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Abstract

In this paper, we study the bifurcation and stability of solutions of the extended
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1 Introduction
In this paper we work with the extended Fisher-Kolmogorov type equation with periodic
boundary condition, which reads

%z—ﬂ%u+a%u+ku+g(u), (x,¢) € R x (0, 00),
2w
ux,tdxzo, tZO’
fo (%, 2) (1.1)

u(x, t) = u(x + 2km,t), VkelZ,

u(x,0)=uy, x€R,

where u = u(x,t) : R x [0,00) — R is an unknown function, & > 0, « > 0 are constants,
A € R* is the system parameter. g(s) is a polynomial on s € R, which is given by

p
g6 =) s,
k=2

where 2 < p € N and g4 are given constants.

The extended Fisher-Kolmogorov (EFK) equation has been proposed as a model for
phase transitions and other bistable phenomena [1-3]. It has been extensively studied
during past decades. Kalies and van der Vorst [4] considered the steady-state problem;
by analyzing the variational structure, they proved the existence of heteroclinic connec-
tions, which are the critical points of a certain functional. Also, by the variational method,
Tersian and Chaparova [5] derived the existence of periodic and homoclinic solutions.
Peletier and Troy [6] were interested in the stationary spatially periodic patterns and
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showed that the structure of the solutions is enriched by increasing the coefficient of
the fourth-order derivative term. The structure of the solution set was also investigated
by van den Berg [7], who enumerated all the possible bounded stationary solutions pro-
vided this coefficient is small. Rottschéer and Wayne [8] showed that for every positive
wavespeed there exists a traveling wave. And they also found the critical wavespeed to
discriminate the monotonic solution from the oscillatory one. By an iteration procedure,
Luo and Zhang [9] proved that equation (1.1) possesses a global attractor in the Sobolev
space H for all k > 0 provided that a, < 0 and p is an odd number. We refer the interested
readers to the references in [4-9] for other results on the EFK equation; see also, among
others, [10-13].

Returning to problem (1.1), our main interest in the present paper is the bifurcation and
stability of solutions. By using a notion of bifurcation called attractor bifurcation devel-
oped by Ma and Wang in [14, 15], a nonlinear attractor bifurcation theory for this problem
is established. Work on the topic of attractor bifurcation also can be seen in [16, 17].

The main objectives of this theory include:

(1) existence of attractor bifurcation when the system parameter crosses some critical

number,

(2) dynamic stability of bifurcated solutions, and

(3) the topological structure of the bifurcated attractor.

Our main results can be summarized as follows.

1. IfA < p +a, the steady state u# = 0 is locally asymptotically stable.

2. As A crosses i + «, i.e., there exists an € > 0 such that forany u + @ <A < X +¢,

system (1.1) bifurcates from the trivial solution to an attractor ;.

3. ¥, is homeomorphic to S! and consists of exactly one cycle of steady solutions

of (1.1).

Moreover, we apply this theory to a model of the population density for single-species
and derive biological results.

This article is organized as follows. The preliminaries are given in Section 2. The math-
ematical setting is presented in Section 3. The mathematical results are given in Section 4.
In Section 5 we apply mathematical results to a model of the population density for single-
species and derive biological results. In Section 6 we discuss some existing results and

compare them with ours. Finally, Section 7 is devoted to the conclusions.

2 Preliminaries
We begin with the definition of attractor bifurcation which was first proposed by Ma and
Wang in [14, 15].

Let H and H; be two Hilbert spaces, and let H; < H be a dense and compact inclusion.

We consider the following nonlinear evolution equations

% =Lyu+ G(n),

u(0) = uo,

2.1)

where u : [0,00) — H is the unknown function, A € R is the system parameter, and L; :

H; — H are parameterized linear completely continuous fields depending continuously
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on A, which satisfy

L, =A + B, asectorial operator,
A:H, — H alinear homeomorphism, (2:2)

B) :Hy — H parameterized linear compact operators.

Since L, is a sectorial operator which generates an analytic semigroup S, (¢) = {e*};>¢
for any A € R, we can define fractional power operators (-L; )" for 0 < p <1 with domain
H,, = D((-L;)"*) such that H,, C H,, if ;11 > i2, and Hy = H (see [18, 19]).

In addition, we assume that the nonlinear terms G : H, — H for some 0 <« <1 are a

family of parameterized C" bounded operators (r > 1) such that
G(u) = o(l|ulls, )- (2.3)

Definition 2.1 [15] A set X C H is called an invariant set of (2.1) if S(¢)X = X for any
t > 0. An invariant set X C H of (2.1) is said to be an attractor if ¥ is compact, and there
exists a neighborhood of W C H of ¥ such that for any ¢ € W we have

lim disty (u(t,¢), £) = 0,
t—>00
where diStH(u(t) QD): 2:) = infvez ||M(t, (/7) - V”Hr vt > 0.

Definition 2.2 [15] (1) We say that the solution to equation (2.1) bifurcates from (u, A) =
(0,A0) to an invariant set X, if there exists a sequence of invariant sets {X,,,} of (2.1) such
that 0 ¢ X, and

lim )\n = )\0,

H—>0Q
lim max ||v||g = 0.

n—00 VGE)W,

(2) If the invariant sets X, are attractors of (2.1), then the bifurcation is called attractor
bifurcation.

To prove the main result, we introduce an important theorem.
Let the eigenvalues (counting multiplicity) of L; be given by

BB eC (k=1),

and the principle of exchange of stabilities holds true:

<0, ifA<Ag,
ReBi(A)1=0, ifrA=i(1<i<m), (2.4)
>0, ifA> Ao,

ReBi(ho) <0, Vj=m+1. (2.5)

Page3of 13


http://www.boundaryvalueproblems.com/content/2013/1/169

Zhang and Luo Boundary Value Problems 2013, 2013:169 Page 4 of 13
http://www.boundaryvalueproblems.com/content/2013/1/169

Let the eigenspace of L; at A = 1 be

Ey = U U{u,v € H1|(L,\0 —ﬂ/(ko))kw: O,w=u+ iv}.

1<j<m k=1

It is known that dim Ey = m.
The following attractor bifurcation theorem can be found in [15].

Theorem 2.1 Let H; = H = R”, conditions (2.4), (2.5) hold true, and u = 0 is a locally
asymptotically stable equilibrium point of (2.1) at A = ,o. Then the following assertions
hold true:
(1) Equation (2.1) bifurcates from (u, ) = (0, Ao) to attractors X;_for A > ko, with
dimension m — 1 < dim X, < m, which is connected as m > 1.
(2) The attractor ¥, is a limit of a sequence of m-dimensional annuli Ay with Ag. C Ars
especially, if ¥, is a finite simplicial complex, then X, has the homology type of the
(m = 1)-dimensional sphere S,
(3) Forany u; € X;, u; can be expressed as

U =v, + 0(||VA||H1), vy € Ey.
(4) Ifu =0 is globally asymptotically stable for (2.1) at A = Ay, then for any bounded open
set U C H with 0 € U, there is an € > 0 such that Ly < A < Ag + €, the attractor T,

attracts U\T" in H, where T is the stable manifold of u = 0 with codimension m. In
particular, if (2.1) has a global attractor for all . near rg, then U = H.

Remark 2.1 As H; and H are infinite dimensional Hilbert spaces, if (2.1) satisfies condi-
tions (2.2)-(2.5) and u = 0 is a locally (global) asymptotically stable equilibrium point of
(2.1) at A = Ag, then the assertions (1)-(4) of Theorem 2.1 hold; see [14, 15].

To get the structure of the bifurcated solutions, we introduce another theorem.
Let v be a two-dimensional C” (» > 1) vector field given by

V. (%) = Ax — F(x) (2.6)
for x € R2. Here

F(x) = Fr(%) + o(|x["), (2.7)
where Fy is a k-multilinear field, which satisfies the inequality

Cilxl** < (Fe(x), &) < Gyl (2.8)
for some constants 0 < C; < Cy and k=2m + 1, m > 1.

Theorem 2.2 (Theorem 5.10 in [15]) Under conditions (2.7), (2.8), the vector field (2.6)
bifurcates from (x, 1) = (0,0) to an attractor ¥, for X > 0, which is homeomorphic to S'.
Moreover, one and only one of the following conclusions is true:
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(1) % is a period orbit.

(2) X, consists of infinitely many singular points.

(3) X, contains at most 2(k + 1) = 4(m + 1) singular points and has 4N + n (N + n > 1)
singular points, 2N of which are saddle points, 2N of which are stable node points
(possibly degenerate), and n of which have index zero.

3 Mathematical setting
Let

H =1%*0,27)
and
2
H; = {ueH4(0,2n) u(x + 2m) :u(x),/ udx:O}.
0
We define L, =A + By : HH — H and G: H; — H by

d* d?
Au = —KogU+ oSl

Biu = \u, (3.1)

G(u) = g(u).

Consequently, we have an operator equation which is equivalent to problem (1.1) as fol-

lows:

% =Lyu+ G(u),
1(0) = uyg.

4 Mathematical results

As mentioned in the introduction, we study in this manuscript attractor bifurcation of
the EFK equation under the periodic boundary condition. Then we have the following

bifurcation theorem.

Theorem 4.1 For problem (1.1), if 2a3 + 45uas + 9aas < 0 is satisfied, then the following

assertions hold true:
(1 If A <+ «, the steady state u = 0 is locally asymptotically stable.
(2) If A > u + a, system (1.1) bifurcates from the trivial solution u = 0 to an attractor .

(3) X is homeomorphic to S* and consists of exactly one cycle of steady solutions of (1.1).

(4) X, can be expressed as
35 = {5ccos(x +0)+ o(|5c|)|9 € R},

~ 4(16pu+4a—A)(u+a—2) _ 4(puta—1)
where X = S (167041127 ) (ay #0), orx = 323 ) (ay = 0), and

L+a<h<u+a+e, € issufficiently small.

Proof of Theorem 4.1 We shall prove Theorem 4.1 in four steps.

Step 1. In this step, we study the eigenvalue problem of the linearized equation of (3.2)

and find the eigenvectors and the critical value of A.

(3.2)

Page 50of 13


http://www.boundaryvalueproblems.com/content/2013/1/169

Zhang and Luo Boundary Value Problems 2013, 2013:169 Page 6 of 13
http://www.boundaryvalueproblems.com/content/2013/1/169

Consider the eigenvalue problem of the linear equation,
Lyu = Bu. (4.1)
It is not difficult to find that the eigenvalues and the normalized eigenvectors of (4.1) are

,sz,l:ﬁzk:)\,—[l,kzl'—olkz, /(:1,2,...,

_ sinkx _ coskx
€2k-1 = Nk € = DV

(4.2)

under condition that we get the principle of exchange of stabilities

<0, A<u+a,
i) =P(A) =0, A=p+a,

>0, A>u+a,

Bi(n+a)<0, j=3.
Step 2. We verify that for any A € R, operator L, + G satisfies conditions (2.2) and (2.3).
Thanks to the results in [9, 18, 19], we know that the operator L, : H; — H is a sectorial

operator which implies that condition (2.2) holds true.
It is easy to get the following inequality:

2
Gl = [ letw]ax

2w )4
<C / > | dx
0 k=2
p
2k
< CY 1l g 0m
k=2
p
<CY_lull,,
k=2 2

which implies that G(u) = o(||u||#, ), where
3

H

ST

2w
= {ueH2(0,2n)‘/ udx:O,u(x+2n):u(x)},
0

then condition (2.3) holds true.

Step 3. In this part, we prove the existence of attractor bifurcation and analyze the topo-
logical structure of the attractor X,.

Let E} = E, = spanfey, e}, E} = Ey. Let ® be the center manifold function, in the neigh-
borhood of (u#, 1) = (0, u + @), we have

u=y+®e@y),

where y = x1e; + xy€.
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Then the reduction equations of (3.2) are as follows:

dxy

= (A= p—a)x +(G(u), er),

dxy

4.3
T2 = (A= p—a)xy + (G(u), e3). -

To get the exact form of the reduction equations, we need to obtain the expression of
(G(M), el) and (G(M)’ 82)'

Let G, : H; x H] — H and G3 : H; X H; X H; — H be the bilinear and trilinear operators
of G respectively, i.e.,

Ga (1, u2) = azunuy,

Gs(u1, U, u3) = azutous.

Since
(GZ(%y)r el) = <G2()’,y), 62) =0,

the first order approximation of (4.3) does not work. Now, we shall find out the second

order approximation of (4.3). And the most important of all is to obtain the approximation
expression of the center manifold function.

By direct calculation, we have

a:
T%xlxz, k = 3,

(Ga(r,), &) = 2‘\’/2779@ - Z‘%xf, k=4,

0, k#3,4.

According to the formula of Theorem 3.8 in [15] (or Remark 4.1), the center manifold
function @, in the neighborhood of (u, A) = (0, u + ), can be expressed as

() = - _ B MGy exex + O((1B11 + 1B21) Iy1?) + o(1y1%)

k=3

a
=—(A—-16p — 4a)‘lﬁ (2x1%2€5 + X3e4 — X7 €4)

+O(1x = —a(|x1]* + [%21%)) + 01| + [%2]%).

In the following, we calculate (G(u),e;), j=1,2.

(Gu).¢) = (G2 (9, @), ) + (G2 (P1).9), ¢1) + (G3(79), )
+O(Ih = —al (Il + %)) + ol + 1), j=1,2.

By direct calculation, we have

(G2, 2(), e1)
= (G2 (P(9),9), 1)
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195 5 V45
=—(A-16u —4a)” Exl —(A—-16p —4a)” Exlxz

+O(IA = = (|x1] + x2?)) + o (I ? + [2]?),
(G250, 2(9), e2)
= (Gz(dJ(y),y),eg)

145 3 145
=—(A-16pu - 4a)” Exz —(A—-16u —4a)” Exlxz

+O(1A = = (Jx1] + x2?)) + oI ? + x2]?),

3613 3613
(GS(Y,}’,}’), el) = Ex%' + Exlx%,

3613 3&3
(G?)(Yr%y)» 62> = Exg + E?C%xz,

then we obtain the expression of (G(u),¢;), j =1,2.

<G(u),el) = Ax} +Ax1x% + O(IA - - a|2(|x1|3 + |x2|3)) + 0(|x1|3 + |x2|3),

(4.4)
(G(w), ) = Axiy + Ax + O(IA — o — e (|31 + 1%21%)) + 0|21 ] + |2 ),
2
where A = —(A - 16 — 4a) 1 22 + %3.
Putting (4.4) into (4.3), we have the reduction equations
B = (A~ — o)y + Ax + Axynd
+O(Ih = —a (e + 1x21?)) + o(lx1 ] + [x213), (45)
dxy _ :

T2 = (M- - a)xy + Axixy + Ax;

+O(In = = aP(Ial? + %2 ) + o(jar * + 22]?).

For the case of A < i + «, it is obvious that u = 0 is locally asymptotically stable. For the
case of A = u + «, if 211% + (451 + 9a)as < 0, which implies that A < 0, then u = 0 is also
locally asymptotically stable. Assertion (1) of Theorem 4.1 is proved.

Since the following equality holds true:

X1 (A%} + Axiad) + 20 (Axxy + AxD) = A +3)°,

according to Theorems 2.1, 2.2 and Remark 2.1, we can conclude thatif A > i + «, equation
(1.1) bifurcates from u = 0 to an attractor ¥;, which is homeomorphic to S'.

Step 4. In the last step, we show that the bifurcated attractor of (3.2) consists of a singu-
larity cycle.

Since the even function space is an invariant subspace of L, + G defined by (3.1), we shall
consider the bifurcation problem in the even function space and prove that system (1.1)
bifurcates from (u,A) = (0, t + ) to two steady solutions. For any function v in the even
function space can be expressed as follows:

V= szkezk,

k>1

Page 8 of 13
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by the Lyapunov-Schmidt reduction method used in Step 3, we can deduce that the re-
duction equation of (1.1) is as follows:

d
ditZ =(A—p—a)x +Ax§ + O(IA - - ozlzlle?’) + 0(|x2|3), (4.6)

which implies that (1.1) bifurcates from (, 1) = (0, i + ) to two steady solutions V,\i (x,2) =

4(16pu+4a—A)(Lt+a—A)
3a3(16p+4a-1)+2a3
Since the solutions of (2.1) are translation invariant,

cosx + h.o.t. in the space of even functions.

Vi t)—> Vix+6,t), VOeR,
the set
T = {V;(x+9,t)|9 GR}

represents S* in H;, which implies that )", consists of exactly one circle of steady solutions
of (1.1). This completes the proof of Theorem 4.1. d

Remark 4.1 Suppose that {e;}, the generalized eigenvectors of L, , form a basis of H with
the dual basis {e}} such that

ene’) =0, ifi+),
€, €;
T 20, ifi=).
We have

v=x+y€cEr ®F;,
m
A
x:ineieEl,
i=1

o0
y = Z xie; EE;‘.

i=m+1

Then near A = Ag, the center manifold function ¢(x,2) in Theorem 3.8 in [15] can be
expressed as follows:

¢ 1) = Y ¢i(x 2)e+ O([Re (V)| - x1¥) + o(l1x]"), (4.7)
Jj=m+1

where

1
di(x,A) = ———(Gr(x,...,%),€),,.
U 13],()\) < 7 )H
Remark 4.2 If g(s) in (1.1) is not a polynomial but a C® with Taylor’s expansion in s = 0 as
g0) =21 arsk; if 2a3 +45paz +9aas < 0 is satisfied, then the conclusions of Theorem 4.1
also hold true.

Page9of 13
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Remark 4.3 If the higher order terms Y *_, axu* in g(u) are omitted, from the proof of

Theorem 4.1, it is easy to see that the conclusions of Theorem 4.1 also hold true.

5 Applications
In this section, we apply Theorem 4.1 to a model of the population density for single-
species as follows:

g—‘t’ Z—de4v+0{a 2v+b1v+bzv +as® +by, (x,8) €R x(0,00),
f02 v(x, t)dx = 5% -, t=0,

v(x, t) = vix + 2k7r, t), VkeZ,

(5.1)

v(x,0)=ug +vy, x€R,

where u, o are the diffusion coefﬁcients vis the population density for single-species, and

__3 @ 3“2
a)<0,a3<0, by = A4a3+64 2,b1 16a3

and b; < 0. Inspired by the work of Murray [20], b; represents the birth rate, byv? + azv

, by = —. It is easy to see that by < 0, b; >0
3
describes the intra specific competition, and b, stands for the emigration which arises
from disease.

It is not difficult to verify that vy = 1. Isapositive steady solution of system (5.1). From

the translation
u(xx t) = V(xr t) — Vo, (52)

we derive the following system:

%—‘::—u%u+a§2u+ku+a2u +asu®, (x,t) e R x (0,00),
27Tu(ac,t)dx:0, t>0,
ulx, t) = ulx + 2km,t), VkelZ,

u(x,0) =uy, xe€R.

According to Remark 4.3, if the condition 261% +45pa3 +9aas < 0 is satisfied, the conclu-
sions of Theorem 4.1 for system (5.3) also hold true. Consequently, from the translation

(5.2), we have the following results for (5.1).

Theorem 5.1 For problem (5.1), if 2a3 + 45uas + 9aas < 0 is satisfied, then the following
assertions hold true:

1) fh<p+a- E ﬂ— the steady state vy = 23 is locally asymptotically stable
(Figure 1).
) Ifbi>p+a - E a—, system (5.1) bifurcates from the solution vy to an attractor Zp,.

This implies that the stability will switch from the original state (i.e., vo) to a new one
(i.e., Xp,) (Figure 1).

(3) Xy, is homeomorphic to S' and consists of exactly one cycle of steady solutions of (5.1)
(Figure 1).

Page 10 0of 13
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Figure 1 Bifurcation diagram for the model of the population
density for single-species. (1) Bifurcation appearsat Ao = 1 + o

2
- % Z—; (2) Bifurcated attractor Xy, is the boundary of the shaded
region. (3) The first horizontal solid line from above denotes that the
solution v = v is stable, and the horizontal dotted line means this

solution is unstable.

Vo m

3y

27
A B

Figure 2 The spatial distribution of the population density. (1) Figure 2(A) shows that the population
density keeps a uniform spatial distribution when the birth rate is low. (2) Figure 2(B) shows that the
population density changes periodically with space when the birth rate becomes high enough. (3) The area
of the shaded regions stands for the population of this single-species. And the area of the shaded region in
Figure 2(A) is equal to the area of the shaded region in Figure 2(B).

(4) Xy, can be expressed as

Ty, = {vo + Zcos(x +0) + o(|%]) 10 € R},

4(16pu+4a—2)(u+a—A)

where X =
3a3(16u+4a—k)+2a% ’

and jL+ o <A< U+ + €, € is sufficiently small.

Furthermore, Theorem 5.1 and the equality

21 a
/ v(x,t)dx=—m, t>0,
0 2as

yield the following biological results.

Biological results For the model (5.1), if 2a3 + 45ua3 + 9aas < 0 is satisfied, we have the
following assertions:
(1) The population of this single-species is a conservative quantity.
(2) If the birth rate is low, then the population density will keep a uniform spatial
distribution (Figure 2(A)).
(3) If the birth rate becomes high enough, then the spatial distribution of the population
density will not keep uniform but change periodically with space (Figure 2(B)).

6 Discussion
Taking « = 1, A = 1, g(u) = —u® in (1.1), Peletier and Troy [6] analyzed stationary antisym-
metric single-bump periodic solutions. They found that the coefficient of the fourth-order
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derivative term p played a role of system parameter. If y < %,

lutions is still very similar to that of the Fisher-Kolmogorov equations. However, if 1 > é,

the family of periodic so-

different families of periodic solutions emerged.

Taking ¢ =1, A =1 in (1.1), and under hypothesis that g(1) = -1, g'(1) < -1, g’(#) < 0 for
0 < u <1, Rottschéder and Wayne [8] showed that for every positive wavespeed, there exists
a traveling wave. And they also found that there exists a critical wavespeed c*. If ¢ > c*,
the solution is monotonic; otherwise, the solution is oscillatory.

Unlike the work mentioned above, which focuses on the structure of solutions varying
with the system parameter (i or ¢), the manuscript presented here investigates the topo-
logical structure and the stability of solutions varying with the system parameter, i.e., X.
Firstly, if A < u + «, the bifurcated attractor consists of the trivial solution; if » > u + o,
the bifurcated attractor consists of only one cycle of steady state solutions and is homeo-
morphic to S*. Secondly, if A < i + o, the trivial solution is locally asymptotically stable.
However, if A > i + ¢, the stability switches from the trivial solution to the bifurcated at-
tractor.

Since the increment of dimension of spatial domain may lead to much richer bifurcated
behavior, further investigation on higher dimension of spatial domain is necessary in the
future.

7 Conclusions

In this article, we first prove the existence of attractor bifurcation when the system param-
eter crosses critical number p + , which is the first eigenvalue of the eigenvalue problem of
the linearized equation of (1.1). Second, we show that the stability of solutions varies with
the system parameter 1. If A <y + , the trivial solution u = 0 is locally asymptotically sta-
ble. However, if A > u + «, the stability switches from u# = 0 to X,. Third, the topological
structure of the attractor is investigated. We prove that the attractor X, consists of only
one cycle of steady state solutions and is homeomorphic to S!. At last, the expression of
bifurcated solution is also obtained.
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