Chen and Tan Boundary Value Problems 2013, 2013:152 0 BOU nda ry Va I ue PrOblemS

http://www.boundaryvalueproblems.com/content/2013/1/152 a SpringerOpen Journal

RESEARCH Open Access

Optimal partial regularity of second-order
parabolic systems under natural growth

condition

Shuhong Chen' and Zhong Tan?’

"Correspondence: ztan85@163.com
2School of Mathematical Science,
Xiamen University, Xiamen, Fujian
361005, China

Full list of author information is
available at the end of the article

@ Springer

Abstract

We consider the regularity for weak solutions of second-order nonlinear parabolic
systems under a natural growth condition when m > 2, and obtain a general criterion
for a weak solution to be regular in the neighborhood of a given point. In particular,
we get the optimal regularity by the method of A-caloric approximation introduced
by Duzaar and Mingione.
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1 Introduction
Electrorheological fluids are special viscous liquids, that are characterized by their abil-
ity to undergo significant changes in their mechanical properties when an electric field
is applied. This property can be exploited in technological applications, e.g., actuators,
clutches, shock absorbers, and rehabilitation equipment to name a few [1].

A model was developed for these liquids within the framework of rational mechanics
[2, 3]; it takes into account the complex interactions between the electro-magnetic fields
and the moving liquid. If the fluid is assumed to be incompressible, it turns out that the

relevant equations of the model are the system

div(E + P) = 0, 1.1)
curl E =0, 1.2)
po% —divS+ po[VVIv+ V¢ = pof + [VE]P, (1.3)
divv =0, (1.4)

where E is the electric field, P is the polarization, py is the density, v is the velocity, S is the
extra stress, ¢ is the pressure, and f is the mechanical force. In fact, in a model capable of
explaining many of the observed phenomena, the extra stress has the form

p2
2

S=an((1+1DP)7 ~1)EQE+ (as +aslEP)(1+ [DP)T D

p-2
2

+a5(1+|D|*) * (DE®E + E® DE), (L5)
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where «;; are material constants, and where the material function p depends on the
strength of the electric field |E|? and satisfies

1< poo <p(IEI*) < po < 00. (1.6)

Since the material function p, which essentially determines S, depends on the magnitude
of the electric field |E|?, we have to deal with an elliptic or parabolic system of partial
differential equations with the so-called non-standard growth conditions, i.e., the elliptic
operator S satisfies

poo—2

S(D,E)-D = co(1+|E[*)(L+ID*) 7 |DP, 1.7)

IS(D,E)| < (1+ |D|2)pOT_1 |E|>. (1.8)

Equality (1.5) of electrorheological fluids with the conditions (1.7) and (1.8) encouraged
us to considered the partial regularity of a more simple and standard model as the follow-

ing:

n
ui_ZDQA?(Z,M,DM)ZBZ‘(Z,M,DM), i=12,...,N, (1'9)

a=1

where Q2 C R” is a bounded domain and 7' > 0, z = (x,£) withx € @, 0 < ¢ < T, denote a
point in Q7 = Q x (=T,0). Let u(z) = (u'(2), u*(z),...,uN(z)) be a vector-valued function
number.

In order to define the weak solution of (1.9), one needs to impose some regularity con-
ditions and constructer conditions to AY and B;. For a vector field AY : Q7 x RN x R"™N  we
shall denote the coefficients by A (z,u,p) = AY (x,t,u,p) if z = (x,£), u € RN and p € R™N,
We assume that the functions (z, u, p) — A? (z, u, p); (2, u, p) — aa7 (z,u, p) are continuous

op,

in Q7 x RN x R"™N and that the following growth and ellipticity conditions are satisfied:
(H1) There exists a constant L such that

m
2

|A%(z,u,p)| <L(1+|pl)? forallze Qr,ucR"andp e R"™.

(H2) A%(z,u,p) are differentiable functions in p and there exists a constant L such that
i p p

m=2

forall ze€ Qr,u € R" and p € R™N.

0A%
‘ *(z, u,p)‘ <L(1+1pl*)
apg

(H3) A? is uniformly strongly elliptic, that is, for some A > 0, we have

m=2

0A% . ; m=2
(8 (2 M,p)ﬁ;) Py = Mpl*(1+|p*) *  forallze Qr,u e R"and p,p € R™,
Pp

where A > 0 and 1 < L < co. Now we shall specify the regularity assumptions on
Af (z,u, p) with respect to the ‘coefficient’ (z, ) and assume that the function (z, u) —
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AY(zup) . .. . . . .
&) 5o Halder continuous with respect to the parabolic metric /|x — xg|? + |t — £o|

L+|p|
with Holder exponent 8 € (0,1) but not necessarily uniformly Holder continuous;

namely we shall assume that:
(H4) There exists a constant L such that

m
2

|A% (2, u, p) — A (20, tho, )| < LO (|| + |so], lx— 0] ++/1£ — to| + |11 —uo]) (1+ |p])

for any z = (x,t) and zo = (xo,%o) in Q7. u and uo in R" and for all p € R"™N, where
0(y,s) = min{l,f((y)sﬂ}, K :[0,00) — (1,00) isa given non-decreasing function. Note
that 6 is concave in the argument. This is the standard way to prescribe (non-
uniform) Holder continuity of the function A{(z, u, p). We find it a bit difficult to
handle, therefore, in many points of the paper, we shall use:

(H4’) For B € (0,1) and K : [0, 00) — [L, 00) monotone nondecreasing such that

A (2, 1, p) = A% (20, 10, p)| < K (11]) (I = %0l + /1 — ol + 1 — uo]) (1 + Ip1) %,

valid for any z = (x,¢) and zy = (%0, ) in Qr, u and u in R” and p € R™N.
(H5) There exist constants a and b such that

|B,-(z,u,p)| <alp|" + b, sup lul =V, 2aV < A.

Qr

Finally, we remark a trial consequence of the continuity of Z;? ; this implies the existence
of a function w : [0,00) x [0,00) > [0, 00) with w(£,0) = 0 for all ¢ such that ¢t — w(t,s) is

nondecreasing for fixed s, s — w”(t,s) is concave and nondecreasing for fixed ¢, and such

that
0A¢ ¢
(H6) l (xrty M;P) - l (xO’tOIM();pO)
Py P

m=2

<L(L+|pl*+ |pol?)

x o(|ul + |pl, 1x = xo[* + [t = to] + |u = uo|” + |p = pol?)

for any z = (x,£) and zq = (%o, £o) in Qr, any u, ug in R" and p, py € R"™N whenever |u| + |p| +
lu—uo| +|p - pol <M.
From (H2) and (H3) we immediately deduce the following:
m-2
> lp—ql, (1.10)

m=2
2

|A¢ (z,u,p) — A (z,u,q)| < L(L+ |p|* + |qI?)

(A (zu,p) - Af (zu,q))(p—q) = A(L+ pI> +19°) % |Ip—4qI (1.11)
forall z € Qr, u € RN and p,q € R™N.

Definition 1.1 By a weak solution of (1.9) under the assumptions (H1)-(H5), we mean a
vector-valued function u € L"(-T,0; WY(Q, RN)) N L*®(Qr7; RN) such that

/ (Af‘(z, u, Du)Dy ¢ — u"go;) dz = / Bi(z,u,Du) - ¢' dz (1.12)
Qr Qr

for all ¢ € C°(Qr, RY).
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In [4] Duzaar and Mingione considered the partial regularity of homogeneous systems
of (1.9) with m = 2 under the natural growth condition. In this paper, we extend their
results to the case of m > 2. We have to overcome the difficulty of m > 2. Motivated by
the works of Duzaar [4, 5], Chen and Tan [6-9] and Tan [10], we use the technique of
‘A-caloric approximation’ to establish the optimal partial regularity of nonlinear parabolic
systems (1.9). In fact, the use of the ‘A-caloric approximation lemma’ allows optimal reg-
ularity, without the use of Reverse-Holder inequalities and (parabolic) Gehring’s lemma.
The method is based on an approximation result that we called the ‘A-caloric approxima-
tion lemma’ This is the parabolic analogue of the classical harmonic approximation lemma
of De Giorgi [11, 12] and allows to approximate functions with solutions to parabolic sys-
tems with constant coefficients in a similar way as the classical harmonic approximation

lemma does with harmonic functions. And we can obtain the following theorem.

Theorem 1.1 Let u € L™ (-T,0; W»(Q,RN)) N L>(Qr; RN) be a weak solution to system
(1.9) under the assumptions (H1)-(H4) and the natural growth condition (H5) and denote
by Qo the set of regularity points of u in Qr:

Qo= {z € Qr:Due CPP2 (O, R”N), O C Qr is a neighborhood of z}.
Then Qy is an open subset with full measure, and therefore
Du e CPF2(Qo, R™), 1Q7\Qol = 0.

At the end of the section, we summarize some notions which we will be used in this pa-
per. Forxy € R", £y € R, we denote B(xg, R) = {x € R" : |x—xg| < R}, Q((x0, £0), R) = B(xg, R) X
(to — R%,to). If v is an integrable function in Q(zo, ) = Q,(20) = B,(x0) X (to — p*, t),
2zo = (%0, %), we will denote its average by (v),,,, = pr(Zo) vdz = Wﬁ pr(zo) vdz, where
a, denotes the volume of the unit ball in R”. We remark that in the following, when not
crucial, the ‘center’ of the cylinder will be often unspecified, e.g., Q,(z0) = Q,; the same
convention will be adopted for balls in R” therefore denoting B(x, p) = B,(xy). Finally, in
the rest of the paper, the symbol C will denote a positive, finite constant that may vary
from line to line; the relevant dependencies will be specified.

2 The A-caloric approximation technique and preliminaries

In this section we introduce the A-caloric approximation lemma [4] and some preliminar-
ies. Recall a strongly elliptic bilinear form A% on R"N with an ellipticity constant A > 0, and
upper bound A > 0 means that A|p|> < A%, p), AY(p,p) < Alpl|p|, Vp,p € R"™N, we define
A-caloric approximation function.

Definition 2.1 We shall say that a function 4 € L*(-1,0; W'%(B,, RN)) is A-caloric on Q,
if it satisfies

/Q (W~ A (Dh,Dyg'))dz=0 forall p € C3°(Q,, RY).
o

Remark 2.2 Obviously, when A(p, p) = |p|? for every p € R"™N, then an A-caloric function
is just a caloric function &, - Ah = 0.
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Lemma 2.3 (A-caloric approximation lemma) There exists a positive function §(n, N, 1, A,
€) < 1 with the following property: Whenever A is a bilinear form on R™, which is
strongly ellipticity constant ) > 0 and upper bound A, ¢ is a positive number, and u €
L*(-1,0; WY2(B,RN)) with

/(|u|2 +|Dul*)dz <1, 21)
Q
is approximatively A-caloric in the sense that

‘/(ugot—A(Du,Dgo)) dz
Q

<8sup|Dg| forallp € C° (Q, RN), (2.2)
Q
then there exists an A-caloric function h such that
/(|h|2+|Dh|2)dz§1, and / lu—h*dz <e. (2.3)
Q Q

Actually, we could have directly applied Theorem 5 of [13] with the choice X =
W2(B,RN), B = L*(B,RN), R = W2(B,RN), F = (vi)ken, p = 2 to conclude that (vi)xen
is relatively compact in L2(Qr, RN) = L2(-1,0; L%(B, RN)).

Lemma 2.4 There exists a positive function §(n, N, A, A, &) <1 with the following property:

Whenever A is a bilinear form on R™ which is strongly ellipticity constant ) > 0 and upper
bound A, ¢ is a positive number, and u € L*(ty — p*, to; W"*(B,(xo), RN)) with

2 ][ |u|* dz + ][ |Du|*dz <1, (2.4)
Qp(ZO) Qp (z0)
is approximatively A-caloric in the sense that

<38 sup |Dg| forall g € C3°(Q,(20),RY), (2.5)
Qp(zo)

‘][ (ug, — A(Du, Dy)) dz
Qp(zo)

then there exists h € L*(to — p?, to; WY(B,(x0), RN)) A-caloric on Q,(zo) such that

p*z][ |h|2dz+][ |Dh)*dz <1, and p*2][ lu—h*dz <e. (2.6)
Qp(z()) Q,o(ZO) Qp(ZO)

For u € L*(Q,(z0), RN) we denote by /,, , the unique affine function (in space) {(z) = I(x)
minimizing [ — pr(zo) |u — I)? dz, amongst all affine functions a(z) = a(x) which are in-
dependent of ¢. To get an explicit formula for /,, ,, we note that such a unique minimum
point exists and takes the form I, ,(x) = &, + V2,0 (¥ — %0), where v, , € R™N. A straight-
forward computation yields that pr o ¥ a(x)dz = pr 20) lzy,0 (%) - a(x) dz, for any affine
function a(x) = £ + v(x — x) with & € RN and v € R"™N. This implies in particular that
S0 = pr(Zo) udz = (1), and vy, , = ’%2 pr(ZO) u® (x—xo) dz.

For convenience we recall from [14] the following.
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Lemma 2.5 Let u € L*(Q,(z0),RN), 0 <0 <1, and l,, , respectively L, o, the unique affine
. . . . 2 . 2

functions minimizing | — pr (o) 1% = [|* dz respectively | — erp (o) 1% = l|*dz. Then there

holds

n(n+2)
(©p)? Qpp(20)

2 2
|Vzo,9p - Vzg,p' = |bl - (u)zo,p - Vzg,p(x - x0)| dz.

Moreover, if Du € L*(Q,(zo), R™N), we have

2
n(n - ) ][ |t = ()zg,p — (Dtt)y (5 — 20)| dlz.
4 Qp(lo)

|”20,p - (D”)zw|2 =

3 Caccioppoli second inequality

In this section we prove Caccioppoli’s second inequality.
Theorem 3.1 (Caccioppoli second inequality) Let u € L™ (=T,0; W (2, RN)) N L®(Qr;
RN) be a weak solution to (1.9) under the assumptions (H1)-(H4) and the natural growth

condition (H5). Then, for any M > 0, any affine function l(z) = l(x) independent of t and
satisfying |l(zo)| + |DI| < M, and any Q,(z0) CC Qr with 0 < p <R <1, we have

][ [(1+1D?) "5 \Du — DI* + |Du— DI|"™] dz
Qp(ZO)

m=2 1 1
< Ceac! (1 +|DI)? 2][ |u—l|2dz+][ — |u-1"dz
{ ( ) Qrlzo) R=p)? Qrlzo) (R=p)™

+ [K(U) 1+ D) E )P R 4 (62 + a2|Dl|2m)R2}.

Proof We take the test function ¢ = n?£2(u — [), where n(x) € C}(Br(xo)) is a cut-off func-
tion in space such that 0 <7 <1,y =1in B,(xy), |Dn| < (R—ip). While & € C'(R) is a cut-off

function in time such that, with 0 < o < p being arbitrary,

£=1, on (¢t — p%,to — o2),
3;' =0, on (—OO, to —Rz) @] (to, OO),
0<é&<], on R,

ét =< 0: on (tO - ,02; OO),

& < ﬁ, on (ty - R%, ty — p?).
Thus, we obtain
/ A%(z,u, Du)D(u — 1)'&*n* dz
Qr(z0)

= —2/ Al(z,u, Du)e*nVn Q@ (u—1)'dz
Qr(z0)

+/ uiatwidz+/ Bi(z,u, Du)¢' dz.
Qr(z0) Qr(z0)

Page 6 of 24
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We further have
_ / A%(2,u, DDy (u — 1 %1 dz
Qr(z0)
:2/ A?(z,u,Dl)SZUVTI®(u—l)idz_/ A (z,u, DI)Dog' dz
Qr(zo) Qr(z0)

and
0= / A‘; (Zo, l(Zo),Dl)Da(pidz'
Qr(20)
Adding these equations and using /; = 0, we deduce
/ [A%(z,u, Du) — AY (z,u, DI)|D(u - 1)E*n* dz
Qr(20)
_ / [A%(z, u, Du) — A% (z, 1, D)|E*n Vi ® (u — ) dz
Qr(z0)
- / [A (z,u, DI) - A (2,1, DI)| Do " dz
Qr(z0)
) / [A7 2.4, DI) - A7 (20, z0), DI) |Dagp' dz
Qr(z0)

. / (= 1)'drg dz + / Bi(z,u, Du)g' dz
Qr(20) Qr(zo0)

<I+I+II+1IV+V.

By (1.10) and Young’s inequality, we have

m=2
158/ (1+|DI?) 2 |Du-Dl|252n2dz+e-“"-UC’"/ EMVn|"™ u— 1" dz
Qr(20) Qr(20)
C? m=2
+— (1+[DI?) % E2VnlPlu-1*dz
€ JQgr(zo)

m_

+€/ |Du—Dl|”’.§mf1n% dz.
Qr(20)

By the condition (H4') and Young’s inequality, we can get

1 1
1158/ £20*|\Du - DI\* dz + (— +1) > Eu-1*dz
Qr(z0) € IR - pl Qr(z0)
1 2 mo 2 28
+ (— + 213ﬂ>[1<(|1|)(1 +|DI|) 2 | P o, R 7
£
Similarly, we can estimate /I as follows:

1]]58/ 52n2|Du—Dl|2dz+/ ENVnPlu-1*dz
Qr(z0) Qr(z0)

+ (% + 4) [K (1) (1 + DI * e, R228

(3.2)

(3.3)

(3.4)

Page 7 of 24
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Using the fact that £ = 0 on (—00, £y — R?) U (o, 00), taking into account that £&; < 0 for

t >ty —p* and |&| < =, we infer

. 1
IV:/ (u—l)’atw‘dz=/ |u—l|2n28t(§2)dz+—/ E2n*d|u-1*dz
Qr(z0) Qr(z0) 2 JQr(zo)

1
3| wetpa - [ e tppesds
Qr(z0) Qr(z0)

1
< > / lu—1|*dz, (3.5)
IR - pl Qr(zo0)

and for u positive to be fixed later, we have

-1
V=/ aIDul’”Sznzlu—lldH/ <|u |$n)(§nb(R—p))dZ
Qr(z0) Qr(z0) R-p

1
< / a|:(1+/L)|Du—Dl|m + (1 + —>|Dl|"‘i|§2n2|u—l|dz
Qr(20) 2
1 —1\?
+ — (lu |f;‘n> dz + f/ E2n°b*R* dz
28 Jope) \ R=p 2 Jr(zo)

1 -1\
f&ZV(1+pL)/ §2n2|Du—Dl|”’dz+—/ ('M lén) dz
Qr(z0) € JQglz0) R-p

1 2
+2 [a2 (1 + —) \DI>" + bz}anRM. (3.6)
2 M

By (1.11) we have

/ [Af‘ (z,u,Du) — Af (z, u,Dl)]Da (u-1)e2n2dz
Qr(z0)

m-2
zx/ (1+|Dul® +|DI)*) ? |Du - DI*£*n* dz
Qr(z0)

2

> A/ [(1+1DIP) "7 |Du - DI2E*n* + |Du - DI|"&*n*] dz. (3.7)
Qr(z0)

28
Combining (3.2)-(3.7) in (3.1) and noting that R™% < R?»/ (R < 1), that 206 > 4, that
m m L
[K()(1+|DI)2*#)% < [K(|I])A +|DI|)2 ] =F (for K > 1), choosing ¢ sufficiently small and
taking into account that 2aV < A, that § =1 for ¢ € [to — p?, o — 0%], that n =1 on B, (xo),

we infer that

2

t()faz P
/ / [(1+|DI*) * |Du - DI* + |Du - DI|" | dx dt
to—p% J Bp(xo)

m=2 1 1
scl[(1+|Dl|2) 2 / —2|u—l|2dz+/ |u—l|”’dz]
Qrlzo) IR =Pl Qrlzo) IR = pI™

m
2

2
+ G[K (1) (1 + D)) ]ﬁanRM*?ﬁ +GC; [a2 (1 + i) |DI)*™ + bz}aV,R”*‘*.

Then the desired result follows by taking the limit ¢ — 0. g

Page 8 of 24
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4 The proof of the main theorem

The next lemma is a prerequisite for applying the A-caloric approximation technique.

Lemmad4.1 Letu € L"(-T,0; W (2, RN))NL>®(Qr; RN) be a weak solution to (1.9) under
the assumptions (H1)-(H6). Then for any M > 0, we have

’ ][ <(u -l - 04, (20, (z0), DI) (Du! —Dli)Da<pi> dz
Qp(z0) I

< Cr(0(M +1, )02 + & + W + H(M)p”) sup |Dgl,
Qp(zo)

for any Q,(z0) CC Qr and ¢ € C(Q,(20), RN) with p < 1 and any affine function I(z) =
I(x) independent of time, satisfying |/(zo)| + |DI| < M. Here Cgy = Cgy(M, L, m) and we write

® = (20,0, Dl) = (1+ |DIP) T ][

|Du—Dl|2dz+][ |Du — DI\ dz,
Qp(zo)

Qp (z0)

m=2 1 1
W(zo,R, 1) = (1+ |DI|? 7[ |u—l|2dz+][ lu — 1" dz,
( ) Qr(z0) |R—,0|2 Qr(z0) IR—p|™

Y =Wz, p),

H(s) = [f((s)(l +s)%]%, for K(s) = max{]((s),a,b}.

Proof Without loss of generality, we can assume that SUPQ, (z) IP¢| < 1. From (1.12) and
the fact that pr (o) A (205 (z9), DI)Dy ' dz = 0 and pr(zo) lg; dz = 0, we deduce

][ <(u - l)’}pi - 8A? (zo, l(zo),Dl) (Dui - Dli)Dagoi) dz
Qplz0) Iy

o

= ][ |:A‘;‘ (zo,l(zo),Du) - aA.i (zo,l(zo),Dl) (Dui —Dli)]Dagvidz
Qp(z0) Py

- ][ [AY (z,u, Du) - AY (2,1, Du) | Do’ dz
Qp(ZO)

+][ [A%(z,1, Du) — AY (20, l(z0), Du) | Do ¢’ dz
Qp(zo)

- ][ Bi(z,u, Du)¢' dz
Qp(ZO)

=I+II+10I+1V.

In turn, we split the first integral as follows:

! 1
= DRI d DY d = )
I 'QM)I/sl( )Z+|Qp(Zo)|/@( Jde=linh

and s; = Q,(z0) N{z: |Du — DI| <1}, s2 = Q,(20) N {z: |Du — DI| > 1}.

Page 9 of 24
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We proceed estimating the two resulting pieces. As for 5, using (H6), the fact that s —

™ (t,s) is concave and Jensen’s inequality (note that ”‘7_1 > %), we get

1 I 9AY
" Qo) ~(20,1(z0), DL + T(Du ~ DI
b IQp(zo)|/Sl/0 [8 ﬂ(zo (z0), DI + T(Du )

- (zo,l(zo),Dl):| dt(Du — DI)Dy¢' dz
P

2

< L][ (1+|DI* + |Du - DI|*) mT_a)(M +1,|Du - DI|*)|Du — Dl| dz
Qp(zo)

)

N

< L(1+|DIP)?

<f " (M +1,|Du —Dl|2)dz)
Qp(ZO)

m-1

2

- [][ ((1+|Du—DI)"™ |Du - DIJ) 7 dzi|
Qp(Zo)

m=2
<L(1+|DIJ?) ? w<M+1,][ |Du—Dl|2dz>
Qp(ZO)

WD
1] o)™
Qp(ZO)

1

+ <][ |Du—Dl|’”dz) : }
Qp(zo)

m=2
<L(1+DIJ?)? w<M+1,][ |Du—Dl|2dz>
Qp(z())

m=1

m

2
[][ |Du—Dl|2dz+][ |Du—Dl|”’dz:| .
Qp(ZO) Qp(ZO)

To estimate I, we preliminarily observe that, using Holder inequality,

1 1
2 2
|52|§/ |Du—Dl|dz§(/ dz) (/ |Du—Dl|2dz>
52 $2 $2

1

2
< |52|</ |Du—Dl|2dz>,
Qp

and therefore

NE - )%
\/lQp(zo)V(]ép \Du-Difdz) -

Similarly, we also have

1

ST (f i)
|Qp(ZO)| Qp
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Using (H1), (H2) and the previous inequality, we then conclude the estimate of I, as

follows:

BN

+ (L4 1DI2) ™ |Du - DI|| dz

L
'mgﬁagﬁém+mm

L m m
< 1+|DI|)?2(1+|Du-Dl|)?|dz
= Tt #1007 w1
1 1
L (/(1 |Dl|2)mT_2d)2(/(1 DI2) T |D Dllzd)2
+ — + Z + u — zZ
[Qp(z0)| \ /s, 0
1
m \/ j m
§L(M+1)2A<][ |Du—Dl|'"dz) + Liss| 1+M)2
1Q,(20)| \JQp(z0) |Qy(20)]
1
/ m= m— 2
L4|S2|(1+ |Dz|2)42<f (1+ |Dl|2)22|Du—Dl|2dz)
[Q,(z0)| Qplz0)
<2L(A1+M)%

m=2
x [(1+ |D1|2)T][ |Du—Dl|2dz+][ |Du—Dl|mdz:|.
Qp(z0) Qp(z0)

Combining the estimates found for /; and I, we have

m=2 m
U <L(1+M?) 7 oM +1,®)V® +2L(1L+M)?% .

For the remaining pieces, using (H4'), we deduce

11| < K(|i(zo)) ][ lu— 11 (1+|DI| + |Du—DI|) * dz

Qp (z0)

m 1
527[][ —2|u—l|2dz+][ |Du — DI|" dz
Qplz0) P Qp(20)

m
2

+mwmaﬂmo]ﬁp%}

Here we have used that K > 1 and the assumption that p < 1. Using again (H4’) and

Young’s inequality, we estimate

BN

\I1| < K(|11) ][ PP (1+ |Dl|)ﬁ(1 +|DI| +|Du - DI|)?* dz

Q,a (z0)

<2% (H(M)Rﬂ + ][ |Du —Dl|”’dz>,
Qp(ZO)

and

aR|DI|" dz + 2”‘_1af R|Du — DI|" dz.

V| < ][ bRdz + 2™ 7[
Qp(ZO) . Q/)(ZO) Qp(lo)
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Noting the definition of H and combining the estimates just found for 7, II, III and IV,
we obtain

‘][ <(u - l)"goé - % (zo, l(zo),Dl) (Dui - Dli)Da¢i> dz
Qp(z0) P

< CLM,m)[0M +1,®)®? + & + U + H(M)p"].
A simple scaling argument yields the result for general ¢. O

The next lemma is a standard estimate for weak solutions to linear parabolic systems
with constant coefficients [15], Lemma 5.1.

Lemma4.2 Leth € L*(to— p?, to; W2(B,(x0), RN)) be a weak solution in Q,(zo) = B, (x0) X
(to — p2, to) of the following linear parabolic system with constant coefficients:

]é ( )(hlfp;‘ ~AY(Dh,Dy¢'))dz=0, Yo e Cy(Qy(z0),RY),
20

where the coefficients A? satisfy A%(p,p) > M|p|*, A% (p,p) < LIp||p| for any p,p € R™N. Then
h is smooth in Q,(z) and there exists a constant Cp, = Cpa(n, N, L/A) > 1 such that

J(ZOrep) < Cpaeza(zo’ ,O)y VO0<6<1.

Here we write

1
Pe00)= 3 00y~ Ol d

In the following we consider a weak solution u of the nonlinear parabolic system (1.9)
on a fixed sub-cylinder Q,(z9) C Qr and p <1.

Lemma 4.3 Given M >0 and 0 < B < a <1, there exist 6 € (0, %) and § € (0,1] depending
onlyonn, N, A, L, B, @ and m such that if

w(M +1, \i/(zo,p,lZO,p)) +4/ \if(zo,p,lZO,p) <

on Q,(z0) C Qr for some 0 < p <1 and such if

’

N >

|Lzoup (20)| + 1Dl | < M,
then

(20,0, Ly 0p) < 0% W (20, p, by, p) + Cop™ HA (M)
for

U (20, 0, Lg,p) = W (20, 0, Ly p) + H* (M) p*.
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Proof Given M > 1. And we shall always consider p < 1. We first want to apply Lemma 4.1
on Q,/2(20) to u—1, where I(z) = [(x) is an affine function independent of ¢ satisfying |/(z)| +
|DI| < M. We observe that W has the following property:

n+m+2 2\ %52 Lt—l2 u-1|"
W(zg, p/2,0) <2 (1+1|DIP) 2 dz + — | dz
Qp(ZO) p Qp(ZO) o
= 2" W (2, p, ). (4.1)
From Caccioppoli’s second inequality, we infer
®(20,0/2,1) < Ceac[2"W (20, p,1) + 2HM) p*'] = Ceac ¥ (20, 0, 1). (4.2)

From Lemma 4.1 we therefore get, for any ¢ € C3°(Q,/2(20), RN), that

‘][ |: -y (Zo,l(Zo) DI)D(u —l)iDa‘Pij| dz
Qp2xo0) 1”/,3

Cru[ (M + 1,\11)\/5 +W + pPH(M)]- sup |Dgl, (4.3)
Qp/Z(ZO)

where Cgy = Ceo(L, M, m).

For given ¢ > 0 to be specified later, we let § = §(n,N, A, L, ¢) € (0,1] to be constant from
Lemma 2.3. Define y = CEu\/\I](Zo, p) +482H2(M)p2f and w = y~H(u - ).

Then from (4.3) we deduce that, for all ¢ € C°(Q,/2(20), RN), the following holds:

.. 0A¢% .
][ |:w‘g0; - —+ (o, l(zo),Dl)DwDagpl] dz
Qp12(x0) ay,

B
. . 8
< |o(M+1,¥(z0, 0, Lz,p)) +1/ V(20,0 Lz0) + = | sup |Dgl. (4.4)
2 Qp/2(20)
Moreover, we estimate, using Caccioppoli’s second inequality, (4.1) and (4.2),
n+m+2 + C
(p/2)72 |w|? dz + ][ |Dw|? dz < 72 <1, (4.5)
Qp20) Qo) Ceu

provided we have chosen Cg, > 1 large enough.

Assuming the smallness condition,

- - 1)
a)(M +1, lIl(zo,p,le,p)) +1/ Y (20, ps 1y,p) < X (4.6)

satisfied. Then (4.4) and (4.5) allow us to apply Lemma 2.4, i.e., they yield the existence of
h e L*(ty — p?, to; W (B, (%0),

ing

(p/2)72 |1 dz + ][ |Dh|?dz <1, (4.7)
Qp/2(x0) Qpra(xo)
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and

(p/2)72 lw—h*dz <e. (4.8)
Qp/2(x0)

From Lemma 4.2 we recall that / satisfies, for any 0 < 6 < 1, the a priori estimate (note

that Cpa = pa(n;Ny)‘-rL) 2 1)

(6p/2)7 |1 = () 0p12 — (DR)2g 912 (& — %0) | dlz

QGp/Z(xO)

=< Cpaez(p/z)_2 7[ |h - (h)zo,p/Z - (Dh)zo,p/Z(x —%0) ’2 dz

7 Qp/2(%0)

< scpaez[(p/zrz (f 2+ y<h>zo,p/z|2) . 1<Dh)zo,p/2\2]
Qp/2(x0)

< 6Cp392|:(,0/2)_2][ |h|? dz + ][ |Dh|? dz}
Qp/2(xo0) Qp/2(x0)

< 6Cp0°.

Here we have used that |(%),, ,2|* < pr/z(xO) |h|? dz, and (D)., p2|* < pr/z(xo) |Dh|? dz
and (4.7). Combining the previous estimate with (4.8), we deduce

6p/2)7 W = (B 012 — (DI 5p12(x — x0) | dz
QHp/Z(xO)
<2(0p/2)2
x [][ WP de+ ][ 1= () 12 — (D) gy = 50)” dz]
Qpp/2(%0) Qop/2(x0)
<12C (07" +6%). (4.9)

Recalling back (¢ — ) via w = ”7’1, we arrive at

(6p) |t = L=y ((H)ag 2 + (D) 5012 — %0)) | dz

Qopr2(x0)

<12Cp (07" e +6%) 2. (4.10)

Next we use the minimizing property of ;; 9,/2
(0p/2)72 ][ |t = Lo ppia)? dz < 12Cp (07" e + 6%) y . (4.11)
Qop/2(20)

At the same time, from (4.11), we can see that: For 2 <m <n + 2 (n > 3), we have 2 <
m < m*, where

m(n+2)
* n-m+2

ifn+2>m,

m >m ifm=n+2

with X < L < 1 Therefore we can find s € [0,1] such that + = 55 4 5,
m m 2 m 2 m

Page 14 of 24
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Using Sobolev’s, Caccioppoli’s and Young’s inequalities together with (4.11), we have

0p/2)™" ][ |~ 1=y ((W)z0,0012 + (Dh)z,0p12(x — %0)) | dz
Qopr2(z0)

(1-s)m

2
<(0p/2)™" [(90/2)_2 ][ = 1=y ((h)z9,6012 + (DR)zg,9p12(x — %0)) ’2 dz]
Qop/2(20)

ms

: [ ][ ( )|u — L=y ((H)zg gpr2 + (D) o (5 — x0)) | dz] !
Qopr2(zo

(1-s)m

<[12Ca (07" e +6%)y?] 2 [][ |Du— DI - y(Dh) 602|" dz:| . (4.12)
Qop/2(z0)

Using Lemma 2.5, Caccioppoli’s inequality, (4.4), (4.6), (4.12) and Young’s inequality, we

obtain

N

(/ |Du — DI~y (Dh) 6512 ’m dz)
Qop/2(20)
1
1 m m
= [Qops2| ™ [(][ |Du — DI — (Dh),,, | dz)
Qop/2(20)

1
+ (f ’(Dh)zo,p - V(Dh)zoﬂp/2|m dz) ]
Qopr2(z0)

< |Qapral™ [(cm (¥ + H(M)(epfﬂ)ﬁ

dn(n +2) 3
+ <—(9,o)2 e |u — 1=y (Du)yy,p(x - xo)‘2 dz) :|
1 i 2 2
< 1Qupnl7 [(Cm(\v +H(M)(©6p)?)) 7™ + %\v]
< Q2 67 [Cle + 2/l + D]y . (413)

From (4.12) and (4.13), we conclude

(Op12)" f = 1=y (B + (D) gpra — 0)) |
Qopr2(z0)
A=-sym, ., N o SPL (e am*
SCa|l———— (07" e+ 0%)y + —067 m ym
2 m*

< C462y2, (4.14)

provided y 207" =mim < g2+tremm®im and we fixed & = 0”*°. That it is to say,

002" =Lyl dz < Cio%y (4.15)
Qopr2(z0)
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Combining (4.11) and (4.15) yields the desired estimate
W(20,600/2, Ly 5p12) < Cs6° (¥ (20, p,1) + 4572 H (M) p*) (4.16)

for Cs = C4 + 12Cp,. Given B < o < 1, we choose 0 < 6 < 1 such that 22*C56* < 9>
with 6 = 6(n,m,N, )\, L,a, B). This also fixes the constants ¢ = ¢(n,m,N, A, L,a, ) and
8 =8(n,m,N, 1, L,a, B) € (0,1]. Thus we have shown Lemma 4.3. O

In the following, we want to iterate Lemma 4.3. That is,

Lemma 4.4 For M > 1 and Q,(zo) CC Qr, suppose that the conditions

(i) |lzo,p| + |(Dl)zo,p| §M§
(i) o < po(M);
(i) W(p) < Wo(M)
are satisfied. Then, for every j € N, we have
qj(zOr ejp’lzo,ep) =< gzajqj(zo’ 12 lzo,p) + C6(M)(91;0)2/3H2(M)

and

L, 01, + | (D), 1, | < 2M.

0.0/ p 20.0/p

Moreover, the limit
Iz, = lim (DM)ZO,H/p/Z
]—)OO

exists, and the estimate

(1+ |Dl|2)m74][

|Du Ty, |* dz + ][ |Du — T, |" dz
Qr(ZO)

Qr(20)

r 2«
= C[(ﬁ) V(20,05 Lz,0) + VZISHZ(M)]

is valid for a constant C = C(n,N, A, o, L, B, M, m).

Proof For fixed zy we shall denote [, , = [,. For given M > 1 (and 8 < « < 1), we deter-
mine § = §(2M), 6 = 0(2M) and Cs = C4(2M) according to Lemma 4.3. Then we can find
Uo(M) >0 sufficiently small such that

(M +1,2,(M)) +/ Uo(M) < g (4.17)
and
Uy (M) < w (4.18)

4(n +2)2
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Given this, we can also find po(M) € (0,1] so small that, writing

Ce(2M)

C7(M) = Ozﬂ _eza )

we have

(4.19)

2 29n+4 (1 _ nB)2
C7(M) po(M)*P H* (M) < min{ f—6,\fJO(M), M}

4(n + 2)?

Now, suppose that the conditions (i), (ii) and (iii) are satisfied on Q,(z9) C Q7. Then, for
j=1,2,3,..., we shall show
D (20,0 0, Lp00) < 02U (20, p, sy, p) + Cr(M) (O p)P HA (M),

(A0 | Ly pip(@0)| + | (DD, 41, | < 2M.

Note first that (I); combined with (ii), (iii) and (4.19) yields
Iy ¥(Op) <2¥o(M).

Moreover, we have p < po(M) <1 and |l ,| + |(DI),,,,] < M. There we can apply
Lemma 4.3 to conclude that (I); holds. Furthermore, using Lemma 2.5, (iii) and (4.18),
we deduce

1
2

|lzo,€p| + ’(Dl)zo,ep‘ <M+

2
][ (u—u,)dz +[n(n+2)
Qpp(20) (©p) Qpp(20)

1 1
3 2 2
§M+|:][ |u—lp|2d2:| +|:Vl(l’l+2)][ |u—lp|2dz:|
Qpp(20) (©p) Qop(20)

1+/n(m+2) -1
+ ———W2(z0, p)
/9n+4

|u—lp|2dz:|

<M

=< 2My

i.e., (II); holds. We now assume that (I), and (II), for ¢t = 1,2,...,j — 1 hold. We can apply
Lemma 4.3 to calculate

j-1

B (6/p) < 0°90(p) + Co(2M)(6/p)* 672 3 pa-p
=0

Ce(2M)

VINT
SOV + e

(0)"

= 0278 (p) + C;2M)(0'p) 7,
showing (I);. To show (II); we estimate

Ly 0i,] + | (DD)

00p Zo,9ip|

Z/:[ / 24 2 X]: nn+2) / 24 2
< M + ][ |I/l — lgi-1 | Z] + |: ][ |I/l — lgi-1 | Z]
Qpt (20) g @) Ju,(e0) :

=1 =1
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1+ +/n(n+2) r 1

<M+ Z\Iﬂ(zo,el p)
/9n+4 =}

Jnn+2) U \/ - 28

<M+ =" "/020(p) + C:(2M) (6" p)
/9n+4 =
% 26

<M+ n+2 (0) N VG (M)p

JorE\ 1-6¢ 1-6#
<2M.

Here we have used in turn Lemma 2.5, the definition of W(6*!p) and (I), for¢t = 1,2,...,j—1.
Since |Dlyj,| < 2M. We are in a position to apply Theorem 3.1. We obtain

®(0/p/2,(Du)yi,,12) < (0 p, (Du)y;,)
< Ceac 2M) ¥ (6/0)

< Ceac2M) (6% 0 (p) + C;2M)(0 ) ). (4.20)

We now consider 0 < r < p/2. We fix k € N U {0} with 6%*1p/2 < r < 6%p/2. Then the

previous estimate implies

®(r, (Du),)

<67 [(1 + IDlIZ))mT_2 7[ | Dut - (D”)ekpu‘z dz

Qyk (20

+ ][ |Du — (Du) gk o |m dz]
Qg 2 (20)

< 07 Cae M[0B(0) + 1) (6 )]

20
<072 Cpe(2M) [9-2“ (%) F(p) + Gy (M)2P02F rzﬁ]
P

2a
<47 Ccac(2M)[(p—;2) W(p) + (Cr(M) + l)rzﬁ]

2u
< Cdec(M)|:<ﬁ> U(p) + rzﬂ:|.

Next, we show that ((Du)gj,»)jen is 2 Cauchy sequence in R"™_ For K > j we deduce

k
(D) — (D1 gi 2 | < Z|(Du)9‘p/2 — (Dw)gi-1,p5
1=j+1
k-1 3
< /Q-n—2 Z[f ’DM—(DM)QLp/2|2dZi|
1= 6tp/2(zg)

k-1

= Vo2 Jo(0p/2)
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< VO 2Cpc(2M) Z\/mw )+ Cr (M) (64p)

< /0" ZCCac(zM Z(V 90{] V C7(M)/O )

1-68

This proves the claim. Therefore the limit I';; = lim;_, (Du)yj,/» € R™ exists and from

the previous estimate, we infer (taking the limit k — 0o)

Dty — Ty = o027 p) + (67)

Combining this with (4.20), we arrive at

m=2
(1+|FZO|2) 2 ][ |Du—FZO|2dz+][ |Du—T,,|" dz
&/ pl2 & pl2
_ i 2 _
<277 ®(0/p/2) +2|(Dut)gipy — T | + 277 |(D) i — T |

< C@D(0*7 ¥ (p) + p**).

For 0 < r < p/2, we find k € NU{0} with 651 p/2 < r < §¥ p/2. Then the previous estimate

implies

m=2
(1+T5 %) 2 ][ |Du—F20|2dz+][ |Du — T, |" dz
Qr(z0) Qr(z0)

m=2
<g™? [(1 +1T %) 2 f |Du — Ty |*dz + ][ |Du — Ty | dz]
0kp/2 0kp/2

=67 2CD[0*4 W (p) + (6°p) ]

20
(M)[( /2) U(p) + rzﬂ].

This proves the assertion of the lemma. d

An immediate consequence of the previous lemma and of isomorphism theorem of
Campanato-Da Prato [16] is the following result.

Theorem 4.1 (Description of regularity points) Let u € L™ (T, 0; W"(Q,RN)) N L®(Qr;
RN) be a weak solution to the system (1.9) under the assumptions (H1)-(H3) and (H4'),
(H5), and denote by X the singular set of u. Then ¥ C Xy U X,, where

>o {zo € Q7 :lim mf 0 f !u = () 29,0 — (Du)zO,p(x—xo)‘mdz > 0}
Qp(ZO)

p—0

U{ZOGQT:lim inf][ |Du—(Du)zO,p|mdz>0},
Qp(zo)

p—0
and

¥y = lzo € Qr :lim sup (| ()z,p| + |(D)z,|) = oo}.
p—0
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At last, we have the following.

Theorem 4.2 (Almost everywhere regularity) Let u € L"(=T,0; W (2, RN)) N L®(Qr;
RN) be a weak solution to the system (1.9) under the assumptions (H1)-(H3) and (H4), (H5),
and denote by X the singular set of u. Then ¥ C X1 U Xy, where ¥, is as in Theorem 4.1
and

¥ = [zo € Qr:lim inf ][ |Du — (Du)s,,,|" dz > o}
Qp(ZO)

p—0

U{zerTzlim inf][ |u—(u)ZO,p|mdz>0}.
Qp(ZO)

p—0

Proof We start taking a point zy(xo, %) € Qr such that

lim inf ][ |Du — (Du),,,,|" dz =0,
QP(ZO)

p—0
(4.21)
lim inf ][ ‘u = ()2, |m dz =0,
P=0JQu(z0)
and
sup| ()2, | + sup|(Du)s,p| <M < 0. (4.22)
p>0 p>0

The proof is complete if we show that such points are regularity points.
Step 1: a comparison estimate. Consider the unique weak solution v € L™ (ty — 4p2, to;
WL (B, (x0), RN)) of the initial boundary value problem

o, ey V'@t = Af (20, ()20, DV)Dagp') dz = 0, Voo € C5°(Qap(20), RY),
v=u, onByyug) X {to—4p*} N 3By, (x0) X (to — 4p?, to).

Then the difference u — v satisfies
/ [(u - v)igoi - (A?‘(z, u,Du) — A (zo, () 2,5 Dv))Dagoi] dz
Q2p (z0)

+ / Bi(z, u,Du)goi dz=0
Q2p(20)

for every ¢ € C5°(Qa,(20), RN). We now choose ¢ = x (t)(u — v)' with x =1 for (-00,s),
x=0on(s+¢&00),and x(t) = (s+¢&—t)/e fors <t <s+¢, where [s,5 + g] € (t; — 4p% ty).
Then

1 1
—/ Bt(lu—v|2)()dz+—/ lu—v|?d, x dz
2 JQup(z0) 2 JQup(z0)

_ /Q ( )(Ag(z,u,pu)_Ag(zO,(u)ZO,p,Dv))(Dui_Dvl’)x dz
2p\20

+ / Bi(z,u,Du) x (¢) (s — v)' dz = 0.
Q2p(20)
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Letting £ — 0, we easily obtain that for a.e. s € (£, — 4%, )

1
5 19 =) a5

+ / (AY (20, (4)z9,0» D) — AY (20, () 0,, D)) Dt = v)'  dz
By (x0)x(tg—4p2,t0)

= / (A,a (Zo, (u)Zo,p;Du) -A(z, u,Du))D(u —v)idz
By (%0)x (tg—4p2,5)

+ / B;(z,u, Du)(u — v) dz
Bap(%0)x (t0—4p2,5)

=0.

The second term of the left-hand side of the previous equation can be estimated by the
use of monotonicity, i.e., (H3). We therefore obtain

m=2

1 2 2 2\ 3 2
5 11469 =VC 92, gy + 41+ 1DV + 1Dul’) s otsrts \Du — Dv|? dz

< / (AY (20, (W)z9,0» D) — A% (2,4, D)) D(u — v)' dz
By (x0) % (tg—402.5)

+ / Bi(z,u, Du)(u — v) dz
By (x0)x (tg—4p2,5)

=1+1I (4.23)
To estimate the right-hand side, we use (H4) which easily yields
|A‘l-" (zo, (u)ZO,p,Du) —Af (2, u,Du)|

m
2

A+ [ = W)z ]) (L+ 1Du]) *.

<Lo (2|(14)zo,2p| + |1/l - (u)zo,Zp

Using the previous estimate, Young’s inequality and the fact that 6 <1, we have

A m=2
11| < Z(1+|Dv|* + |Dul?) ? / |Du — Dv|*dz
2 Bap (o) x(tg—4p25)

212
+ T 9(2’(14)20,2;0} + |u - (M)ZO,QP
Q2p(20)

Ao + ‘u = (U) 29,20 ‘)(l + |Du|”’) dz.

Having combined the previous estimate with (4.23), we arrive at

/ |Du — Dv|* dz
Bap(x0)x (to—4p%,s)

0(2]()z0.20| + |1 = (W)z0,20 |, 40 + |(@)z20|) (1 + |Dusl™) dz + 11
Q2p(20)
212
= S+ 11 (4.24)

m=2

1 A
5 [, 5) - v(-,s)Hiz(sz<x0)) + 5(1 + |Dv|* + |Dul?)

212
<

We shall provide on estimate for III. We denote ¢, = fQ ©) |t = (14)z4,6 1 dz, 0 > 0.
20
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Ifwelet A =A; ={z € Qup(20) : |l — (tt)z9,2| = t}, then

|Q2p|
£9p.
t

1
|[As] < - / |u - (u)zo,2p| dz < (4.25)
Q2p(20)

We now split II]
III:/(~~~)dz+/ (- )dz=1V+V
Ay Q2p(20)\A¢
and estimate IV and V. We have, using that 0 <1, (4.25) and (4.22)

IV < 2m! / 1Dt = (D) | e+ (1 + 27| (Dt} 2 ™) A
Q2p(20)

< om-l / |Du — (Dt) 4,20 |mdz 4271 (1 + 2M2) Q2| €2p-
Q2 (20) t
From the definition of 8, we have
V <4KQ2M +t)(p + t)? / (1 + [Du|™) dz.
Q2 (20)
Noting that sup,,, # = V, we have
m-1 m |u - V|2
I <2" " aqV ‘Du - (Du)ZO,zp‘ dz + 3 dz
Q2p(20) Qapzo) P

+ (2”"111M”‘ + b)a,,p”*zpz.

We now choose the parameter ¢ carefully, i.e., t = , /g3, and let ¢ suitably small. Then
connecting the previous estimates for /7, III, IV and V to (4.24), we easily have the estimate

we were interested in, that is,

m=2
(1+[Dv?) ? ][ |Du—Dv|2dz+][ |Du — Dv|" dz
Q2p(20) Q2 (20)

+ sup p2 ][ |u(x, t) —vix, t) |2 dz
BZp (%0)

to—4p2<t<ty

< C[K@M + \/g2,)(p + \/E2,)F +1] ]{2 ( )\Du ~ (D)0 |" dz

+ C[K@M + /53,)(p + \/E2,)" + /&2, ] (1 + M™) + Cp*(aM™ + b)

In particular, we see that

p2 ][ ’u(z) - 1(2) |2 dz< sup p2 ][ !u(x, t) —v(x, t)‘2 dx
Q2 (20) By (x0)

to-4p*<t=to

< S(p). (4.27)
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We observe that, as a consequence of (4.21) and (4.22), we have that

lim inf S(p) = 0. (4.28)

p—0
Step 2: A Poincare-type inequality. Let us define
V=v—(Dut),,2, (% — %0).
Therefore v solves

/Q ( )(Wf—AﬂDv)Dawf)dz:o, Vo € C(Qap(z0), RY),
p20

where A‘l" (v) = A%(20, () z5,20» (DV) 2 + p) for every p € R™N. From [17], Theorem 3.1, we
conclude that ¥ € W2(ty — p2, to; W2(Bay(xy), RY)) and that

p2][ |ov|>dz = p2][ |02 dz < C(A,L)][ |DV|? dz
Qp(z0) Qp(z0) Q2p(z0)

= C(x, L) |Dv = (DV) 2, | dz
Q2p(20)

< C(AL) |:][ |Du — Dv|*dz + 7[ |Du— (DV)ZO,Q,,‘ZQ,’Z].
Q2p(20) 7 Qap(20)

In view of the previous estimate, using the Poincare inequality for v and (4.26), we find

o ][ 1V = Dagp — DV 5~ 0)|" dz
Qp(ZO

<C ][ |Dv = (DV)z, | dz + p’"][ |atv|m6lz}
Qp(zo) Qp(zo)

<C ][ |Du—Dv|mdz+][ |Du—(Du)ZO,2p|mdz:|
L QZp(ZO) Qp(ZO)

<c|s@+f  |pu- (Du)zo,z,,i’“dz],
Qp(ZO)

where C = C(n, A, L).
Finally, by comparison, we get the Poincare inequality for u via (4.26) and the previous
estimate

pim]l |u_ (”)zo,p - (DM)ZO,p(x—xo)|de
Q/J(ZO)
sC[p"”][ |u—v|’”dz+][ |Du — Dv|" dz
Qp(z0) Qp(z0)
+po" ][ }V - (V)ZO:P - (Du)zo,p (x— x0)|m dzi|
Qp(zo)
< C[S(p) + ][ |Du - (Du)zo,2p|mdz] (4.29)
Q2p(20)

for a constant C = C(n, A, L).
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Step 3: Conclusion. From the previous estimate and (4.28), the assertion readily follows.
Indeed if zy € Qr satisfies (4.21) and (4.22), then we have

lim inf p’m][ |1t~ (W), — (Dth),p(x — x0)|" dz = 0,
p=0 Qpl(z0)

therefore z is a regular point in view of Theorem 4.1. g
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