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Abstract

We study the inverse problem for non-selfadjoint Sturm-Liouville operators on a finite
interval with possibly multiple spectra. We prove the uniqueness theorem and obtain
constructive procedures for solving the inverse problem along with the necessary
and sufficient conditions of its solvability and also prove the stability of the solution.
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1 Introduction

Inverse spectral problems consist of recovering operators from given spectral characteris-
tics. Such problems play an important role in mathematics and have many applications in
natural sciences and engineering (see, for example, monographs [1-7] and the references
therein). We study the inverse problem for the Sturm-Liouville operator corresponding to

the boundary value problem L = L(g(x), T) of the form

Ly:=—y"+qx)y=21y, O0<x<T<oo, @)

$(0) =y(T) =0, 2)

where g(x) € L1(0,T) is a complex-valued function. The results for the non-selfadjoint
operator (1), (2) that we obtain in this paper are crucial in studying inverse problems for
Sturm-Liouville operators on graphs with cycles. Here also lies the main reason of consid-
ering the case of Dirichlet boundary conditions (2) and arbitrary length T of the interval.
For the selfadjoint case, i.e., when g(x) is a real-valued function, the inverse problem
of recovering L from its spectral characteristics was investigated fairly completely. As
the most fundamental works in this direction we mention [8, 9], which gave rise to the
so-called transformation operator method having become an important tool for study-
ing inverse problems for selfadjoint Sturm-Liouville operators. The inverse problems for
non-selfadjoint operators are more difficult for investigation. Some aspects of the inverse
problem theory for non-selfadjoint Sturm-Liouville operators were studied in [10-14] and
other papers.
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In the present paper, we use the method of spectral mappings [7], which is effective
for a wide class of differential and difference operators including non-selfadjoint ones.
The method of spectral mappings is connected with the idea of the contour integration
method and reduces the inverse problem to the so-called main equation of the inverse
problem, which is a linear equation in the Banach space of bounded sequences. We prove
the uniqueness theorem of the inverse problem, obtain algorithms for constructing its
solution together with the necessary and sufficient conditions of its solvability. In general,
by sufficiency one should require solvability of the main equation. Therefore, we also study
those cases when the solvability of the main equation can be proved or easily checked,
namely, selfadjoint case, the case of finite perturbations of the spectral data and the case
of small perturbations. The study of the latter case allows us to prove also the stability of
the inverse problem.

In the next section, we introduce the spectral data, study their properties and give the
formulation of the inverse problem. In Section 3, we prove the uniqueness theorem. In
Section 4 we derive the main equation and prove its solvability. Further, using the solu-
tion of the main equation, we provide an algorithm for solving the inverse problem. In
Section 5, we obtain another algorithm, which we use in Section 6 for obtaining necessary

and sufficient conditions of solvability of the inverse problem and for proving its stability.

2 Generalized spectral data. Inverse problem
Let {A,},>1 be the spectrum of the boundary value problem (1), (2). In the self-adjoint case,
the potential g(x) is determined uniquely by specifying the classical discrete spectral data

{Au, 0 }n>1, where o, are weight numbers determined by the formula

oy, = / S2(x, 1) dx, (3)
0
while S(x, 1) is a solution of equation (1) satisfying the initial conditions
S(0,A) =0, S'(0,A) =1. (4)

In the non-selfadjoint case, there may be a finite number of multiple eigenvalues and,
hence, for unique determination of the Sturm-Liouville operator, one should specify some
additional information. In the present section, we introduce the so-called generalized
weight numbers, as was done for the case of operator (1) with Robin boundary conditions
(see [11, 12]) and study the properties of the generalized spectral data.

Let the function v (x, 1) be a solution of equation (1) under the conditions
¥(T,1) =0, ¥(T,\) = -1. (5)
For every fixed x € [0, T], the functions S(x, 1), ¥ (x, ) and their derivatives with respect

to x are entire in A. The eigenvalues 1, n > 1 of the problem L coincide with the zeros of

its characteristic function

A()") = (Iﬁ(x,k),S(x,)»)) = W(O:)") = S(T¢)‘): (6)
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where (y,z) := yz' — y'z. It is known (see, e.g., [2]) that the spectrum {A,},>1 has the asymp-

totics
T o K
)On::\/)\n:_+—+_n’ I(,,,:O(l), (7)
T nn n
where

Denote by m,, the multiplicity of the eigenvalue A, (A, = A,41 = - -+ = Ayim,—1) and put
S={n:n-1eN,Ar,1 #X,} U{1}. Note that by virtue of (7) for sufficiently large n, we have
m,, = 1. Denote

d’ 14

1
Sv(xr )\,) = JWS(‘%!)\')’ 1/fv(x; )") = E d)\,v

v (x, A).
Hence, for v > 1 we have

LS, (x»)\) =AS, (xr)\) + Sv—l(x: )\), S\)(Or)\) = S; (0, }‘-) =0,

(% 2) = Ay (6, 4) + Yo d),  Yu(T,4) = ¥(T, ) = 0. ®
Moreover, for n € S formula (6) yields

SUT2) =Y 02) =~ AVGL) =0, v =0T ©)
Put

Sun@®) =Ss@An),  Yun®) = Yu(1,), neS,v=0m,-1 (10)

Thus, {S,(x%)}n>1, {¥.(x)},>1 are complete systems of eigen- and the associated functions of
the boundary value problem L. Together with the eigenvalues 1, we consider generalized
weight numbers «,,, n > 1, determined in the following way:

T
Ay = / Sk+v(x)Sk+mk—l(x) dx, keS,v=0,m -1 (11)
0

We note that the numbers «,, for sufficiently large n coincide with the classical weight
numbers (4) for the selfadjoint Sturm-Liouville operator.

Definition 1 The numbers {},,,},>1 are called the generalized spectral data of L.
Consider the following inverse problem.
Inverse Problem 1 Given the generalized spectral data {A,, @, },>1, find g(x).

Let the functions C(x, 1), ®(x, 1) be solutions of equation (1) under the conditions

C0,1)=®d0,0) =1,  C(0,A) = D(T,A)=0.
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The functions ®(x, 1) and M(A) := ®'(0, 1) are called the Weyl solution and the Weyl func-
tion for L, respectively. According to (6), we have

YA
d(x, 1) = AG) = C(x, A) + M(M)S(x, 1), (12)
(S, 1), d(x,4)) = -1, (13)
d(r) ,
M) = "G d() := (¥ (x 1), Clx, 1)) = —¢'(0,1) = C(T, ). (14)

The function d(A) is the characteristic function of the boundary value problem for the
equation (1) with the boundary conditions y'(0) = y(T) = 0. Let {{t,,},>0 be its spectrum.
Clearly, {*,},>1 N {tn}u=0 = B. Thus, M(A) is a meromorphic function with poles in 2,
n>1, and zeros in p,, 1 > 0. Moreover, (see, e.g., [2])

A = Z—j [] Ao = A, d(n) = (15)

2
n
n=1

72 H (n+ 1/2)2

Let A = p? and put 7 = Im p. Using the known method (see, e.g., [3]), one can prove the
following asymptotics.

Lemma 1 (i) For |p| — 00, the following asymptotics holds

S(x,A) = sin px - Q(x) cos;ox 1 xq(t) cos p(x —2t)dt
P 2p?
1
+ O<—3 exp(|t|x)),
P sinpx 1 [* (16)
S'(x, 1) = cos px + Q(x) o _ %/ q(t) sin p(x — 2t) dt
1 0
+ O(ﬁ exp(ltlx)),
v = T (o - Q) A=Y
+ o(pi2 exp(|t|(T —x))),
; 17)
T -
Y/ (2) = —cos p(T - 2)  (QUT) - Q) 2P T =)
+ o(% exp(|r|(T - x)))
uniformly with respect to x € [0, T.
(ii) Fix 8 > 0. Then for sufficiently large ||
Cs
|AQ)| = ol exp(It|T), A€ Gs, (18)

where Gs = (A= p?:|p —mk/T| > 68,k € Z).

Using (7), (10), (11) and (16), one can calculate

TB
oy = m(l + K_n>, Ky = 0(1),}’[ — OQ. (19)
T°n n
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Fix k € S. According to (14), the function M()) has a representation

i Mk+u 0
M) = Z(; G a + M (), (20)

where Mi,—1 7 0, and the function M,? (A) is regular in a vicinity of At. The sequence
{M,}n>1 is called the Weyl sequence for L. By virtue of (14), (17) and (18), the following
estimate holds

M) =0(p), |r|— 0o,A € Gs. (21)
Moreover, according to (6), (14), (16) and (17), for each fixed § > 0, we have

M(p®) =ip +0(1), |p|— oo,argp € [8,m —4]. (22)
The maximum modulus principle together with (7), (20) and (21) give

|M,| < Cr. (23)

Choose @ > 0 such that A(+iw) # 0 and put

A 1 -
/3()") = T2 . 2’ bn+v = _IS(U)()\n)y ne S¢ v=0,m, -1
At w v!

According to (7) and (23), we get

1 1
+b, IM, =0 =), n— oo,
A=Ay n?

and hence the series

my—1

N()\) = Z Z (m + bn+v>Mn+u (24)

neS v=0

converges absolutely and uniformly in A on bounded sets.

Theorem 1 The following representation holds

M(M)=NQ@)+a, a= lim (it -N(-1%)). (25)

T—>+00

Proof Consider the contour integral

w0 =5 [ (525 400 Mo d, 2eimry,

where the contour T'y := {i : || = (T (N +1/2)/T)?}, N € N has the counterclockwise cir-
cuit. According to (7), we have 'y C G for sufficiently large N and sufficiently small fixed
8 > 0. By virtue of (21), we obtain the estimate

(/\ f o ﬂ(u))M(u) =0 ?)

Page 5 of 24
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uniformly with respect to A in bounded subsets of C, and hence
lim Iy(2) =0. (26)
N—o0

On the other hand, using the residue theorem [15], we calculate

) =-MM)+ Y (Res M) Res (M(/L),B(M))) +b,

w=A )\,—
neS,Ay€int'y =t H

AeintDy \ {An}us1s (27)

where

b= Res(M(u)p()) + Res (M()p(w)) = Mlie) + M(~iw)

w=iw 2
Further, we calculate
Res My = ”‘2:1 Moy Res (M(M)ﬁ(u)) = mi?b M
= A= L r (A —)»n)‘”l’ s an nviVlpiy.

Substituting this into (27) and using (26), we obtain M(A) = N() + b. By virtue of (22), we
get b = a and arrive at (25). O

Theorem 2 The coefficients M, and the generalized weight numbers «,, determine each
other uniquely by the formula

v
> v iMusmy—jr = =8s0, 1M €S,v=0,m, 1. (28)
j=0

Proof Using (10), (14) and (20), one can calculate

v
ZMnern—j—lAanrv—j,n = w;,ﬂv(o): neS,v=0,m,-1, (29)
j=0

where A, = AP (3,)/(p"). Obviously, ¥, (x) = ¥.(0)S,(x), n € S. Moreover, by virtue of (8)
and (10), induction gives

Wn-f—u(x) = Z w;l+j(0)sn+v—j(x)’ neS,v=0m,-1 (30)
j=0

Further, since

_S”(xr )") + q(x)S(x»)x) = )‘S(xr )")! —W”(x» /’L) + q(x)ﬂﬁ(x, M) = l’”p(xr /’L)’

we get

(S(x,)»)lﬁ/(x, /’L) - W(x, /’L)S/(x!)\))/ = ()‘ - ,LL)S(JC, )»)1/f(x: M);

Page 6 of 24
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and (4), (5) and (6) yield

AG) - Aw) _

T
P —/0 S(x, M)y (x, 1) dx.

Hence,

d T
EA()L) = —/0 S, M) (x, 1) dx,

and we calculate

1 my+v-1

T
Amn+u,n = _m” T FZO /0 %(x» )"n)Smn+v—l—j(x: )\‘}’l) dx: V= 0.

Using (8) and (10) and integrating by parts, we obtain

T
Ao = —/ Yo X)Syim,—1(x)dx, neS,v=0,m, -1 (31)
0

Substituting (30) in (31) and taking (11) into account, we arrive at

v
Amysvn ==Y v ¥, (0), n€S,v=0,m, 1L (32)
j=0

Finally, substituting (32) in (29), we get

v j
Z 1/f,;+v_j(0) Zan+j—an+mn—k—1 =—¢,.,,0), neS,v=0,m,-1
=0 k=0

Since ¥, (0) # 0, n € S, by induction we obtain (28). O

According to (19) and (28), we have the asymptotics

2 2.2
M, =-Z " (1:5), «, =o(). (33)
T3 n

Consider the following inverse problems.
Inverse Problem 2 Given the spectra {},},>1, {{tx}u>0, construct the function g(x).
Inverse Problem 3 Given the Weyl function M (1), construct the function g(x).

Remark1 According to (14), (15), (24), (25) and (28), inverse Problems 1-3 are equivalent.

The numbers {A,, M,},>1 can also be used as spectral data.

Page 7 of 24


http://www.boundaryvalueproblems.com/content/2013/1/180

Buterin et al. Boundary Value Problems 2013, 2013:180 Page 8 of 24
http://www.boundaryvalueproblems.com/content/2013/1/180

3 The uniqueness theorem
We agree that together with L we consider a boundary value problem L = L(§(x), T) of the
same form but with another potential. If a certain symbol y denotes an object related to L,

then this symbol with tilde y denotes the analogous object related to Landy =y —7.
Theorem 3 If A, = Ay @y =8y n>1,thenL =1L, ie, T=T, q(x) = qg(x) a.e. on (0, T).
Thus, the specification of the generalized spectral data {1, o, },>1 determines the potential

uniquely.

Proof By virtue of (7), we have T = T. According to Remark 1, it is sufficient to prove that
if M(%) = M(%), then L = L. Define the matrix P(x, 1) = [Pjx (%, A)]jk=1,2 by the formula

Px) Sx,n)  DxA) _[Sea) @@ (34)
S n) @A) S A) D)

Using (13) and (34), we calculate

Pii(x, 1) = UV, 1)S (x, 1) — SUD (x, 1) D' (x, 1), G5
Py (x,1) = SUV(w, 1) D (x, ) — DU (x, 1)S(x, 1),
S(x, ) = Ppy (x, 2)S(x, A) + Pra(x,1)S (x, 1), } 36)
D (x, 1) = Py (%, A)D(x, &) + Pro(x, 1) D' (, 1).
It follows from (12) and (35) that
Puw ) =1+ s (¥ (6, 1) (S' (@ 1) = S'(x, 1)) — S, M) (¥ (%, 1) — ¥/ (%, 1)),
Pral ) = 575 (S5, A5, = w55 1),
PZl(x’ }‘-) = m (W/(x; )")S/(x’ )V) - S/(x’ A‘)I/‘}/(x! )V)):
Py, )) =1+ A0 (S’(x,k)(l/?(x,)») —Y(x, 1) - w/(x,)»)(g(x,k) - S(x,1))).
By virtue of (16)-(18), this yields
Pu(x,)»)=1+0<%), Plz(x,)»)=0<%>, |)»| —> OO,)»GGg, (37)
P22(x,)\‘) =1+ O(%), le(x,)\‘) = O(l), |)\.| g OO,)\. S G(S, (38)

uniformly with respect to x € [0, T']. On the other hand, according to (12) and (35), we get

Ppi(x, ) = Clx, 1) (x, 1) — S(x, A)C' (%, A) + M(XL)S(x, 1)S (%, 1),

Ppo(x, 1) = S(x, 1) Cx, &) — S(x, 1) Clax, ) — M(A)S(x, 1)S(x, 1.
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Thus, if M () = 0, then for each fixed x, the functions Pj;(x,1) and Pi,(x,A) are entire
in A. Together with (37) this yields Pi1(x, 1) =1, Pi2(x, 1) = 0. Substituting into (36), we
get S(x, 1) = S(x,2) and consequently L = L. |

4 Main equation. Solution of the inverse problem
Let the spectral data {A,, ot }y>1 of L = L(q(x), T') be given. We choose an arbitrary model
boundary value problem L=LGk),T) (e.g., one can take g(x) = 0). Introduce the numbers

&,, n > 1 by the formulae

my—-1
kv = ok — /3k| + k_2 Z |M/<+p _Mk+p|;k esSnN Srmk =my,v =0,mi -1, (39)
p=v
&,:=1 for therestof n.
According to (7) and (33), we have
1
£,=0 ~) oo (40)

Denote

)Vn,O = )\m )Vn,l = )Vn; Mn,O = Mn: Mn,l = Mnr

Sp :=S, S1:=8, My,0 2= My, My, = My,

Sk+v,i(x) = Sv (xr )\k,i); §k+u,i(x) = S'v (x; )‘-k,z')’ ke SL’; v =0, Mp; — 1,i=0,1,

S(x, 1), S(x, *
D(x,)\"ﬂ) = M — / S(t,)\.),S(t, M) dt,
A—p 0
1 9v+n
Dot 1) = i Dl ).

Fori,j=0,1,n€S; put

my, i—1
- 1 9Y
Apiilx, 1) = ; Mn+p,iD0,p—u(x; Ay Api)s Pn+v,i;k,j(x) = ] mAk:/(x’}‘) A:Am-,

where k > 1, v = 0,m,,; — 1. Analogously, we define D(x, 1, 11), Dv,,,(x,)»,u), An,i(x,k) and
f’n,,»;k,/(x), nk>1,1i,j=0,1, replacing S with S in the definitions above.

By the same way as in [2], using (7), (16), (33) and Schwarz’s lemma [15], we get the such
estimatesas =Rep >0,n,k>1,4,j=0,1,v=0,1

S| < 't S )~ S )| < Caan (41)

n

Cexpl(|7|)
D@, M, A )| < y
D6 b 2| = e T )

Céexp(|7|x)
k(lp Fmk/T|+1)

(42)

|D(xr)\-))‘-/<,0) _D(x’)‘d)"k,l)| = |p|
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v+l
el < vk )

n
Ckéy

Pni' _Pni' =

| 4,0 (%) ,,kyl(x)| (jn—k|+1)n

o] < G

(1) (v+1) v+t
’Pnsz ) _Pn,i;k,l(x)| = CEk(‘)k-'— P )’

Cké&,
Progi (%) = Ppagi()| < ——2m 43
| n,O,k,/(x) ,l,k,/(x)| = (|I’l —k| T ( )
’P v+1) (x) - poD (x)| <ci,(vi+ kvt
n,0;kj n Lkj n P ’
Cké bk
|Pn,0;k,0 (x) - Pn,l;k,() (x) - Pn,O;k,l (x) + Pn,l;k,l (x)| < 7,;
(In—k| +1)n
(v+1) (v+1) (v+1) (v+1) kv+1
[P0 (®) = PnlkO( x) - PnOkl(x) +Pn1k1(x)| < C&ubi| vk + )
The analogous estimates are also valid for Sn,i(x), D(x, A, Akj)s i’n,i;k,j(x).
Lemma 2 The following relation holds
S'n, Z nisk,0 (%) Sk.0 (%) — i)n,i;k,l(x)sk,l(x)): n>1i=0,1, (44)
k=1

where the series converges absolutely and uniformly with respect to x € [0, T.

Proof Let real numbers 4, b be such that a < minRe A,,;, b > max |ImA,,;|,n>1,i=0,1.In
the A-plane consider a closed contour yy := 9 Ey (with a counterclockwise circuit), where
En={A:a <Rek < (N +1/2)27%/T?,|Im A| < b}. By the standard method (see [2]), using
(12), (35)-(37) and Cauchy’s integral formula [15], we obtain the representation

S(x, 1) = S(x, A) — zim / M(,u)b(x,)»,u)S(x, w)dp + en(x, A), (45)
N

where

v

lim = en(x,A)=0, v=>0,

N—oo a

uniformly with respect tox € [0, T] and A on bounded sets. Calculating the integral in (45)
by the residue theorem and using (20), we get

N
= fy D 250010 i = Y008 = Ak 5 1)5109)

k=1

for sufficiently large N. Taking the limit in (45) as N — 0o, we obtain
0 ~
S, 1) = S, 1) = > (Ako (6, 1) Skio (%) = Ara (x, 1) Sk (). (46)
k=1

Differentiating this with respect to 1, the corresponding number of times and then taking
A =X, we arrive at (44). O

Page 10 of 24
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Analogously to (46), one can obtain the following relation

D(x, 1) = D, 1) = Y (Fioo (o, 1) Sko () = Fr (6, )Ska (), (47)
k=1
where
My i—1
Frui(@,0) = > MyipiGpoy(®, 2, ki), 1 €Siyv =0,1m,; - 1,i=0,1,
p=v
1 d
G(xr)‘ I'L) _‘d VG(?C,)\. /'L)
- D (x, 1), S(x, 1 ® -
Gl ) = &AL S 1) + / &, )3, ) dt.
A= A=p Jo

For each fixed x € [0, T, the relation (44) can be considered as a system of linear equa-
tions with respect to S, ;(x), n > 1, i = 0, 1. But the series in (44) converges only with brack-
ets, i.e., the terms in them cannot be dissociated. Therefore, it is inconvenient to use (44)
as a main equation of the inverse problem. Below, we will transfer (44) to a linear equation
in the Banach space of bounded sequences (see (53)).

Let w be the set of indices u = (n,i), n > 1, i = 0, 1. For each fixed x € [0, T], we define the
vector

¢(x) = [(»bu(x)]zfew = [(’b”'o (x)’¢"’l (x)]le

(where T is the sign for transposition) by the formula

¢n,0(x) - Xn  —Xn Sn,O(x) X = n_l’ §.#0,
¢n,1(x) 0 1 Sn,l(x) ' ! 0, £, =0.

Note that if ¢,,0, ¢,1 are given, then S, 0, S,,1 can be found by the formula

Sn,O(x) _ l &, 1 (pn,O (%) (48)
Sn,l () ni0 1 Pu1 (%) '
Consider also a block-matrix

Hyox0(%)  Hyo1(%)

Hx) = [HM;V(x)]”"’EW B |:Hn,1;k,0(x) Hn,l;k,l(x):| . 1, u=lmiy =)

where
Hn,O;k,O (x) Hn,O;k,l(x) _ E Xn —Xn Pn,O;k,O (x) Pn,O;k,l(x) gk 1
Hn,l;k,O (x) Hn,l;k,l (x) k 0 1 Pn,l;k,O (x) Pn,l;k,l (x) 0 -1

Analogously, we introduce (13n i), qg(x) and ]:I,,, i (%), H (%) by the replacement of S, ;(x),
P, ix;(x) in the preceding definitions with S,, i(%), Py ik j(x), respectively. Using (41) and (43),


http://www.boundaryvalueproblems.com/content/2013/1/180

Buterin et al. Boundary Value Problems 2013, 2013:180 Page 12 of 24
http://www.boundaryvalueproblems.com/content/2013/1/180

we get the estimates

v v Céi
|fni @] <Cn', [Hysy @) < 72—
[n—k|l+1 (49)
[HD ()| < Can+ k), v=0,1,
7 (v v T Cgk
B @ =Cn’s Hay@)] = ——
ln—k|+1 (50)
|ﬁ;(1vz+/<11)(x)| <C&(m+k)?', v=0,1,
|I:[n,i;k.j(x) - ]:In,l';k,j(xO)| < Cé‘k|x — xOl: x,%0 € [0, T] (51)

Consider the Banach space B of bounded sequences a = [au],few with the norm ||a|g =
Sup,,,, lay|. It follows from (49) and (50) that for each fixed x € [0, T'], the operators H(x)

and H(x), acting from B to B, are linear bounded ones and

| F(

o0
: ¢
g [y = Csup Y e <00 (52)
=" k=1

Theorem 4 For each fixed x € [0, T, the vector ¢(x) € B satisfies the equation
$(x) = (I - Hx))¢(x) (53)
in the Banach space B, where I is the identity operator.

Proof We rewrite (44) in the form

Sno(x) _ [ Sno®) _i Puogo®)  —Puoxi(®) | | Sko) n>1
Su1(x) Siax) | 45 Puiio®)  —Puiga@) || Sa@) | T

Substituting here (48), and taking into account our notations, we arrive at

Bri(x) = (%) — Z Hy () i), (m,i) € w,

(kyj)ew
which is equivalent to (53). a

For each fixed x € [0, T, the relation (53) can be considered as a linear equation with
respect to ¢(x). This equation is called the main equation of the inverse problem. Thus,
the nonlinear inverse problem is reduced to the solution of the linear equation. Let us
prove the unique solvability of the main equation.

Theorem 5 Foreach fixed x € [0, T, the operator I — H(x) has a bounded inverse operator,

namely I + H(x), i.e., the main equation (53) is uniquely solvable.

Proof Acting in the same way as in Lemma 2 and using (37) and (38), we obtain

~ 1 ~ ~
D(x,k, M) _D(x:)‘r M) = 2_771 D(x:)‘r g)M(é)D(x’ g: M) dé + 811\1(96:)" M)’
YN
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where

av+j

1 1 = j >
A}gnoo e 8W,8N(x,)»,u) 0, v,j>0,

uniformly with respect to x € [0, T] and A, 1 on bounded sets. Calculating the integral by
the residue theorem and passing to the limit as N — oo, we obtain

1 ml,p_l
D(x¢ )\r /J«) - D(x¢ )\r /J«) = Z(_l)p Z Z Al+v,p(x¢ )\)Dv,O(xx )\l,p: /’L)
p=0 leSp v=0

According to the definition of Py, j ;(x), f’n,i;k,}-(x), we arrive at

[e¢}

P ®) = P /) = > (Pig,0 6)Pro (%) = Priin ()Pries(%)),  mk > 1,4,j=0,1.
=1

Further, taking the definition of H,, ;. ;(x), I:In,i;k,,»(x) into account, we get

Hn,i;k,j(x) - ]:In,i;k,j(x) = Z ]:[n,i;l,p(x)Hl,p;k,j(x)) (7[, l)’ (k’]) ew,
(Lp)ew

which is equivalent to (I — H(x))(I + H(x)) = I. Symmetrically, one gets
(I+HW@)(I-Hx) =1
Hence the operator (1 — H(x))™ exists, and it is a linear bounded operator. O

Using the solution of the main equation, one can construct the function g(x). Thus, we
obtain the following algorithm for solving the inverse problem.

Algorithm 1 Let the spectral data {A,,a,},>1 be given. Then
(i) construct My, n > 1, by solving the linear systems (28);
(ii) choose L and calculate ¢(x) and H(x);
(ili) find ¢(x) by solving equation (53);
(iv) choose n €S (e.g., n =1) and construct q(x) by the formula

by, (%)
q(x) =

=
Bua)

Remark 2 In the particular case, when A, = Joy Oy = @, for n>N (let for definiteness
N+1eSnS) according to (44) and the definition of S, ;(x), f’n,i;kd«(x), the main equation

becomes the linear algebraic system

N

Sn,i(x) = Sn,i(x) - Z(ﬁn,i;k,o(x)sk,o (x) - Pn,i;k,l(x)sk,l(x)); n= I’N; i= 07 11 (54)
k=1

whose determinant does not vanish for any x € [0, 7] by virtue of Theorem 5.
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In the next section for the case g(x) € L,(0, T'), we give another algorithm, which is used
in Section 6 for obtaining the necessary and sufficient conditions for the solvability of the
inverse problem.

5 Algorithm 2

Here and in the sequel, we assume that g(x) € L,(0, T). It is known that then {«,} € /; in for-
mulae (7), (19) and (33). We agree that in the sequel one and the same symbol {«,} denotes
different sequences in /,. Let us choose the model boundary value problem L = L(g(x), T),
so that @ = w (for example, one can take g(x) = 2w/T). Then besides (40), according to
(7), (33) and (39), we have

« ) 3 o0
&y = _n’ Q:= (”&1)2) <00, &y < 00. (55)

Denote
mn,ifl
an,i(x) = Z Mn+p,iSn+p—v,i(x)> nes,v=0,m,;-1i=0,1, (56)
p=v
o0
£0@) = Y (Bro@)Sko(®) ~ Bia(®)Sca(®),  e(x) := 265 (x). (57)
k=1

It is obvious that
AL (x,2) = S, 1)Bi(x), n>1i=0,1. (58)

Lemma 3 The series in (57) converges absolutely and uniformly on [0,T] and allows
termwise differentiation. The function & (x) is absolutely continuous, and e(x) € Ly(0, T).

Proof 1t is sufficient to prove for the case m,; =1, n > 1, i = 0,1. We rewrite &¢(x) to the
form go(x) = A1(x) + A5 (x), where

Ailx) = Z(Mk,o — M) Si0(%)Sko (%),

g~ (59)
As(x) = ZMk,l((Sk,O(x) = Sk1(%))Sk0(x) + St1 (%) (Sk0 (%) — Sk1(x))).

k=1

It follows from (33), (41) and (55) that the series in (59) converges absolutely and uniformly
on [0, T], and

o0
AW <CcY a<ca j=1.2
k=0

Furthermore, using the asymptotic formulae (7), (16) and (33), we calculate

oo d B oo
Ajw) =) (Mo — M) on (Sko@)Sko(®) = <Kk sin 2kx + o(%) >
k=1 k=1

Hence A;(x) € W3[0, T]. Similarly, we get A»(x) € W3[0, T], and consequently &o(x) €
wilo, T]. O
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Lemma 4 The following relation holds
q(x) = q(x) + &(x). (60)

Proof Differentiating (46) twice with respect to x and using (57) and (58), we get

S'(x,1) = S'(x, 1) — €0 (0)S(x, ) — i(ﬁk,o(x, W)Sj o) = Agr(x, 1)) 1 (%)),
k=1
S"(x, 1) = 8" (%, A) - kf:((f?(x,/\)ék,o(x))'Sk,o () = (S(x, A)Byea (v)) ' Sx1(x))
=1
- 25(x, 1) ki(ék,o(x)sz,(xx) — By (%)S), (%)) — kf:(ixk,o(x, NS} o)
=1 =1
- Ak,l (xr )\)SZ’I (x))

Using (1) and (8), we replace here the second derivatives, and then replace S(x, 1) using
(46). This yields

q(x)S(x, 1)

=255, 1) > (Bio () o(%) — By (%)S (%))
k=1

oo

+Z (SCx, 1)Bieo () Sko () — (SCx, 1) By (x)) S (x))
k=1

) (= M0)Aro (6 1) S0 (%) = (h = A1) Axa (1) S (x)) — Al 1), (61)
k=1
where
mj ;=2
Alx, 1) = Z( 1)] Z Z Ak+v+1/(xr)L)Sk+v1(x)
j=0 mk/>2 v=0

Using (1) and (8) for j = 0,1, k€ S;, v = 0,my; —1 my; — 1, we calculate
(S(x’ )L)Bkw,j(x)), +(A - )\‘k,j)Ak+\),i(‘x’ )= 25(75’ }\)Bkﬂ)](x) +(1-46, mkl—l)Ak+v+1](x, A).

Applying this relation, we get

o0

D (566 M)Bro() Sko(®) — (S(x, 1)Bra(x)) Sk ()
k=1

(0 = 20)Aso (3, 1) Sk () = (= Ag1)Ar1 (6 1) Sk (%))

qu

>
I
—_

= 25(6,2) Y (By o (9)Sko (%) = By (0)Sk (%)) + Al 1),

k=1

which together with (57) and (61) gives (60). O
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Thus, we obtain the following algorithm for solving the inverse problem.

Algorithm 2 Let the spectral data {\,, a,},>1 be given. Then
(i) construct My, n > 1, by solving the linear systems (28);
(ii) choose L so that w = & and calculate ¢(x) and H(x);
(iil) find ¢(x) by solving equation (53), and calculate S,;(x), n > 1,j=0,1, by (48);
(iv) calculate q(x) by formulae (56), (57) and (60).

6 Necessary and sufficient conditions

In the present section, we obtain necessary and sufficient conditions for the solvability of
the inverse problem. In the general non-selfadjoint case, they must include the require-
ment of the solvability of the main equation. In Section 7, some important cases will be
considered when the solvability of the main equation can be proved by sufficiency, namely,
the selfadjoint case, the case of finite-dimensional perturbations of the spectral data and
the case of small perturbations.

Theorem 6 For complex numbers {A,, &, },>1 to be the spectral data of a certain boundary
value problem L(q(x), T) with q(x) € Ly(0, T), it is necessary and sufficient that
(i) the relations (7) and (19) hold with {k,} € l;
(i) ay #0 forallnes;
(i) (Condition S) for each x € [0, T), the linear bounded operator I — H(x), acting from
B to B, has a bounded inverse one. Here L is chosen so that & = w.
The boundary value problem L = L(q(x), T') can be constructed by Algorithms 1 and 2.

The necessity part of the theorem was proved above; here, we prove the sufficiency. We
note that sufficiency condition (ii) of the theorem allows to solve linear systems (28) for
finding M,,, n > 1, which are used for constructing the main equation. Moreover, we have

Myim, 170, nes. (62)
Let ¢(x) = [¢,(x)],ew be the solution of the main equation (53). Denote

H) = [Huy®)],,.,, = ([~ H@®) " -1,

(I-H)([+H®)=(I+Hx)(-Hx) =1 (63)
Similarly to Lemma 1.6.7 in [2] using (51) and (53), one can prove the following assertion.
Lemma 5 Forn,k>1,i,j,v=0,1,x € [0,T], the following relations hold

$nix) € CO,TI, |8l ()] < Cn’, (64)

160 (0) - ()| < cant, (65)

1
H, i j(x)| < —+ QN ),
| ”m@H<C&<M_H+1+ n) (66)
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| Hoik(®)| < C& Lo (67)
niskj\¥)| = LSk =k +1 Nk )»
|H;,,L';k,j(x)| < C&, (68)

where Q2 is defined in (55) and

~ . 12
= (Z kK2(|n - k| + 1)2> ’

k=1

We define the functions S,,;(x) by formulae (48), and according to (64), we get (41). Then
(44) is also valid. By virtue of (48), (65) and Lemma 5, we have

v oy C -V
NHORHOTE ST (69)

Furthermore, we construct the functions S(x, 1) and ®(x, 1) via (46) and (47) and the func-
tion g(x) by formulae (56), (57) and (60). Clearly,

Sv (x¢ )\n,i) = Sn+v,i(x)’ ne Sh v =0, My, — 1,i=0,1 (70)

Analogously to Lemma 1.6.8 in [2] using (41) and (69), one can prove the following asser-
tion.

Lemma 6 ¢g(x) € L,(0,T).

Lemma?7 Fori=0,1,neS;v=1,m,;—1 the following relations hold

ESn,i(x) = )\nsn,i(x)r Esnﬂ),i(x) = )\nSnﬂ),i(x) + Sn+v—1,i(x)r (71)
£S(x, 1) = AS(x, A), £D(x, 1) = AP (x, A), (72)
S(0,0)=0, SOM=1, &0, =1  &(T,%)=0. (73)

Proof (1) According to the estimates (42), the series in (46) is termwise differentiable
with respect to x, and hence S(0,1) = 0, §'(0, 1) = 1. By virtue of (70), we have S,,;(0) = 0,
(n,j) € w. Thus, formula (47) gives ®(0,1) = 1.

(2) In order to prove (71) and (72), we first assume that

00 172
Q= <Z(k2g—k)2) < o0. (74)
k=0

Differentiating (63) twice, we obtain
H'"(x) = (I + Hx))H"(x)(I + H(x)) + 2(I + H(x))H'(x)H (x). (75)

It follows from (50), (66) and (67) that the series in (75) converges absolutely and uniformly
for x € [0, T, Hy,i,j(x) € C*[0, T, and

’ H//

n,i;k,j

()| < C&(n + k). (76)

Page 17 of 24
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Solving the main equation (53), we infer

¢n,i(x) = q;n,i(x) + ZHn,i;k,j(x)(i)k,j(x)’ X € [O’ T], (}’Z, l)r (kr]) cw. (77)

k,j

According to (50) and (66), the series in (77) converges absolutely and uniformly for x €
[0, T']. Further, using (77), we calculate

E¢n,i( ) ed’nt ZHnlk] K¢k} ZZH;«”](/ x)¢k1 ZH;“](/ ¢k}

kyj kj kj

where according to (50), (67), (68) and (76), the series converges absolutely and uniformly
forx € [0, T] and

{,,(x) € C[0, T, |8 (x)| < Cr?,  (m,i) e w.

On the other hand, it follows from the proof of Lemma 3 and from (74) that g(x) — g(x) €
C[0, T]; hence

Lni(x) €C0,T],  |€gyi(x)| = Cn?,  (m,i) ew.
Together with (48) this implies that
eSn,i(x) € C[O’ T]’ |£Sn,t(x)| = Cﬂ, |ZSn,O(x) - eSﬂ,l(x)i =< Cnén: (I’l, l) eEw.

Using (44), (57) and (60), we get

oo

085,(2) = €81(%) = D (Prt0/(%) Sk 0 (%) = P ()€1 ()
k=1
= > ((80i®), Bro ()Sk0 (%) = (i), By (%))Ska (), (m,) € w. (78)

>
I

1

Similarly, using (46) and (47), we calculate

28(x, 1) = £S(x, 1) — i(ixk,o(x, A)ESko(x) — Ag1(x, 1) €Sk (%))
P
i((s(x’ ), Bioo())Sko (%) = (S(x, 1), B1 (%))Sk1 (%)), (79)
m
Ed(x, 1) = £D(x, 1 i (Exo (6, 1)€Sk0(%) — Ea (%, 1)€Sk: (%))
e
- i((i(x, 2, Bro(@))Sko (%) = (D(x, 2), Biot (%))Se1 (). (80)

k=1
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Forn € S; and i = 0, 1, it follows from (78) that

o0

MniSii() = £8,,4(x) — Z(i)n,i;k,o (%) €Sk,0 (%) = Py i1 () €Sk (x))
k=1

Mg

((ni = Aki0) P 0 () S0 (%) = (Mo = Ak1) Pt () Sk1 ()

k=1
1 mj.j=2
+ (- 1)1 Z Z Pnlk+s+1/(x)sk+31( x),
j=0 m >l s=0
00
)\n,ign+v,i(x) + §n+v—1,i(x) = ESVHU,i(x) - Z(i)n+v,i;k,0 (x)fsk,o (x) - Pn+v,i;k,1(x)esk,l(x))
k=1

o)
Z }’ll - )V/(O n+vzk0( ) + i)n+v—l,i;k,0(x))sk,0(x)

;._.

k=
— (i = M) P (%) + Prrrov,ie1 (%)) S (%))

1 mk}
+Z 1)1 Z Z Pn+vzk+s+l} Sk+s;( ) V=11mn,i_lx
j=0 my;>1 s=0
and, consequently, we arrive at
oo
Vini) = 3P0 (9)V0@) = Pri1 ()1 &), (m,) € w, (81)
k=1

where for/ €S;, v=1,m;; -1

Vi,i(o) 1= £81;:(x) — XS (%), Virn,i(%) 1= £8100,i(%) — X3S, (%) — Spiv-1,i(%).

Using (81), we get
Bri®) =D Hyinj)Brj(),  (m,0), (k,j) € w, (82)
kj
where

ﬂn,l(x) = nyn,l(x)r ,Bn,O(x) =HNXn (Vn,O (x) - Vn,l(x))'
Since |y,,i(x)| < Cn, |Yu0(%) = Yu1(®)| < Cné,, we have
|Buix)| < Cr?. (83)

It follows from (50), (74), (82) and (83) that |B,,;(x)| < C. Then, by virtue of Condition S
in Theorem 6, B,,;(x) = 0, and consequently y,,;(x) = 0. Thus, we obtain (71).

Furthermore, since

(A - )‘«n,i)An+mn,i—l,i(x: )\); V=my;— 1;

(S(x: )")73}’1+U,i(‘x)> = ~ ~ _
(A - )\n,i)AnJrv,i(x: A) _An+v+1,i(x, A), v=0, My — 2,
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formula (79) gives

S, 2) = €806, 1) = A Y (Aro (6, ) Sk () — Apa (1) S ().
k=1

From this, by virtue of (46), it follows that £5(x, A) = AS(x, A). Analogously, using (80) we
obtain £®(x, 1) = AD(x, A). Thus, (71) and (72) are proved for the case when (74) is fulfilled.
Denote A()) := S(T, ). It follows from (46) and (47) for x = T that

AG) =AM =) (Ako(T, 1) Ako = Aa(T, ) Ary), (84)
k=0
0=(T,4) = Y (Feo(T, 1) Ao — Fir(T, ) Ara), (85)
k=0

where A,,,,; = AV (,)/v!, n €S;, v =0,m,; — 1. Differentiating (84) with respect to A an
appropriate number of times and substituting A = 1,1, we get

o0
A1 =Y (Puako(T) Ako = Puia (T) Agy). (86)
k=1
Let us show that
Py (T) = =S (87)

Indeed, for m, k€S, v = 0,m, —1,s=0,m; —1 we have

mpy—1-s

j)n+v,1;k+s,1(T) = Z Mk+p+sl~)v,p(T7 Xm Xk) (88)
p=0

Moreover, according to (9), we have (S (%, 2n), S(%, Ax)) lso7 = 0, and hence
(Xn - ik)bv,p(T; an S\k) + Dv—l,p(T’ Xn: ik) - Dv,p—l(Ty 5\;4) Xk) =0, (89)

where D, (T, oy ik) = 0 for negative « or 8. For Ay # Ak solving the system (89), we obtain
D, ,(T, oy Xk) = 0, which together with (88) gives P,y 14451 (%) = 0 for n # k. If An = A, then
(11) and (89) give

- -~ 0, O<v+p<m,-2,
Dv,p(Tr )"rn An) =3 . " - (90)
Cprvip—ing+1, My — 1<v+p=<2m,-2.

According to (88) and (90), we have ﬁnw,l;ms,l(T) =0, v < s. Moreover, using (88), (90) and
(28), we calculate

V=S

Pn+v,1;n+s,1(T) = E an+v—s—pMn+v+p—rhn+l = _(Sv—s,O
p=0
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and arrive at (87). Using (86) and (87), we get

Puigo(T) Agp = 0

M2

S
I
—

Then, by virtue of Condition S, Axp = 0, k > 1. Substituting this into (85) and using the
relation ﬁk,l(T,)\) =0, k> 1, we obtain ®(7T,1) =
(3) Let us now consider the general case when instead of (74) only (55) holds. Put

O n<I, M,, n<l,
P i) = Nn Myp:=13 _"
Pny n=1, My, n>1.

We agree that if the symbol y denotes an object constructed with the help of the numbers
{on» M} n>1, then the symbol y() denotes the corresponding object, constructed with the
help of {0, Mu,}n>1. Then for all [ > 1, we have

o 172 1 172
Q) = (Z(nzén,(z))2> = (Z(nzén)z) < 00.

n=1 n=1

For each fixed / > 1, we solve the corresponding main equation

dw(x) = (I - Hy (%) p (),

and construct the functions Sy)(x, 1) and the boundary value problem L(g((x), T). Using
Lemma 1.5.1 in [2], one can show that

lim [lg¢) — 4z, =0, hm max | S, A) = Sx,1)| =0

-0 00 0=<x<
Denote by Sy(x, 1) the solution of equation (1) under the initial conditions Sy(0,2) = 0,
S(0,4) = 1. According to Lemma 1.5.3 in [2], we obtain

lhm 0max |S (x, 1) — So(x,k)|
Hence Sy (x, A) = S(x, A), i.e., £5(x, 1) = AS(x, 1). Similarly, we get £®(x, A) = LD (x, 1).
Notice that we additionally proved that AV (1,) =0, v =0,m, —1, n €S, i.e., {Ay}n=1 is
a spectrum of L. d

Proof of Theorem 6 According to (72) and (73), the function ®(x, A) is the Weyl function
for the constructed boundary value problem L. Choose n* so that m, = m, =1, n > n*,
and put. Differentiating (47) with respect to x and then substituting x = 0, we obtain

0 ~
3 My My
M) = ML) + ( S )
l;‘ A=Ak A-— Ak
mj—1 M my—1 M
k+v k+v
DD I D DD D Q)
i o =2 s voo (A At

*
k<n k<n*


http://www.boundaryvalueproblems.com/content/2013/1/180

Buterin et al. Boundary Value Problems 2013, 2013:180 Page 22 of 24
http://www.boundaryvalueproblems.com/content/2013/1/180

where the series converges uniformly with respect to A in bounded sets. From (62) and
(91), it follows that for each n € S, the number A, is a pole of the function M(A) of or-
der m,. Thus, {A,},>1 is the spectrum, and {M,},>1 is the Weyl sequence of L. Conse-
quently, {A,,, o, },>1 are the spectral data of L. O

7 Spacial cases and stability of the solution
The requirement that the main equation is uniquely solvable (Condition S in Theorem 6)
is essential and cannot be omitted (see Example 1.6.1 in [2]). Condition S is difficult to
check in the general case. We point out three cases, for which the unique solvability of the
main equation can be proved or checked.

(1) The selfadjoint case. It is known that in the selfadjoint case, i.e., when the function
q(x) is real-valued, the spectral data {A,, &, },>1 are real numbers, and

A F Ay (n#m), a, > 0. (92)

Let real numbers {A,, @,},>1 having the asymptotics (7) and (19) with {«,} € [, and satisfy-
ing (92) be given. Choose L, construct ¢(x), H(x) and consider the equation (53). Similarly
to Lemma 1.6.6 in [2], one can prove the following assertion.

Lemma8 Foreach fixed x € [0, T, the operator I — H(x), acting from B to B, has a bounded
inverse operator. Thus, the main equation (53) has a unique solution ¢(x) € B.

By virtue of Theorem 6 and Lemma 8, the following theorem holds.

Theorem 7 For real numbers {\,,a,},>1 to be the spectral data of a certain selfadjoint
boundary value problem L(q(x), T) with q(x) € L,(0,T), it is necessary and sufficient to
satisfy the asymptotics (7) and (19) with {ki} € I, and condition (92).

(2) Finite-dimensional perturbations of the spectral data. Let a model boundary value
problem L with the spectral data {X,,&,},=1 be given. We change a finite subset of these
numbers. In other words, we consider numbers {,,®,},>; such that A, = Ay Uy = @y,
n> N for certain N +1 € S and arbitrary in the rest. Then for such spectral data, the main
equation becomes the linear algebraic system (54), and Condition S is equivalent to the
condition that the determinant of this system does not equal zero for each x € [0, T']. Such
perturbations are very popular in applications. We note that for the selfadjoint case the
determinant of the system (54) is always nonzero.

(3) Local solvability of the main equation. For small perturbations of the spectral data,
Condition S is fulfilled automatically. Let us for simplicity consider the case of simple spec-
tra, i.e., S = N. The following theorem is valid.

Theorem 8 LetL = L(g(x), T) be given. There exists § > 0 (which depends on L) such that if
complex numbers {L,, o, },>1 satisfy the condition Q < §, then there exists a unique bound-
ary value problem L(q(x), T) with q(x) € Ly(0, T), for which the numbers {\,,a,},>1 are the
spectral data, and

”q - é”LQ(O,T) < CQ, (93)

where C depends only on L.
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Proof Let C denote various constants, which depend only on L. Since < 0o, the asymp-
totical formulae (7) and (19) are fulfilled. Choose &y € (0,1) such that if < § then «,, # 0,
n € S. According to (52), we have ||H(x)|| < CQ. Choose § < 8, such that if Q < &, then
|H(x)|| <1/2 for x € [0, T]. In this case, there exists (I — H(x))™. Thus, all conditions of
Theorem 6 are fulfilled, and hence there exists a unique g(x) € L(0, T'), such that the num-
bers {X,, &, },>1 are the spectral data of L(g(x), T'). Moreover, (41) and (69) are valid. Using
(57), one can get (93). (]

Theorem 8 gives the stability of Inverse Problem 1. Denote

o] 2

Q=Y (ng))

n=1
where the numbers £,, n > 1 are determined by the formulae

mp—1-v

Mk - Xk| 2 ~
s]:+\) = T +k Z |Olk+p - ak+p|
p=0

for k € SNS, my = sk, v = 0, my — 1, and &, := 1for other n. According to (7), (19) and (28),
we have C1Q2 < Q' < (L2, C;, C, > 0, and hence (93) is equivalent to the estimate

lg = GllL,0,1) < C2'.

Similarly to [2], one can obtain the stability of the solution in the uniform norm and also
the necessary and sufficient conditions of the solvability for the inverse problem, when
g(x) is in WX [0, T] or in L,(0, T).
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