Zhang Boundary Value Problems 2013, 2013:160 0 BOU nda ry Va I ue PrOblemS

http://www.boundaryvalueproblems.com/content/2013/1/160 a SpringerOpen Journal

RESEARCH Open Access

Blow-up criterion for 3D compressible viscous
magneto-micropolar fluids with initial

vacuum

Peixin Zhang"

“Correspondence:
zhpx@hqu.edu.cn

School of Mathematical Sciences,
Huagiao University, Quanzhou,
362021, PR. China

@ Springer

Abstract

In this paper, the author establishes a blow-up criterion of strong solutions to 3D
compressible viscous magneto-micropolar fluids. It is shown that if the density and
the velocity satisfy || o llee(o,r00) + lulliso i) < 00, where 242 < Tand 3 <r < oo,
then the strong solutions to the Cauchy problem can exist globally over R® x [0, T].
The initial density may vanish on open sets, that is, the initial vacuum is allowed.
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1 Introduction

In this paper, we consider the following 3D compressible viscous magneto-micropolar
fluids:

¢ +div(pu) =0,

(pu)s +diviou @ u) — (u + &) Au—(u+ A —-&)Vdivu + VP
=26V xw+(Vx H) x H,

(ow)s +div(pu @ w) — ' Aw — (' + A )Vdivw + 4Ew = 26V X u,

H,—V x (ux H)=-V x (cV x H),

divH =0,

where x = (x1,%2,%3) € R3 is the spacial coordinate and ¢ > 0 is the time. The un-
known functions p = p(t,x), u = u(t,x) = (!, u?, u®)(t, %), w = w(t,x) = (W', w?, w)(t, %),
H = H(t,x) = (H', H%, H?)(t,x) and P(p) = Ap” (A >0, y > 1) are the fluid density, velocity,
micro-rotational velocity, magnetic field and pressure, respectively. The constants u, A, &,
w', 2 and o are the viscosity coefficients of the fluid satisfying

w, ', €,0>0, 20 +31—4£>0, and 2u' +3) >0. (1.2)

System (1.1)-(1.2) describing the motion of aggregates of small solid ferromagnetic par-
ticles relative to viscous magnetic fluids, such as water, hydrocarbon, ester, fluorocarbon,
etc., in which they are immersed, covers a wide range of heat and mass transfer phe-
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nomena, under the action of magnetic fields, and is of great importance in practical and
mathematics applications (see [1]). Indeed, (1.1) is composed of the balance laws of mass,
momentum, moment of momentum and magnetohydrodynamic, respectively. Due to its
importance in mathematics and physics, there is a lot of literature devoted to the mathe-
matical theory of the compressible viscous magneto-micropolar system (see [2—4]).

For the incompressible magneto-micropolar fluid models where p = Const., Rojas-
Medar [5] established local existence and uniqueness of strong solutions by the Galerkin
method. Ortega-Torres and Rojas-Medar [6] proved global existence of strong solutions
for small initial data. A BKM type blow-up criterion for smooth solution that relies on the
vorticity of velocity only was obtained by Yuan [7]. For regularity results, refer to Yuan [8]
and Gala [9].

In particular, if the effect of angular velocity field of the particle’s rotation is omitted, i.e.,
w = 0, then (1.1) reduces to compressible magnetohydrodynamic equations (MHD). There
are numerous important progress on compressible MHD (see [10-12] and the references
therein). The local strong solutions to the compressible MHD with large initial data were
respectively obtained by Vol'pert-Khudiaev [10] and Fan-Yu [11] in cases that the initial
density is strictly positive and the initial density may vanish. Xu-Zhang [12] proved a blow-
up criterion that if 7* < oo is the maximal time of existence of a strong solution, then

sup (llollzeoo,iz) + #llzs,752)) = 00,
T—T*

where L/, is the weak L™ space and r, s satisfy
Z+2<1, 3<r<oo. (1.3)
r

If H =0, (1.1) reduces to compressible micropolar fluid equations. Mujakovic [13, 14]
considered the one-dimensional motion of compressible viscous micropolar fluids and
studied the local/global existence. The global existence of strong solutions to the 1D
model with initial vacuum was also obtained in [15]. For multi-dimensional compressible
magneto-micropolar equations, Amirat and Hamdache [16] proved the global existence of
weak solutions with finite energy and the adiabatic constant for y > 3/2, which generalized
Lions’ pioneering work [17] and the work by Feireisl et al. [18]. Chen [19] established the
local existence and uniqueness of strong solutions under the assumption that the initial
density may vanish, and in [20] Chen et al. proved a blow-up criterion that

sup (llpllzoso,riz) + Iv/PullLs,7:2r)) = 005
T T

where 7, s satisfy (1.3).
If H=0and w =0, (1.1) reduces to isentropic compressible Navier-Stokes equations. In
[21], the authors established a Serrin-type blow-up criterion that

sup (Il div iz, 7z00) + /Pl 150,73 = 00,
T T*

or

sup (|10l o, rizo0) + Ilv/Pulls0,730r)) = 00,
TT*

where r, s satisfy (1.3).
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In this paper, our main purpose is to establish a blow-up criterion of strong solutions
for system (1.1) with the following conditions:

(,o,u,w,H)(x,O) = (,O(),M(),WQ,H())(X) in RS! (1 4)
(o, u,w,H)(x,t) = 0 as |x| — oo.

To proceed, we introduce the following notations. For 1 < r < 0o, we denote the stan-
dard homogeneous and inhomogeneous Sobolev spaces as follows:

L'=L'(R%, DY ={uel (R)|V:ulr < oo}, lleell pr = IV ¥ullr,

loc

whr = [0 Db, HF = w2, DF = DF?, D' = {u € L°|||Vul| ;2 < 00}.

To present the main result, we first give the following local existence and uniqueness
of strong solutions to the Cauchy problem (1.1), (1.2) and (1.4) with initial vacuum (with-
out proof), which can be obtained by the same method developed by Choe-Kim in [22]
(see also Fan-Yu [11] and Chen [19] for MHD and compressible micropolar fluids, respec-
tively).

Theorem 1.1 Assume that for some q € (3, 6], the initial data (po, uo, wo, Ho) satisfy

0<poel'NH NW, uy € D'ND?,

(1.5)
wo e H?>,  HyeH?,  divHy=0,
and the compatibility conditions
—(+&)Aug— (U +A—E)Vdivug + VPy —2EV x wy — (V x Hy) x Hy
= pélng (1'6)
~ Awg — (1 + M)V divwg — 26V x ug + 46w = pg s, (1.7)

with some (g1,8,) € L%. Then there exists a positive time T, € (0,00) such that the problem
(L1), (1.2) and (1.4) has a unique strong solution (p,u, w,H) in R3 x [0, T,] satisfying, for
some qo € (3,6],

p € C([0, T,J; L' N H' N W), o, € L%®(0, T,; L? N L), p >0,
(u,w,H) € C([0, T,,J; D' N D?*) N L*(0, T,; D*>%), we C([0, T,); L?),
H e C([0, T,]; H?), (/Ps, /pWe, Hy) € L0, Ti5 L),

(g, W, Hy) € L*(0, T3 DY).

(1.8)

Motivated by [20, 21] and [12], we have the main purpose in this paper to prove a blow-
up criterion for the problem (1.1), (1.2) and (1.4). More precisely, the main result in this
paper reads as follows.

Theorem 1.2 Assume that the initial data (po, uy, wo, Ho) satisfies (1.5)-(1.7). Let (p, u,
w, H) be a strong solution of the Cauchy problem (1.1), (1.2) and (1.4) with the regulari-
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ties (1.8). If T* € (0, +00) is the maximal time of existence, then
Thm (Il llzoo o,y + llutllzs0,732r)) = 005 (1.9)

for any r and s satisfying (1.3).

Remark 1.3 Theorem 1.1 proves that the strong solutions of (1.1), (1.2) and (1.4) can exist
only in a small time T, which means that if 7, is the maximal time of existence, then there
must be some component of the fluid mechanics blow-ups. Theorem 1.2 points out one

kind of blow-up mechanics.

Remark 1.4 There is no any additional growth condition on the micro-rotational velocity
w and magnetic field H. This reveals that the density and the linear velocity play a more
important role compared to the angular velocity of rotation of particles and the magnetic
field in the regularity theory of solutions to 3D compressible magneto-micropolar fluid

flows.

The rest of the paper is devoted to completing the proof of Theorem 1.2.

2 Proof of Theorem 1.2
First, we give the following well-known Gagliardo-Nirenberg inequality that will be used

frequently.

Lemma 2.1 For p € [2,6], g € (1,00) and r € (3,00), there exists some generic constant
C > 0, which may depend on p, q and r, such that for any f € H* and g € L1 N D', we have

Ifllze < CIFIS P2 fIS0", @.1)

3)/(3 3)) 3r/(3 3
gl < Cllg|[ e/ Creatr=3)) g g) 2/ Great-=3), (2.2)

The following BKM’s type inequality which will be used to estimate || V| . and ||V o] 14
with g € (3, 6] can be found in [12].

Lemma 2.2 For 3 < g < 00, there is a constant C = C(q), depending only on q, such that the
following estimate holds for all Vu € L* N D™

[IVull oo < C(Il divullzee + |V x ullz) log(e + | V?u| ,) + ClIVaullz2 + C. (2.3)

The proof of Theorem 1.2 is based on the contradiction arguments. Let (p, 4, w, H) be a
strong solution of the problem (1.1), (1.2) and (1.4) as described in Theorem 1.1. Suppose
that (1.9) is false, that is,

Tll,m (Ilollzoo0, 7200y + Ntllso,73ry) < Mo < 00, (2.4)

where 7, s satisfy (1.3) and M, is a constant.
One can easily deduce from the following energy estimate (1.1), (1.2) and (1.4).
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Lemma 2.3 It holds that

sup (Ilollpngy + I/pull2s + IV/owl?s + [HI?,)

0<t<T

T
. / (IVull%s + [wl + IVH|%) de < C. 25)
0

Here and hereafter, C denotes a generic positive constant which may depend on ., ', 1, 1/,
%‘7 g, A’ Y Po, Uo, Wo, HO’ gI’ gZ! T ﬂl’ldM(),

We denote the material derivative of f/ by f=f +u-Vfand set

1
Gy:=Qu+A)divu—P(p) — = |H[%, Gy = (2M/ + X) divw,
2 (2.6)

Vi:=V x u, Vy:=V xw.

Since (Vx H)xH=H-VH - %V|H|2 due to (1.1)5, we have from (1.1); and (1.1)3 that

AG; =div(pu— H - VH),

4.5 _ . .
AGy — oy G, =div(pw), 2.7)
(W+E)AVI =V x (pi—H-VH) -2EV x V,,

/.L/AVZ —4-5‘/2 =V x (pW) — 2§V x Vi.
Thus, from the standard L?-estimate of an elliptic system, we have the following lemma.

Lemma 2.4 Under the condition (2.4), it holds that

IVGillz2 + IVVillz2 + Gl + 1Vl
< C(IVpitli2 + IV/PWlp2 + Vil 2 + VW2 + [HVH] 2)
< C(Ivpucl2 + IVpwell 2 + uVull 2 + [wVwl 2 + [ Vull2 + [Vl 2
+ |[HVH||2), (2.8)
IVGillzs + IVGalige + IV Valls + IV Vallgs
< C(IVitll2 + IVWl2 + /Pl 2 + /oWl 2 + I Vull2 + Vw2 + |HVH] 2
+ |[HVH]||6). (2.9)
Proof In view of standard L2-estimates of elliptic system (2.7), one immediately ob-
tains (2.8). By (2.1) and (2.4), we get that
IVGilizs +IVGallzs + IV Villzs + IV Vallgs
< C(llpallzs + lpwlizs + 1G2llz2 + 1 Vallzs + 1 Vall2 + 1 Vallgs + 1HVH|6)

< C(IIVitll2 + IVWl2 + [1Gall2 + IV Vill2 + I Vol + IHVH | 16),

which, combined with (2.8), yields (2.9) immediately. O
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The next lemma is concerned with the higher integrability of H under the assump-
tion (2.4).

Lemma 2.5 Under the condition (2.4), it holds for any 0 < T < T* that
IHl2(0,720) < C(g)  for any q € [2,00), (2.10)

where C(q) is a positive constant depending on q.

The proof is similar to Lemma 3.3 in [12] and is omitted here.
With the help of (2.4) and Lemmas 2.3-2.5, we can prove the following key lemma.

Lemma 2.6 Under the condition (2.4), it holds that for any 0 < T < T*,

2 2 2
sup ([Vullz + Iwllz + IVHI72)
0<t<T

T
+ / (Iv/ouel 2 + I/owell s + | HL N2, + | VH| ) de < C. (2.11)
0

Proof Multiplying (1.1),, (1.1)3 and (1.1)4 by u;, w, and Hy, respectively, and integrating the
resulting equations by parts, one obtains after summing up that

1
5% /(M|VM|2 +(u+A)dive)? + ) |Vw|? + (W +)»’)(divw)2 +U|VH|2) dx
1d 2 2 2 2 2
+5$/s(|vXu| + 4w )dx+/(p|ut| +plwel? + [Hy*) dx

:/Pdivutdx+2§/(Vxw-ut+qu~wt)dx
1 2
— [ (ou-Vu-u; +pu-Vw-wy)dx + H~VH—5V|H| ~uydx

7
+/H-Vu~thx—/u~VH~thx—/H~thivudx::ZL-. (2.12)

i=1

To estimate the first term on the right-hand side of (2.12), we observe that P satisfies
P; + div(Pu) + (y —1)Pdivu = 0.

Hence, using (2.4), (2.5) and (2.10) yields that

L

d
E/Pdivudx—/Pu-Vdivudx+(y—l)/P(divu)zdx

d 1
—/Pdivudx— /Pu-VGldx+ fPZdivudx
dt 20+ A\

202 + A)

1
_m/Pu-VIH|2dx+(y—1)/p(divu)2dx

Pdivudx + C(IIPll 3 lull s [V Gullg2 + 1Pllzoe 1P 2 | Vel 2

&l
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+ 1Pl lull o 1H | 31 VH |2 + 1Pl | Vel 72 )

d
=5 /Pdivudx+ ellVGLI2, + C(e)(IIVull?, + I VHI?, +1), (2.13)

where we have used Young’s inequality and (2.1).
For the second term, we have, after integration by parts, that

12:2‘5/(w~(V><ut)+(VXu)-wt)dx:%%/w-(qu)dx, (2.14)

and by the Cauchy-Schwarz inequality, we have

(IVPuclls + I/owell72) + CluVuly + uVwl7,). (2.15)

SN

I; <

Similarly, integrating by parts and using the fact divH = 0, one has
1. 5.
I = - H-Vut-H—§|H| divu; | dx

- _i/(H.vu.H_l|H|2divu) dx
de 2

+/(Ht~Vu~H+H~Vu~Ht—H-thivu)dx
d 1 9 4 1 2 2
5—5 H~Vu-H—§|H| divuy | dx + Z||Ht||L2+C||HVu||L2. (2.16)

For the last three terms on the right-hand side of (2.12), one has from (2.4) that

7

21

i=5

1
< E”Ht”iz + C(luVHI 7 + [HVul},). (2.17)

Thus, putting (2.13)-(2.17) into (2.12) and choosing ¢ > 0 suitably small, we infer from (2.8)
that

% / (1l Va? + (4 2)ivae? + |Vl + (1 + X)) (divw)? + | VHI?) d
+ %/§|V X M—2W|2dx+/(p|ut|2 + plw,[? + |H,[?) dx
< %/(2Pdivu +|H[*dive—2H - Vi - H) dx + C(I|Vull2, + Vw2, + [IVH|?,)
+ C(luVull?, + 1uV w2, + |[uVH| 7, + |[HVul?, + |[HVHI?,). (2.18)

For any r, s satisfying (1.3), we have by the Holder and Sobolev inequalities that

=3 3
Ifgll2 < CllfllullgllL% = Cllfllerllgh 3 lIglls

< 8llglizs + CEO(IfNZ +1)lglz >3, (2.19)

for some § € (0,1).

Page 7 of 16
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Taking f = u, H, g = Vu, Vw, VH into (2.19) and using (2.10), we obtain

IV ulZy + |V wiis + |1uVHI G + IHVullfy + [HVH|
<8(IVulzs + IVWilfs + I VH I 56)
+ CO(lullyr + 1) (IVallzz + 1IVWlF2 + IVHIL ). (2.20)

By the standard L?-estimate, one can deduce from (2.1), (2.4), (2.8) and (2.10) that

Vullze + VWi

< C(IIdiquLe + IV X ule+ [divw|e + |V x W||L6)

< C(IGillgs + 1Gallzs + I Vallgs + [ Vallgs + IIPllgs + [ IHI?|| )
<C(1+IVGill2 + IVGallz2 + IVVallz2 + IV Vall2)
<C(

1+ |/puel2 + ||ﬁwt||L2) + C(lluVuHLz + |uVul 2 + ||HVH||L2). (2.21)
Furthermore, it follows from (1.1)4 and Sobolev’s embedding inequality that
IVHIlzs < CIVHI i1 < C(I1H N2 + 4V H I 2 + |HV ull 2 + [IVH ] 2), (2.22)
putting (2.21) and (2.22) into (2.20), such that

luVull?, + luV w2, + |uVH|?, + |HVull2, + |[HVH|?,
< C8(II/puell2 + lI/owell 7> + I1H:1172)

+ C@)(lullyr + 1) (V32 + VW2, + IVHI2,), (2.23)

which, together (2.21) and (2.18), choosing § > 0 suitably small, gives

d
p” /(mwﬁ + (e + A)(diva) + @ |Vw)? + (' + 1) (divw)? + o | VH|?) dx

d
+ a/éw x u—2w>dx + /(,o|ut|2 +plwet + |Ht|2) dx
d . 9 ..
< T (2Pd1vu+ |H|“divu — 2H - VuoH)dx
+ C(llully + 1) (IVulZo + 1VWl7 + IVHIE).- (2.24)

It is easily seen that
U(zpdivu +|H*divie—2H - Vi - H) dx| < %uwniz +C.

Taking this into account, we conclude from (2.4), (2.24) and Gronwall’s inequality that
part of (2.11) holds for any 0 < T' < T*. Note that the estimate of || VH||;2(o 1,1y is a con-
sequence of (2.4), (2.22) and (2.23). The proof of this lemma is completed. O

Next we prove the boundedness of || /ol 2, | /oWl 12, |1H;ll ;2 and || VH | ;n by the com-
patibility conditions (1.6) and (1.7).
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Lemma 2.7 Under the condition (2.4), it holds that for any 0 < T < T*,

sup (Il/pill2 + I/Pwl?s + [Hll2: + IVH]?,)

0=<t<T

T
+/ IVl + IVWwlZ, + IVHII7,) de < C. (2.25)
0

Proof Applying the operator #/[9; + div(u-)] and #/[3; + div(u-)] to both sides of (1.1); and
(1.1)3, respectively, and using (1.1);, one can obtain, after a straightforward calculation,
that

1d - .

2 dr (,0|M| +pw| )dx

= (pc+§)/itj[AL/,;+div(uAu")] dx+(u+A—E)/i{j[atajdivu+diV(u8/divu)] dx
+u’/W[AM+div(uAM)] dx + (;/+)J)/ﬁ/[atajdivw+div(u8,divw)] dx
—/zk/[ath +div(u ;P) ] dx + 2& / i [V x we+ 0:(u'V x w) | dw

+2$/v’v- [V x up + 3;(u'V x u)] dx—4$/ﬁ/[m/; +div(uw)] dx

- %/w[atajwﬁ +div(ud;|H|*) ] dx + / W[0,(H - VH') + div(u(H - VH)) ] d
10

= Z Ji. (2.26)
i=1

We get after integration by parts that

Ji=—-(nu+8&) /(|Vﬂj|2 — 31 0u" il — 0,50 U 00, + u - Vit’Auj) dx
=—(n+&) /(’Vlﬂz — 0,1/ 0:uF i + 0,00 X 0,4 — DX O 8iuj) dx
< —(u+E)Vitll3, + CI Vil 2| Vil fa. (2.27)

Similarly, we also have
4

Y U< == divill}, - 1 IVvlg = (W + X)ll div vl 7,
j=2

+ CIVall2 IVl s + UV 2 Vel 4 [ VW]l o (2.28)

After integration by parts, using (1.1); and (2.11), we obtain

Js = — / (0P (p)divudiv it — P(p) 3 (u* 3;id) — P(p) 8 (u* i) dx

= ClIVull 2 (IVidll2 < ClI Vi 2. (2:29)
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Using the definition of the material derivation and integrating by parts, we deduce from
(2.1), (2.5) and (2.11) that

Jo :2“;‘/[wt-(Vxtit)—u~Vzlt-(wa)]dx
= 2§/w-(qu)dx—2§/[u-Vw-(v x i) +u- Vi (V x w)]dx
<2 f W (V xig) di + Cllull 6 | VWl 3 [ Vitl 2
<2t / W (V x i2)dx + C||[Vwl| ;3| Vit 2, (2.30)
and, similarly,
I = 25/W~(in¢)dx—2£/[u~Vu~(V X W) +u- V- (V xu)]dx
< 2§fw A(V x it)dx + C||Vul| 3 | Vv 2, (2.31)
and

Js :—45/|v'v|2dx+4$/[u-Vw-v'v+u~Vv'v~w]dx

—4§/|W|2dx—4§/w~vi/divudx

IA

-4 / wi? dx + ClI Va2 [wll 3 Il s

< —45/ lw|? dx + C||[ V|| 2. (2.32)

The ninth term on the right-hand side of (2.26) can be estimated as follows, integrating
by parts, using (2.1), (2.5), (2.10), (2.11) and Holder’s inequality:

Jo = f (i H - H, + 3yl u* &H - H) dx
< CIIViel 2 (1H s | Hell s + llaall o |l 6| Vo)

1 1
< CUVidll 2 (1HA 2 IHeN Js + IV utll 2 I VH 1)

< 8|IVill;, + COV(IH: 72 + IVH 7 + IVHI,).- (2.33)
In a similar manner, one also has

Tio = /L'ti(Ht . VH + H- VH, + div(u(H - VH'))) dx

_/ ((Hy - Vid)H + (H - Vid)H] + u oyid (H - V) dx

< 8I\Vitll2y + CO)(IH + IVHZ + IVHI2,). (2.34)

Page 10 of 16
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Putting (2.27)-(2.34) into (2.26), using the Cauchy-Schwarz inequality and choosing § > 0

suitably small, we get

d . . . . . .
a(”ﬁuﬂiz + ||«/5W||iz) + (IIVuIIiz + ||VW||22 +12w -V x M||i2)

< CA+IVuls + VwI3s + 1H 172 + IVH, + [ VHI741). (2.35)
To estimate ||H||;2, one can differentiate (1.1)4 with respect to ¢, multiply the resulting

equations by H; in L2, and integrate by parts over R3 to get

1d

EE/|HL|2dx+o/|VHt|2dx

= /(H- Vu; —u; - VH — Hdivu,) - Hydx
+ /(Ht Vu—u-VH, - Hydivy) - H,dx = K; + K. (2.36)
Integrating by parts and using (1.1)s, (2.1), (2.10) and (2.11), then we deduce

K = /(H~ Vit — iiVH - Hdivir) - Hy dx + /(H" O:H, — H* ;HY) (u - Vi) dx
< CllH s IHll s 1V iel 2 + Cllil s IV H 2 IHl
+ CILH e |V Hy 2 1V ] el
< COIHN L IVH Vil 2 + IV H 2| Vil )
< eI VHLI%, + 2 Vill%s + Clen, ) (1Hel % + 1 Va2,

for some positive constants &, &, € (0,1). For the second term on the right-hand side of

(2.36), integrating by parts and using (2.1) give

1
I(Q = /(Ht -Vu - §thlvu> 'thx < C”VM”LZ”Ht”LZ
1 3
< CllH || LIIVH; | [ < &1 VH, 72 + Clen) | Hil 2

Putting the estimates of K3, K; into (2.36) and choosing &; > 0 small enough, one has

1d

o .
> / e+ / VH, P dx < 2| Vidll%s + Clen) (IHl% + [ Vul).  (237)

Then, combining (2.35) and (2.37), using Young’s inequality, and choosing &; > 0 suitably
small yield that

d . .
3 (VP + /oWl + I1He72)
+ (IVillZs + VW2 + I VH 72 + 1200 = V x itl]72)

< C(L+IVuljs + IVWIZ6 + 1HlIZ2 + IVHI 1) (2.38)
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Firstly, we use (2.4)-(2.6), (2.9), (2.10), (2.11), (2.1) and (2.2) to infer from the standard
L?-estimate that

IVullzs + 1IVwllze < C(lldivallzs + IV x ullzs + | divwlie + IV x wlle)
< C(1+11Gillgs + 1Galizs + Vallgs + 1 Vallgs + | IHI?]| 6)
< C(L+ VGl + VGl + IV Vil + [V Vally2)

< C(1+ IVpill2 + Iv/pWll2 + IVH | 1), (2.39)

and

Vol 2 + |/ oWl 2
< C(||«/Eut||L2 + ||«/5Wt||L2) + C(||ﬁu “Vull2 + |Voew- VW||L2)
< C(Ivpuelz + I/oweli2) + C(lull o Vaull 2 + Wl [ Vwll2)

1 1
< C(Ivpuellz2 + IIvPwell2) + C(IVaull fs + VWl 5 )- (2.40)

Moreover, by the standard L?-estimate of an elliptic system, we infer from (1.1)4, (2.1),

(2.2) and (2.11) that
IVH| i < C(I1H, Nl 2 + |uVH| 2 + |[HVull 2 + | Vull2)
< C(I1Hll 2 + Null s IVH |3 + [ H | oo [ Vatll 2 +1)
1 1
< C(I|H¢ll 2 + IVHI LI VHI s + 1)
1
< C(I1H¢ll 2 + IVHI 21 + 1),

and hence,
IVH|ln < C(IIHell 2 +1). (2.41)
Combining (2.39)-(2.41), we obtain

IVul s + 1VWilLs < C(L+ /Ul + [IV/owell 2 + [1Hellp2)- (2.42)

Now, putting (2.41) and (2.42) into (2.38), one has

d . .
a(”x//_)””iz + /W2 + 112,

+ (IVael2y + VW2 + I VH |12, + 120 = V x it]|7,)

(3

< C(L+ IVpullzs + I/oWiiEs + IH 7 ) (L + 1ol 2 + 11v/pwel ),

from which and (2.11), we immediately obtain (2.25) by Gronwall’s inequality, (1.6) and
(1.7). As a result of (2.41), we can also deduce the boundedness of || VH]|| 1. O

The next lemma is used to bound the density gradient and || V(|11 (o, 1;100)-
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Lemma 2.8 Under the condition (2.4), it holds that for any 0 < T < T*,

SuPT(”VP”LZqu + ||Vt g1 + ||VW||H1)
0<t<

T
+/ (IVullze + I Vull g + IVWI5,) de < C (2.43)
0
forany q € (3,6].

Proof Differentiating (1.1); with respect to x; and multiplying it by |8;0(729;0 (g > 2) in
L2, we obtain, after integrating by parts and summing up, that

d
5 [ 1veIres = C@ [(vuiTor+ prvolr v ivad) dx
< C@(IVuli= IV I, + 19 diva IV pI5Y): (2.44)

It follows from (2.1), (2.4), (2.6)-(2.9), (2.25) and the interpolation inequality that for any
g€ (3,6],

IVdivullze < C(IVGillza + IIVPllza + [ H |z | VH 1)
1+ 1IVGill2 + IVGilizs + IV plla)

<C
< CL+ Vil + VWl + 1Vplia),

where (2.2) and (2.25) were also used to get that ||[H|[;~ < C. So, putting this into (2.44)
yields

%nvmm < C(IVullz= + 1)Vl + C(L+ [ Vidlly2 + [ Vvl 2). (2.45)
We now estimate ||Vu| ;<. To do this, we first observe that
+E)Au+(u+r=&E)Vdivu=pu+VP-26V xw+(VxH) x H.
Hence, using the standard L”-estimate of an elliptic system leads to

|V2u] s < C(llpitllza + I VPllza + [V Wlza + |HVH | 10)

< C(L+ I Vitll2 + 1V pllza + IVWlp).
From (1.1)3 and the standard L?-estimate of the elliptic system, we have that
VWil < C(Iwll + /Wl + [ Vull2) < C, (2.46)
and then

IV2u],, < CA+ Vil 2 + | Vplla). (2.47)
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This, together with Lemmas 2.2 and 2.6, gives

Vil < C(IVall 2 +1) + C(l div ullzoe + |V x ullzo) log(e + [ V2] 14)
< C+C(IIdivulze + IV x ullz~)log(e + | Vel ;2)

+ C(lldivaulle + |V x ullz)log(e + [ Volla). (2.48)

Now, if we set f(£) =e + | Vp||Ls and let

g(®) = (L+ [ divallze + |V X ullz + | Vidll2 + [Vl 2) log(e + Vil 2),
then it is seen from (2.45) and (2.48) that

f(®) = Ceo)f (&) + Cg(e)f (1) Inf (¢)
due to f(¢) > 1. Thus,

(Inf(t)) < Ceg(t) + Cg(®) Inf(2). (2.49)

On the other hand, since
g() = C(U+ I divulfe + IV x ulfeo + [ Vitll 2 + [ Vbl 2),

we thus deduce from (2.11), (2.25), (2.4), (2.8), (2.9) and (2.2) that
T T
/ g(t)de < C/ L+ divulie + IV x ullfo + Vil + [ Vi 2) de
0 0
T
<C+ C/ (I1divallFoo + IV x ull?0) dt
0
T
<c+C / (G112 + IVill2 + P12 + | Hllk) d
0
T
<C+ C/ (I1GLl22 + IVGLIZ: + [IVAll72 + IV VALlT,) de
0
T
<C+ c/ (IVal?, + V]2, + [IVH( ) de < C. (2.50)
0
As a result, it follows from (2.49) and Gronwall’s inequality that
f)y<C forany0<t<T<T"

and consequently,

sup ||[Vplle <C foranyq € (3,6]. (2.51)
0<t<T

From this and (2.25), (2.48), (2.50), one obtains

T
/ (|Vulz dt < C. (2.52)
0
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Taking g = 2 in (2.45), we get, by using (2.52) and (2.25) and Gronwall’s inequality, that

sup [[Vpll2 <C. (2.53)
0<t<T

Moreover, the standard L2-estimate of an elliptic system and (1.1),, together with (2.4),
(2.11) and (2.25), implies

IV?ul > < C(lpitll2 + VPl 2 + |IHVH| 2 + | Vatl| 2 + [ Vwl|2)

<C(1+|Vplpe) <C. (2.54)

Similar to the proof of (2.47), there are

| V2u|| , + | V2w, < CQ+ IVidll2 + I oWwlia + | Vallza + [wllze)
C

< C(A+ Vil + IVWl2), V¥qe€(3,6],

where we have used (2.1), (2.11), (2.46), (2.51) and (2.54). From this, together with (2.25),
(2.46) and (2.51)-(2.54), we can deduce (2.43). O

As a consequence of Lemmas 2.6-2.8, we have the following lemma.

Lemma 2.9 Under the condition (2.4), it holds that for any 0 < T < T*,

T
supT(nﬁutniz + /Pwell2) + / 1V 1% + IV well2,) de < C. (2.55)
0

0<t<

The proof is the same as that of Lemma 3.6 in [20] and is omitted here.

With the help of Lemmas 2.3, 2.6-2.9 and the local existence theorem, we can complete
the proof of Theorem 1.2 by the contradiction arguments. In fact, in view of Lemmas 2.3,
2.6-2.9, it is easy to see that the functions (p, u, w, H)(x, T*) = lim,_, = (p, u, w, H) have the
same regularities imposed on the initial data (1.5) at the time ¢ = 7*. This implies that
the compatibility conditions (1.6) and (1.7) are satisfied at the time 7. Thus, we can take
(0, u,w,H)(x, T*) as the initial data and apply the local existence theorem to extend the
local strong solutions beyond T*. This contradicts the assumption that 7* is the maximal
time of existence.
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