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Abstract

We study the spectrum on the imaginary axis of the underlying operator which
corresponds to the M/G/1 queueing model with exceptional service time for the first
customer in each busy period that was described by infinitely many partial differential
equations with integral boundary conditions and obtain that all points on the
imaginary axis except 0 belong to the resolvent set of the operator and 0 is an
eigenvalue of the operator and its adjoint operator. Thus, by combining these results
with our previous results, we deduce that the time-dependent solution of the model
converges strongly to its steady-state solution. Moreover, we show that our result on
convergence is optimal.
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1 Introduction
According to Takagi [1], the M/G/1 queueing system with exceptional service time for the
first customer in each busy period can be described by the following partial differential

equations with integral boundary conditions:

d 0 o0

Pdot(t) =—Apo(2) +/0 Qi(x, t)bo(x) dx +/0 pi(x, £)b(x) dx, (1.1)
ap1(x, ap(x,

pla(f t) + pla(;c t) _ —(A +b(x))p1(x, 1), 12)
apka(:1 t) + 319/;(: t) _ _(}L + b(x))pk(x, t) + )ka_l(x, t)’ k >2, (13)
BQB(:; t) + an(;C, t) _ _(}L + bO(x))Ql (x, t), (14-)
aQ;(;c, t) + 8Q§§c, t) _ —(A + bo(®)) Qi ) + AQea (%, 8), k=2, (1.5)
p(0,1) = / Qrs1(x, £)bo (x) dx + / pin(x, 0)b(x)dx, k>1, (1.6)

0 0

Ql(or t) = ApO(t)r Qk(O, t) =0, k >2, (17)
po(0)=1,  pi(x,0)=0, Qi(x,0)=0, k>1, (18)

© 2013 Gupur and Ehmet; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.boundaryvalueproblems.com/content/2013/1/17
mailto:genigupur@yahoo.cn
mailto:geni@xju.edu.cn
http://creativecommons.org/licenses/by/2.0

Gupur and Ehmet Boundary Value Problems 2013, 2013:17 Page 2 of 21
http://www.boundaryvalueproblems.com/content/2013/1/17

where (x,t) € [0,00) x [0,00); po(t) represents the probability that there is no customer in
the system and the server is idle at time ¢; p,(x, £) dx (n > 1) represents the probability that
at time ¢ there are n customers in the system and the server is busy with remaining service
time lying between in [x,x + dx); Q,(x, ) dx (1 > 1) represents the probability that at time
¢ there are n customers in the system and the server is busy with the elapsed service time
of the first service lying between x and x + dx; A represents the arrival rate of customers;
b(x) is the service rate at x; bo(x) is the exceptional service rate at x.

Many papers have been published about queueing systems with server vacations. But
most works on vacation models have been limited to the analysis of steady-states. There
are few treatments of transient behavior, see Welch [2], Minh [3], Takagi [1], Gupur [4,
5] for instance. In 1990, Takagi [1] first established the mathematical model of the M/G/1
queueing system with exceptional service time for the first customer in each busy period by
using the supplementary variable technique, then studied the time-dependent solution of
the model by using probability generating functions and got the Laplace transform of the
probability generating function. Roughly speaking, he obtained the existence of a time-
dependent solution of the model. In 2002, by using Cy-semigroup theory in functional
analysis, Gupur [6] proved that the model has a unique positive time-dependent solution
which satisfies the probability condition. In 2003, Gupur [4] considered the asymptotic
behavior of the time-dependent solution of the model when b(x) and by(x) are constants.
Firstly, he determined the resolvent set of the adjoint operator of the operator correspond-
ing to the model; next he proved that 0 is an eigenvalue of the operator and its adjoint oper-
ator with geometric multiplicity one. Thus, by using Theorem 14 in Gupur, Li and Zhu [7]
obtained that the time-dependent solution of the model converges strongly to its steady-
state solution. In 2009, Zhang and Gupur [8] found that the operator has one eigenvalue
on the left complex half-plane. In 2011, Lin and Gupur [9] proved that the operator has
infinitely many eigenvalues on the left complex half-plane which converges to zero and
therefore showed that the convergence of the time-dependent solution of the model ob-
tained in Gupur [4] is the best result on the convergence, that is to say, it is impossible that
the time-dependent solution exponentially (uniformly) converges to its steady-state solu-
tion. In the case that b(x) and by (x) are functions, any literature about asymptotic behavior
of the above model has not been found. This paper is an effort on this subject.

According to Theorem 14 in Gupur, Li and Zhu [7], to obtain the asymptotic behavior
of the time-dependent solution of the above model, we need to know the spectrum of the
underlying operator on the imaginary axis. By investigating the above model and compar-
ing with Gupur [10], one may find that the main difficult points of the above equations
(1.1)-(1.8) are that there are infinitely many equations and boundary conditions. When
studying the population equation, Greiner [11] put forward an idea to perturb the bound-
ary condition which states ‘one can introduce the maximal operator without the boundary
condition and define a boundary operator, and by studying the spectrum of the boundary
operator and the maximal operator can discuss the spectrum of the underlying operator
which corresponds to the population equation’ In 2007, Haji and Radl [12] successfully
applied Greiner’s idea to the M/M?®/1 queueing model, in which both the service rate and
arrival rate are constants, and studied the asymptotic behavior of its time-dependent so-
lution. Gupur [5, 13] obtained the asymptotic behavior of the time-dependent solutions
of two queueing models by using Greiner’s idea. In this paper, firstly, by using probability
generating functions, we prove that 0 is an eigenvalue of the underlying operator; next,
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by using the idea in Gupur [5, 13], the result in Haji and Radl [12] and Corollary 2.3 in
Nagel [14], we deduce the resolvent set of the underlying operator; thirdly, we show that 0
is an eigenvalue of the adjoint operator of the underlying operator, and therefore, by using
Theorem 14 in Gupur, Li and Zhu [7], we obtain that the time-dependent solution of the
above model converges strongly to its steady-state solution. Finally, by Lin and Gupur [9]
we show that our result on convergence is optimal, that is to say, it is impossible that the
time-dependent solution of the model converges exponentially to its steady-state solution.
Although the idea and method in Gupur [4] are quite different, the main result is a special
case of our result.

In this paper, we use the notations in Gupur [5, 6, 13]. Take the state space as follows:

p R x L0, 00) x L'[0,00) x L}[0,00) X ---,
X=4®Q) | Qe L'[0,00) x L'[0,00) x L'[0,00) x - --,
(s QI = 1pol + Doy 1Pall11[0,00) + 2oer 1QullL1[0,00) < O©

It is obvious that X is a Banach space. In addition, X is also a Banach lattice under the

following order relation:

(19» Q=< ()/, 7)) = bo = Yo, pn(x) = yn(x): Qu®) <z,(x), n=>1

For convenience, we introduce

Big(x) = —% - (k + b(x))g(x), g€ W 0,00),
Byg(x) = —d‘i(;) — (A +bo(%))g(x), g€ W"0,00),

$f (x) = /0 bo@)f () dx, f € L'[0,00),

W) = fo b @ ds, £ e L0, 00).

We define
X ¥ 0 0 - Po
0O B, 0 O --- pix)
An(p, Q) = 0 2 B 0 -|]|p)
¢ 0 Qix)
0 0 Qa(x)
Tlo o QW |’
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B, 0 0 -\ [Qix)
A By 0 ]| Q)

0 A By - ||Q&®|]|’

) ¢ 1110, 00), 4% ¢ [1[0,00),1n > 1,
DA, =1, QeX

pn(x) and Q,(x) are absolutely continuous functions
and 3707 1122 | 1110,00) < 00, Yoy 192 [l 1370,00) < 00

We choose a boundary space as
IX=0Ix1I
and define the boundary operators

L:D(A,,) — 30X, ®:D(A,,) — 0X,

Po p1(0 Q1(0
pix) P2(0
Le.Q=L1 1, | (o)
0 ¢
0 0
w 0

00 v 0 Po 0 0 0 Qi (%)
00 0 v () 0 ¢ 0 Qa(x)
QA= {10 0 0 o @ | o 0

S O >

0 0 Po
0 0 pi(x)
0 0

p2(x)

Now we introduce the underlying operator (4, D(A)) by
Ap=An,p,  DA)={peDAy)|Lp=Pp}.

Then the system of the above equations (1.1)-(1.8) can be written as an abstract Cauchy
problem in the Banach space X, which is just the form given in Gupur [6]

WO _ Ap, Q)(t), te(0,00),

1 0
(1.9)
»,Q(0) = ((") : ("))
Gupur [6] has proved the following result for the system (1.9).

Theorem 1.1 The operator (A,D(A)) generates a positive contraction Cy-semigroup

T(t) and the system (1.9) has a unique positive time-dependent solution (p, Q)(x,t)
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T(t)(p, Q)(0) which satisfies

|2, QG0 =po@ + / pulx,t)dx
n=1 0
n\*» d =]-y \4 0, .
+Z;/O Q, (%, £) du t € [0,00)

2 Main results

Lemma 2.1 IffoOo Axb(x)e™Jo POV gy <1, then 0 is an eigenvalue of A with geometric mul-

tiplicity one.

Proof We consider the equation A(p, Q) =0, i.e.,

wwo= [ Qiwbol)dx + / p1(@)b(x) d,
0 0

dpciix) = — (% +b(x)p1 (%),

% = —(A + b@))pu(®) + Appa(x), Vn=2,

d

lex(x) = — (A +bo(x)) Qi (x),

d%;(x) — (% +bo(®)) Qu(x) + AQua (%), Vn =2,

2@ = [ Quaaxbolx) dx + / Pra@b@) dx, 1= 1,
0 0

Q1(0) = Apo, Q(0)=0, k=>2.
By solving (2.2)-(2.5), we have

p) = ale’“’fg v

D) = a, e Jo O

X
N L GL / Do) POEL o
0

Qi(x) = beJo o4,

Qu(x) = by,e_)"“fg bo(§)dé

X
5 o= bol€) e / Qi ()0 gg s o
0

Through using (2.8)-(2.11) repeatedly, we deduce

X " (Ax)k‘l
pn(x) = e*}‘x’fo b(§)ds Z (k 1)'ﬂn+1—k; n>1,

(x)kt
(k-1)!

Qu(x) = e+ o bol®)d Z

bk, n=>1

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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By combining (2.10) and (2.11) with (2.7) and using (2.13), we deduce

Ax)n1 «
Qu(x) = Apo&e’“’fo bo®ds -y > 1 (2.14)
(n-1)

=

00 S o) ()»x)ml
= A
;nQnumo,m) Zl /0 ‘ POl

00 X ()»x)"_l "X
= Alpol /0 > =Ty 1)16_”_“ bol&)ds gy
n=1

L IGL M

[ee]
— )\-lp()'f e}\xef)»xffo bo (&) dE dx
0

- A|p0|/ e Joho®ds ge oo, (2.15)
0

It is difficult to determine directly all a; and to verify > ro, l|p«ll L1[0,00) < ©0. In the follow-
ing, we use another method. We introduce the probability generating function P(x,z) =
Y oo pu(x)z" for all complex variables |z| < 1. Theorem 1.1 ensures that P(x,z) is well de-
fined. (2.2) and (2.3) give

D e R .
—EE e = ;(x +bW)pu@)2" + Z; Pra(x)2",

0P(x,z)
0x

= (A +0(0)) Y _pu)" + 22 pa®)2",

n=1 n=1
dP(x,z)
0x

= —(A + b(x))P(x, z) + AzP(x,z) = [)L(z -1)- b(x)]P(x, Z)
=

P(x,z) = P(0, z)e*ED-Jo b&) s (2.16)

By applying (2.6), (2.16), (2.14), (2.1), [° b(x)e f0 PE% g = 1, [ bo(x)eJo 0© 4 gy = 1
and the L'Hospital rule it follows that

P(0,2) = an(o)z” = Z(/O Qui1(x)bo(x) dx + /(; Pl (%)b(x) dx)z”
n=1 n=1
= /0 bo(x) Z Qn+1(x)z” dx + /0 b(x) an+1(x)zn dx
n=1 el
= /0 bo(x) ; Apo %z”e‘*x—fg bo(§)d& dx

o) 1 o
o [0 Y puawz s
0 n=1

e}
= po / bo(x)e*=e ™l Lol
0

Page 6 of 21


http://www.boundaryvalueproblems.com/content/2013/1/17

Gupur and Ehmet Boundary Value Problems 2013, 2013:17 Page 7 of 21
http://www.boundaryvalueproblems.com/content/2013/1/17

+ /000 b(x)% {an(x)z" —pl(x)z} dx

n=1

=Apo / h bo(x)e**@D=Jo bo®)ds g,
0

+ % /0 b(x) ;pn(x)z” dz - f b(x)p: (x) dx

0

= Apo / h bo (x)e**@ Do bo®)ds g,
0
1 o0 o0 oo )
+ - / b(X) an(x)z” dz — |:)\,p0 — / )»Poho(x)e‘“‘fo bo (&) de dx]
ZJo n=1 0

o0
= Apo f bo(x)e“(z’l)’fg bol€)dt gy Apo
0

o0 o0
+ AP / bo(x)e_kx_fg bo®)dg g 1 / b(x)P(O,z)e’\"(Z_l)_fg bE)dE gy
0 ZJo

=
fooo bo (x)ekx(z—l)—f(;C bo(§)dé v _ 1 4 fOOO bo (x)e—kx—fé‘ bo(€)d5

P(O, Z) = z— fOOO b(x)ekx(z—l)—]g b(§)d dx

Apoz

—
% axbo(x)eJo PO gy 1 [ b (x)e S o) gy
1— [ Axb(x)e Jo b®&)d5 gy

lim P(0,z) = Apo. (2.17)
z—1

(2.16) and (2.17) give

> _palx) = lim P(x,2)

n=1

- Jo Axbo(x)e Jo bo®)dt gy 4 I bo(x)e~**= 1o bo(&)ds dpro'
1— [7 Axb(x)e Jobe)ds gy

e X
X f e Jo bEYdE 1
0

< o0. (2.18)

(2.18) and (2.15) show that 0 is an eigenvalue of A. Moreover, from (2.12), (2.14), (2.1) and
(2.6), it is easy to see that the eigenvectors corresponding to zero span one dimensional

linear space, that is, the geometric multiplicity of O is one. O

According to Theorem 14 in Gupur, Li and Zhu [7], we know that in order to obtain the
asymptotic behavior of the time-dependent solution of the system (1.9), we need the spec-
trum of A on the imaginary axis. Through investigating the system (1.9), we find that the
infinite number of equations and the boundary conditions are the difficult points. Greiner
[11] put forward an idea to study the spectrum of A by perturbing boundary conditions.
And by using the Greiner idea, Haji and Radl [12] gave a result which was described by the

Dirichlet operator. In the following, by applying the result, we deduce the resolvent set of
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A on the imaginary axis. To do this, define (4, D(Ay)) as
Awp=Anp,  D(A)={peD@A,)|Lp=0}

and discuss the inverse of Ag. For any given (y,z) € X, consider the equation (yI —

Ao)(p, Q) = (y,2), that is,

(y + \)po = Yo + /0 Q) bo () dx + /0 h p1(%)b(x) dx, (219)
d”dl_fcx) = (v + 2+ B@)p @) + (), (2:20)
dpc’lix) = (¥ + A+ b)) pu(®) + Appaa () + yu(x), Vn =2, (2.21)
QW 1+ o) i) + 2100, (222)
W) - (142 b Q) +1Qua@) + 20, V22, (2.23)
pn(0) =0, Q.(0)=0, n>1. (2.24)

By (2.19)-(2.24) it is easy to calculate

Yo 1 * —eon-fr e de [ (v +2)s+ S b(E) dé
Po + b(x)e " 0 y1(s)e” 0 dsdx
0 0

- Y+A Vv +A
e X x S
" / bo(x)e—(wl)x—fo bo(§)ds / zl(s)e(””)”fo bo®)ds g dy, (2.25)
y+AJo 0
1) = &7+l e e / " Jr(s)etr P be e g (2.26)
0
() = &7 A=l e de / C(s)elr IO i
0
1 eI e / ()OO 4y > ) (2.27)
0
Qi) = &7 9 JE o) de / " (s)el? +1s 5 bol©)d g (2.28)
0

X
Qulx) = e‘(V““)"‘]g bo(§)d / ZW(S)e(VM)ng bo(§)ds g
0

x .
1 pe- 3 bo®) de f Qi (5)e 0O g s 0. (2.29)
0
If we set

Ef(x) = o~ +h)a=[5 b(E) & /xf(s)e(yﬂ)ﬁfé bE) & g Vf € L]0, 00),
0

Eof (3) = &7 915 bo©)ds / " F(5)er PO 45 vr e 110, 00),
0
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then the above equations (2.25)-(2.29) give, if the resolvent of A exists,

A% yaVE 0 0 %
0 E 0 0 y1(x)
(vI-A) )= || O  *E 0 72(%)
0 A2E® AE® E y3(x)

S¢E 0 0 -\ (z(x)

0 0 0 - |]|zk

* 0 00 - ||lzw]|
Eo 0 0 zl(x)
)»E% E() 0 Zg(x)

MES MR Ey ||z

From which together with the definition of the resolvent set we have the following result.

Lemma 2.2 Let b(x),byo(x) : [0,00) — [0,00) be measurable, 0 < infyc[o00)b(x) <

SUP,.[0,00) D (%) < 00 and 0 < infre(0,00) Do (%) < SUP,c(o,50) Po (%) < 00. Then

Rey +A>0,
y € C | Rey +infye[o,00) b(x) >0, ¢ C p(Ao).
Re y + infye(o,00) bo(x) > 0

Proof For any f € L'[0, 00), by using integration by parts, we estimate

/:O|Ef(x)|dx=/ooo

o0 X
< / e—(Rey+A)x—fS b(£)dE / e(Rey+A)s+]5 b(€)dE lf(s)| dsdx
0 0

X
o~y +i)a-[5 b(E) & / v +Ms+ g b(E) d& f(s)ds| dx
0

-1
<
T Rey + A+ infyeqo,00) ()

00 px
x f / e(Rey+A)s+fg b(&)dE lf(s)’ ds de—(Re y+)u)x—fé‘ b(&)dE
0 0

-1
" Re y + A+ infye[o,00) b(%)

X=00

X
« |:e—(Rey+x)x—/g‘ b(€)dg / e(Rey+A)s+fos b(€) dg V(S)| ds
0

x=0

o0
_ / e—(Re y+0)x—[§ b(E)d& e(Rey+A)x+]§ b(£)dg lf(x)’ dx]
0

1

~Re Y + A+ infyeo,00) b(

B 111 10,00)
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=
1

|E|l < - .
Rey + A + infye[0,00) (%)

I (2.30)

Similarly,

1
Ey|l < ‘
[Eoll < Rey + A + infye(0,00) bo (%)

I (2.31)

From (2.30), (2.31), @]l < sup,cjo,c)Po(®) and [[¥|| < sup,c(o0) b(x) we deduce, for
(5,2) € X,

l(rI-A40)" .2

1
= yO +
y+A Yy +A

1
Ey; + ——@E,
Y EN y+)\¢ 021

BN o0 + [AE*91 + Bya | 11g o) + [AEP90 + AE s + Eys | g,
+ W2ty + 22E%ys + AE?ys + Eya | 1y,

+ ..

+[[Eoz1ll11[0,00) + ||AE(2)21 + Eozo ||L1[0,OO) + ||A2E3zl + AE(Z)zz + Eoz3 ||L1 [0,00)

+ .-

1 1 1
< lyol + [V Ey1| + ————|¢pEpz1]
[y +A] [y +A] [y +A]

+ 1Byl 11j0,00) + | AE*7 ||L1[0yoo) + 1By2lltjo,00) + |42 E*n HLl[o,oo)
+ 1B 10,00y + 1EY3 I 110.00) *+ (2P E* 91 10,0
2By + PS5l + 1Bt

4o

+ 1 Eozll110,00) + |AEG21]| 111,00 + 1E022l11110,00) + |A*Ed21 | 110,00
+ | AE5z2 | 110,00 + IE0%3 11 110,00)

+ ..

1 1 1
< + E + — Eollllz
< Iy+k||y0| |erMIIIPIIII Iyl £1[0,00) IJ/Jerlqﬁllll ollllz1ll 210,00

+ IEN 11l 220,000 + MEN1y1l2110,00) + IEN 17211 2210,00)

+ MENP 1911l 110,00y + MIEN 15211 2210,00) + 1E3 ]l 110,000

+ W NEN* I3l 2 10,00) + A2 IENP 19211 2210,00) + MIEN Y31l c10,00) + IEN Y4l 110,00
e

+ 1ol 1211l 2170,00) + A Eo0lI* 1211121 10,00) + o 11221121 10,00)

+ Mo l1® 1211l 210,00) + MIEo 11122l 110,00) + I1E0 11231l 210,00)

+ ...

1 1 1
= + E + — Eollllz
|y+k||y°| |V+MII’#IIII 3111 170,00) |7/J”\'II¢>IIII ollllzllz110,00)
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00 o0
# W EN o + 23" IEI D2llingo

n=1 n=1

00 oo
# 2N HEN Iy los + D4 EN I9alon

n=1 n=1
R

o0 o0 o0
+ Y W HE "zl po00) + D A IE I Z2ll 1000y + D A IEo I 12311 10,00)

n=1 n=1 n=1
+ e
Ll ST LTI
= Yol + Yillljo,00) T ollllZ1liz110,
[y +2] |y +A] 0Ty (0.00)
o0 o0 o0 o0
+ Y KHEN D S yllziose + DA ™ Y lzallziio,00
n=1 n=1 n=1 n=1
< ol + — WPeioo9 P
N 1
STy a 1P T T A Rey 1 A&+ infrepoog bx) 1 E0)
1 SUPc(0,00) bo(x)
1211l 2110,00)

|y+k|Rey+A+1nfx€[000 bo(x)

1
zZ,
"Rey + infyeo,00) b(x) Z rlocs + Rey + 1nfxe[o o0) bo (%) Z lznltocs

p{ 1 1 SUP,.c[0,00) D(%) N 1
ly+A |y +A|Rey + A+ infye[0,00) 6(¥)  Rey +infye(o,00) b(x)’

1 SUDe[0,00) bo(x) 1 } “
|Y +A|Rey + A +infic(o,00) bo(x) Re y + infyefo,00) Do (%)

which means that the result of this lemma is right. g

Lemma 2.3 For y € p(Ag) we have

(P, Q) eker(yl -A,)

oo oo
po=—1 [b1 / bo(x)erv=lo bo® gy 4 g, / b(x)er+H=fo bE)ds dx:|, (2.32)
Yy +A 0 0

Pal) = e o e Z (M) G n>1, (2.33)
Qu(x) = & 3=l bo& d‘fz (M) by, n>1, (2.34)
(a,a..)ell,  (bybs,...) el (2.35)

Proof If (p, Q) € ker(yI — A,,), then (yI — A,,)(p, Q) = 0, which is equivalent to

(v +Mpo = Qi(x)bo(x) dx + / p1(x)b(x) dx, (2.36)
0 0

dp:1(x) _

P —()/ + A+ b(x))pl(x), (2.37)
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% ==y + 24 b@)pu(x) + hpsa(®), Vn=2, (2.38)
delx(x) _ —(]/ A4 bo(x))Ql(x); (239)
d%;(x) ==y + 2+ bo(®) Qulx) + AQua(x), Vn=2. (2.40)

By solving (2.37)-(2.40) we have

pix) = aye” v HE=fi bE)dg (2.41)
Pul®) = ane—(wk)x—ﬁf b(£) dg
X
+ e rH=fo b / pn_l(s)e()’”‘)“fgb(é)ds ds, n=>2, (2.42)
0
Qu(x) = byl bo®) e (2.43)
Q) = bne—(yw\)x—fé‘ bo(§)d&

x x s
1 pe- L3 bol®) de / Qo (8)e? s 0@ 4o > 0. (2.44)
0

Through inserting (2.41) and (2.43) into (2.36), it follows that

o= / b(x)e=r +1=5 BOE gy
YA

b
+
Y+ A

f bo(x)e~ v +Mx=J5 bo®)ds gy (2.45)
By using (2.41), (2.42), (2.43) and (2.44) repeatedly, we deduce

x
PZ(x) _ aze—(y+k)x—f0 b(&)dE e (y+1)x—[§ b( dé/ a, ds
0

eI fgHEE (4 4 d k), (2.46)

X
() = eSS HOE | 5 pmlyside= 3 b6 de / [y + hsay] ds
0

Ax)?
—(y+A - Jo bl |:613 + Axay + ( 2) ﬂ1i|, (2.47)
pa(x) = age VIl VO pmlradiify

X A 2
X / |:a3 + Asay + (As) al] ds
0 2

(Ax)* (Ax)? ]
a |,

ay +
ERREY

e~ +hx=Jg bl [a4 + Axas + (2.48)

g ()
pala) = TR Ty, 21, (249)

X
Qo) = bye~ V=[5 o) | 5 ~(reade= 3 bote) de / by ds
0

= el b @ dE [, | kb, (2.50)
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X "X *
Qa(x) = bye~ V=I5 BoOdE | 5 =4 bo(6)de / by + Asby] ds
0

x rx)?
= o R 3 bo(e)de [bg 4 hby + ;) bl],

(M)

nk; 7121-

Qulx) = g+l o6 déz

Since (p, Q) € ker(yI — A,,), by the imbedding theorem in Adams [15],

pn<o>| Z 1Pnll 10,000

> lan] =
n=1 n=1

dp,
dx

=

{ 12l 2110,00) + }
L1]0,00)

M2
s
n

o0
<> 1Qullz=fo00)
n=1

dQy,
dx

Mg ﬁM8 § M "M8

{”Qn”Ll 0,00) }
L1[0,00)

=
I
[

8

(2.45)-(2.54) show that (2.32)-(2.35) are true.
Conversely, if (2.32)-(2.35) hold, then by using the formulas

/ ek dx = ;1, C>0,keN,
0 cr

e X e X
/ b(x)e Jo MO gy — 1, / bo(x)e™Jo Lo e gy — 1,
0

0

integration by parts and the Fubini theorem, we estimate

dx

n-1

e (A0

e~y +ha=Jo bl&)dé Z ok
k=0 ’

lpnll 110,00 =
0

00 n-1 k
< / o~ (Rey+1)x—[g b(&) dg Z —()L/f') |@—i| dx
0 .
k=0

_ "Zl k P k!
— k! In-k (Rey + A + infye(o,00) b(x))FH
n-1 )‘.k

= Ay—_k|» n>1
Z (Rey + A + infyeo,00) b))k -4 -

k=0

l

(2.51)

(2.52)

(2.53)

(2.54)
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o0
pol + D Ipall 10,00

n=1

i

o0
< b(x)eJo MO g
ly +Al Jo

&1

bo(x)e’fgb‘)@)ds dx
ly +Al

oo n-1

k
A
+ E E a,_
purlenr Rey+k+1nfx€[o,oo) b(x)(Rey+A+infx€[0,oo)b(x)) -]

Nl + b
ly + 2]

1 > A k oo
" ay
Rey + A +infye[0,00) (%) ;(Rey + A+ infie[o,00) b(x)) Z |Gkl

n=k+1

lai| + |b ] 1
_ R @
ly + Al Re y + infyejo,00) b(x) ; !

<00, (2.55)
n-1

)\‘k
1Qull 12 =< - bk, n=>1
I 0,00) g (Rey + A + infye(o,00) bo (x))<*1 "

=

> 1
D 1Qullpoe) < .
n=1

Rey + A + infyeo,00) Do ()

oo n-1 A k
X b,_
HX: Py <Rey + A + infye0,00) bo(x)) 1Bn-rl

1Dl
Rey +1nfxe[o o) bo(x Z

< 0. (2.56)

(2.33) and (2.34) give

dp,(x) v+ (Ax)
I =—(y + A+ bx)e V™ déz Ank
Lok k-1
—(y+M)x—[§ b Ax
e ey
~(v + 2+ b))pa(x) + 2ppa (), n=2, (2557)
d
’2;” = —(y + A+ b@)p1 (%), (2.58)
dQ,(x) —(y )= [F bo (&) d = ()Lx)k
dx =_()/+)\+bo(x))€ yhef boté S/(Z(;Tbn—k

—1

k=D

4 = bo®)ds Z
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= —(]/ +A+ bO(x))Qn(x) +AQulx), n>2,

dQ(x)
dx

=—(y + A +bo(x))Q(%).

By combining (2.57), (2.58), (2.59) and (2.60) with (2.55) and (2.56), we derive

|| dpa() s
> < [Rey +20+ sup blx)+ |Imy|] 3 I2allioss
n=1 X llito,00) x€[0,00) —

< 00,
Z - n < [Rey+2)»+ sup bo(x)+|Imy|]2||Q,,||L1[0m)
n=1 X i [0,00) x€[0,00) P

< 00.

(2.55)-(2.62) mean that (p, Q) € D(A,,) and (yI-A,,)(p,Q) =0.

It is not difficult to see that L is surjective. Moreover,
|1, - Ket(] = Ap) — X
is invertible for y € p(Ay). For Vy € p(Ao) we define the Dirichlet operator as

Dy = (L|ker(;/1—Am))_1 10X — ker(J/I _Am)

Lemma 2.3 gives the explicit form of D,, for y € p(4o)

ﬁl/’EO 0 0 a; yljd)&) 0 O bl
€9 0 0 as 0 0 0 by
D, (a,b) = & € 0 --|las|+|] O 0 O bs
€9 € € - aq 0 0 0 b4
§ O O O --. h
& 8% 0 0 |5
5 & &% 0 —||bs]],
83 8 81 8o || ba
where
k
€ = (AkL’) e -fThOdE s o
k
5 = O2) (e ICE

k!

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)
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From (2.63) and the definition of ®, it is easy to determine the expression of ®D, for

Y € p(Ao).
WGI @060 0 0 a
oD ] Ve Yea Yeo 0 -] |a
y(@b) = Ves Ve Yea Ye oo || as
#8 ¢ 0 0 -\ (b
¢Sy d81 PS8y O - || D2
T8 98 o8 $s - ||bs |’
Ssve 00 -\ (m #8000 -\ (b
0 00 - ||a 0 00 ||
0 00 ---|las|? 0 00 ||

Haji and Radl [12] gave the following result through which we deduce the resolvent set of
A on the imaginary axis.

Lemma 2.4 Ify € p(Ag) and 1 ¢ o (®D,), then
yeold) <<= 1leo(®D,).
By using Lemma 2.4 and Nagel [14], page 297, we derive the following result.

Lemma 2.5 Let b(x),bo(x) : [0,00) — [0,00) be measurable, 0 < infye[oo0)b(x) <
SUP,c[0,00) D(x) < 00 and 0 < infyc(o,00) Do (%) < SUP,(0.0) bo(¥) < 00. Then all points on the
imaginary axis except zero belong to the resolvent set of A.

Proof Take y = im, m € R\ {0}, d@ = (ay,ay,...) € I'! and b= (by,bs,...) € I'. Then by the
Riemann-Lebesgue lemma,

lim ~ f(x) cos(mx)dx =0,
m— 00 0

lim OOf(x) sin(mx)dx =0, f e L0,00),f(x) >0,
m— 00 0

we know there exists M > 0 such that |m| > M

2 0 2 o0 2
= (/ f(x) cos(mx) dx) + (/ f(x) sin(mx) dx)
0 0
oo 2
d
e

=

< ‘/ooof(x) dx. (2.64)

‘ /0 ” f(x)e™™ dx

/0 ” f(x)e ™™ dx
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By replacing f(x) in (2.64) with f(x) = e**~/o &) £(x) = g**-Jo bo®)d% and ysing the fact

0
<,
0
00
<,
0

n
@e—kx—fg b(§)dg dx, n>1,
n.
(Ax)
n!

oo
f (Ax)" o ime = [ &) ds g,
0 n!

n
L g fy bo®)ds dx, n>1

o0
/ (Ax)" o im+1)x=[§ bo(§)d5 .
o n

we derive, for |m| > M,

|®D, @, b) | = Wea + Yeoas + $81b1 + $p3ob,|
+ Ve + Yeras + Yeoas + ¢Saby + 9810y + $obs|
+ |Yezar + Yeras + feras + Yepay
+ @d3b1 + Paby + P1b3 + Pdobal

+ .-

n n
+ E ¢€jﬂn+1-j+2 Dby
j=0 j=0

A
€0ay +
y+)»1p01 Y+A

o0 o0 o0
<Y Wellal+ Y IWeallasl + ) [Weqllas| + -
n=1 n=0 n=0

$8oby

+ Y 168ullbrl + D 18allbal + Y 168,lIbs| +---
n=1 n=0 n=0

A A
+ ————|Vella1| + ———=¢d0!|b:1]
Nm? + A2 Nm? + A2

[o¢] [o¢] o0
<Y enllal + Y el Y lad
n=1 n=0 k=2
+ D 168ullbrl + D 16841 Y Il
n=1 n=0 k=2

+|Weollar| + |pdol b1

=Y Vel D laxl + Y198 Y bl
n=0 k=1 n=0 k=1
o0
=2
n=0
[o¢]
+)
n=0

> > ()»x)” e [* ad
< Z/O blx)— e Jo PO ™ ™ |y
n=0 k=1

/ " iy B i fgperde g
0 n.

o0
> lax
k=1

o]

Z |bk|

!
k=1

o0 n
f o) L g time e b0 g
0 n
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oo 00 )\’ n " oo
£ / o) 2 ’? e o 0@ g by |
n=0*0 " k=1
© () . *
= / b(x)Z—n' eI POE 43N " |y
0 n=0 k=1

> T e
+ bo(x)z e oo dx2|bk|
0

n!
n=0 k=1

00 [eS)
= / b(x)e“‘e‘”‘fg bE)dE gy Z lak|
0 k=1

o0

e¢}
+ / bo(x)e™* eI MO e " iy |
0 k=1

= f b(x)e’fé‘b(f)dS dx Z ||
0 k=1

+/ bo(x)e™ 10 0% 45y |y
0 k=1

oo o0 oo o0
_ _e*fgb(f)dé Z |ak] _e*fécbo(é)df ||
0 k=1 0 k=1
oo o0
= lal+ Y Ik
k=1 k=1
= @D
B

oD, || <1.

(2.65)

(2.65) means that when |m| > M, the spectral radius r(®D, ) < ||®D, || <1, which implies
1¢ o(®D,) for |m| > M, and therefore by Lemma 2.4, we know y = im ¢ o (A) for |m| >

M, that is,

{im | |m| > M} C p(A), {im|m| < M} Co(A)NiR.

(2.66)

On the other hand, since T'(¢) is positive uniformly bounded by Theorem 1.1, by Corol-

lary 2.3 in Nagel [14], page 297, we know that o (A) N iR is imaginary additively cyclic,
which states that im € 0 (A) NiR = imk € o0 (A) NiR for all integer k, from which together

with (2.66) and Lemma 2.1 we conclude o (A) N iR = {0}.
It is not difficult to prove X', dual space of X, is as follows:

p €R x L®[0,00) x L®[0,00) X -+,

. . .| Q' eL®[0,00) x L®[0,00) x L®[0,00) X -- -,

X =1@,Q)
ll®", Q)Ill = max

sup,-; 1Q;, I j0,00)

sup{|po | Sup,1 12, l2010,00)}»

O
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It is obvious that X~ is a Banach space. Gupur [4] gave the expression of A”, the adjoint

operator of A as follows:

AP, Q)=(G+F+N(p,Q),

(»,Q) eD(G),

where
Y 0 0 0 pZ)
0 (. +b(x)) 0 0 P(®)
6(ra)=|] o 0 4 _(h+b(x)) 0 n®) |,
0 0 0 (1 + b)) e
4 _ (3 + bo(x)) 0 0 Q)
0 — (0 + bo()) 0 Q)
0 0 4 _ (A +bo(x)) G ||’
DG) - { (p*, Q) c df;‘agx) and f%%:x) exist and }
pk(OO) = Qk(OO) = Ol,k = 1
0 0 0 Po
bx) 0 0 p,(0)
Fp,Q)=|| 0 b& o p0) ],
0 0 b pE(O)
bo(x) 0 0
0  bolx) O p1(0
0 0 bO(x) p2(0 ’
0 0 0 bo(x Ps(o
A 0 0 Q,(0) 000 0 -\ p
o 00 0 Q;(0) 00 2 0 «|nw
", Q)=1lo o o Qg(O) lo o 0o & - ||px ]|
0 A 00 Q;(x)
00 » 0 Q%)
0 0 0 A Q; ()

Since T'(¢) is uniformly bounded, by Arendt and Batty [16] and Lemma 2.1, we know that
0 is an eigenvalue of A”. Furthermore, by replacing u and 1 in Lemma 3 in Gupur [4] with
b(x) and by (x), respectively, we deduce the following result.
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Lemma 2.6 If [;° Axb(x)e Jo X% dx < 1, then 0 is an eigenvalue of A" with geometric

multiplicity one.

Since Theorem 1.1, Lemma 2.1, Lemma 2.5 and Lemma 2.6 satisfy the conditions of The-
orem 14 in Gupur, Li and Zhu [7], the following conclusion is the direct result of Theorem
14 in Gupur, Li and Zhu [7].

Theorem 2.7 Let b(x),bo(x) : [0,00) — [0,00) be measurable, 0 < infyejo,00) b(%) <
SUP,c(0,00) (%) < 00 and 0 < infycjo,00) bo(X) < SUP,c(go0) Polx) < 00. If Jo7 Axb(x) x
e Jo P& gy < 1, then the time-dependent solution of the system (1.9) converges strongly
to its steady-state solution, that is,

tl_l)IEQH (p’ Q)(: t) - ((19%: Q*)r (19(0): Q(O))>(P» Q)() || =0,

where (p°, Q") and (p, Q) are the eigenvectors in Lemma 2.6 and Lemma 2.1, respectively.

When b(x) = i and by(x) = 5, Lin and Gupur [9] proved that if /A < \/;7 <A+ \/ﬁ,
then (2y/Aj — A — 1)@ are eigenvalues of A with geometric multiplicity one for all @ € (0,1).
Which means that the result in Theorem 2.7 is optimal, that is to say, it is impossible that
the time-dependent solution of the system (1.9) exponentially converges to its steady-state

solution.
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