(«) € K". Then

A" (fu, Tu) H" (K", Tu) (H(K, Txp)+H(Txy, Tu))"
[ vwas [ voas | ey
0 0

0

H"(Txy,Tu) H"(Txy,Tu)+terms containing HK, Txy)
= / 1//(t)dt+/ w(t)dt
0 H" (Tx;,,Tu)

a" (fxp, Txn) d" (fu,Tu)
< on (d(fi, ) / W(t) dt + o (d(fu, Tu) f V() dt
0 0

v (t)dt,

H"(Txy,Tu)+terms containing H(K', Txn)
+ /

H" (Txy,, Tu)

where the number of terms containing H(K, Tx,) is a finite number depending on r, and
therefore fixed. Calculating the limit as # — +00 and taking into account that the length
of the intervals in the last integral tends to zero, we get

d" (fu,Tu) d" (foxn, Tan)
f Y () dt(1—ap(d(fu, Tw))) < lim o (d(fxn, Tx)) / Y(t)dt =0.
0 n—> +00 0

Therefore,

d" (fu,Tu)
/ W(Odt <0
0

and, by the properties of v, we get d'(fu, Tu) = 0, which implies that fu € Tu and u is a
coincidence point.

Now, suppose that f(Y) is complete. Note that Tx,, is closed and bounded for every n € N.
Take k > 1 fixed. By the results in [24], we can affirm that for every y; € Tx,, there exists
yo € Tx,, such that d(yy, y2) < kH(Tx,,, Tx,,)-

Given n,m € N, we choose y; € Tx,, and, for this y; € Tx, fixed, we choose y, € Tx,, such
that d(y1,y-) < kH(1x,, Tx,,). Then

A(fxn, fatm) < d(fxn, 1) + d(y1, y2) + A2, fxm)
< d(fxy, Tx,) + kH(Tx,, Txp,) + A(Tx, fX1).
By the hypothesis on {x,} and the Cauchy character of {7x,}, we deduce that {fx,} is a

Cauchy sequence. Since f(Y) is complete, there exists f (i) € f(Y) such that {f(x,,)} — f ().
By hypotheses, d(fx,..k, Tu) < H(Tx,, Tu) for every n, hence

a” (i, Tur)
/ Y(t) dt
0

H"(Txp,Tu)
/ w(t)dt
0
d" (fu, Tu)

d" (fxn, Toxn)
< oty (d(feny T) f W (e) dt + s (d(fn, Tr)) f v () dt,
0 0

IA
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and taking the limit as # — +00, we get

d" (fu, Tu)

d" (fu, Tu)
f v (t) dt < ay(d(fu, Tu)) / W (t)dt.
0 0

In this case,

d" (fu, Tu)
(1 - aa(d(fu, Tu))) /0 Y()de <0

and d(fu, Tu) = 0, which implies that fu € Tu. Now, if f and T are coincidentally idempo-
tent, then ffw = fw for some w € C(T,f). Hence

H"(Tfw,Tw)
/ v () dt
0

d" (ffw, Tfw) d" (fw,Tw)
<m (d(ﬁ”w, wa)) /(; Y(t)dt + ay (d(fw, Tw)) /o w(t)de

& (fw, Tfw)
= oy (d(fw, Tfw)) /o ¥ (t) dt.

Since ffw = fw € Tw, we get

d" (fw, Tfw) H" (Tw, Tfw) A’ (fw,Tfw)
[ voar= | vde <a(dfo i) [ w0
0 0 0

Therefore

d" (fw, Tfw)
/ V() dt(1 - s (d(fw, Tw))) <0,
0

obtaining d(fw, Tfw) = 0 and fiw € Tfw. Since 0 < [ ™y (1) dr < 0, we deduce that

H(Tfw, Tw) = 0 and Tfw = Tw. In consequence, ffw = fw € Tw = Tfw and fw is a common
fixed point of T and f. O

Remark 25 In the statement of Theorem 24, condition (22) can be replaced by the more

general one
f(Y) is complete.

To complete the proof with this more general hypothesis, take into account that fory € Y,
T(y) is a closed set in X and T(Y) C f(Y). Using that f(Y) is complete, we deduce that
(CL(f(Y)),H) is complete. Hence {Tx,} is a sequence in CL(f(Y)) and it is a Cauchy se-
quence in (CL(f(Y)), H). Therefore, there exists K~ € CL(f(Y)) such that H(Tx,,K") — 0
as n — +00. Note also that K™ is a closed set in the complete space f(Y), then K is
complete and, therefore, a closed set, then K~ € CL(X). Once we have proved that
H(Tx,,K’) — 0 as n — +00 in (CL(f(Y)), H), the proof follows analogously.

Theorem 26 [n addition to the hypotheses of Theorem 24, suppose that Tx, is compact
forall n e N. Iff(z) is a cluster point of {fx,}, then z is a coincidence point of f and T.
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Proof Let y, € Tx, be such that d(fx,,y,) = d(fx,, Tx,) — 0, this is possible since Tx, is
compact. It is obvious that a cluster point of {fx,} is a cluster point of {y,}. Let f(z) be a
cluster point of {fx,} and {y,}, then we check that fz € Tu, where u is obtained in the proof
of Theorem 24. Note that, for every y € Tu,

d(fz,y) < d(fz,fx,) + d(fxn, yu) + AWny) = d(fz, fx) + d(fxn, Txn) + AV, y),
hence
d(fz, Tu) = inf d(fz,y) < d(fz,fx,) + d(fx,, Tx,) + inf d(y,,y)
yeTu yeTu
= d(fz,fx,) + d(fx,, Txy,) + d(y,, Tu) < d(fz, fx,) + d(fx,, Tx,) + H(Tx,, Tu).

In consequence,

d" (fz,Tu) (d(fzfxn)+d(fxn, Tan)+H(Txn, Tu))"
[ vwdes | V(o) de.
0 0

Using that there exists a subsequence fx,, converging to fz, the properties of {x,} and the
inequality

H'(Txnk,Tu)
/ w(e)dt
0

d’(fxnk,Txnk)
<o (d(fxnk, Txnk)) /0 Y(t)dt + ay (d(fu, Tu)) /0

" (fu, Tw) k—+00
v(t)dt — 0,

then, taking the limit when ny — +00, we get fodr(fz’Tu) Y (t)dt <0 and fz € Tu. To prove

that fz € Tz, using that fu € Tu, we get

d"(fz,Tz) H"(Tu,Tz)
/ V(o) dt < / W (o) dt
0 0

d" (fu,Tu) d"(fz,Tz)
< on (d(fu, Tu) / w(t)dt + o (d(fz, T2)) / or
0 0

& (f5T2)
= o (d(fz, Tz)) / () dt.
0

This implies that

d"(fz,Tz)
(1- oy (d(fe, T2))) fo (e dt <0

and, by the properties of o, and ¥, we deduce that d(fz, Tz) = 0, which proves that z is a
coincidence point of f and 7. g

The following result extends [10, Theorem 3.3].

Theorem 27 Let Y be an arbitrary non-empty set, (X, d) be a metric space, [ : Y — X and
T :Y — CB(X) be such that (1) and (21) hold, where «; : R, — [0,1) (i = 1,2) are bounded
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on bounded sets and such that

a1 (d(fx, Tx)) + o (d(fy, Ty)) <1 for every x,y,

r is some fixed positive real number and  : R, — R, is a Lebesgue measurable mapping
which is summable on each compact interval, and  (x) > 0 for each x > 0. Suppose that

inf{d(fz,,, Tz,):n € N} =0 forevery sequence {z,} in Y with fz, € Tz, 1,Vn. (23)
If T(Y) is complete or f(Y) is complete, then f and T have a coincidence point. Further, if
f and T are occasionally coincidentally idempotent, then f and T have a common fixed
point.
Proof Using Theorem 24, it suffices to prove that there exists an asymptotically T-regular

sequence {x,} with respect to f in Y. Let xy € Y and take {x,} in Y such that fx, € Tx,_;
for every n € N. Then

d’(fx,,,Txn)
/ (o) dt
0

H"(Txy-1,Txn)
5/ V(O dt
0
d" (fxn_1,Txn-1) d” (fxn, Txn)
<m (d(fx,,_l, Tx,,_l)) / Y (t)dt + ay (d(fx,,, Tx,,)) / ¥ (t)dt.
0 0

Hence,

d" (fxy—1,Txp-1)

d" (fxn, Txn)
(1- (i, 75) [ W0 de < o (df, i) | o

or also, using the hypothesis on o4 and a,

Y(t) dt

/Mmﬂﬂwnw< o (d(ficyr, Toony)) (@ FontTenc)
0 - (1 - a2(d(fxnr Txn))) 0

d" (fxp-1,Txn-1)
5/ V() dr.
0

The properties of  imply that d"(fx,, Tx,) < d"(fx,_1, Tx,—1) for every n € N, and
{d(fx,, Tx,)},en is nonincreasing and bounded below. Therefore it is convergent to the

infimum, that is,

d(fx,, Tx,) — inf{d(fx,,, Tx,):n¢€ N} =0,
and {x,} is asymptotically T-regular with respect to f in Y. d
Remark 28 Note that condition (23) in Theorem 27 cannot be replaced by

inf{d(fx, Tx):x € Y} =0


http://www.boundaryvalueproblems.com/content/2013/1/145

Pathak and Rodriguez-Lépez Boundary Value Problems 2013, 2013:145 Page 20 of 21
http://www.boundaryvalueproblems.com/content/2013/1/145

since the infimum taking the sequence {z,} could be positive (we calculate the infimum in
a smaller set).

Remark 29 In Theorem 27, condition (23) can be replaced by the following:

inf{H(Tz,,_l, Tz,):n € N} =0,

for every sequence {z,,} in Y with fz, € Tz,_1,VYn. (24)
Indeed, since
d(fz,, Tz,) < H(Tz,1, Tz,), Vn,
then
0< inf{d(fz,,, Tz,):n € N} < inf{H(Tz,,_l, Tz,):n € N} =0,
and d(fz,,, Tz,) — 0.

Remark 30 In Theorem 27, if we are able to obtain a sequence {x,} with an infinite num-

ber of terms which are different, then we can relax condition (23) to the following:

inf{d(fx, Tx):x € B} =0 for every infinite set B of Y. (25)
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