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Abstract

The existence of solutions for p-Laplacian boundary value problem at resonance on
the half-line is investigated. Our analysis relies on constructing the suitable Banach
space, defining appropriate operators and using the extension of Mawhin's
continuation theorem. An example is given to illustrate our main result.
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1 Introduction

A boundary value problem is said to be a resonance one if the corresponding homoge-
neous boundary value problem has a non-trivial solution. Resonance problems can be
expressed as an abstract equation Lx = Nx, where L is a noninvertible operator. When L is
linear, Mawhin’s continuation theorem [1] is an effective tool in finding solutions for these
problems, see [2—-10] and references cited therein. But it does not work when L is non-
linear, for instance, p-Laplacian operator. In order to solve this problem, Ge and Ren [11]
proved a continuation theorem for the abstract equation Lx = Nx when L is a noninvert-
ible nonlinear operator and used it to study the existence of solutions for the boundary
value problems with a p-Laplacian:

(o)) +f(t,u) =0, 0<t<l,
u(0) = 0 = G(u(n), u(1)),

where ¢, (s) = [s|P~%s, p > 1, 0 < 7 < 1. @, (s) is nonlinear when p # 2.

As far as the boundary value problems on unbounded domain are concerned, there are
many excellent results, see [12—15] and references cited therein.

To the best of our knowledge, there are few papers that study the p-Laplacian boundary
value problem at resonance on the half-line. In this paper, we investigate the existence of
solutions for the boundary value problem

(p()) +f(t,u,u’)=0, 0<t<+00,

1.1)
u(0)=0,  @,(u'(+00)) = 3L, i, (' (§1)),

where @;>0,i=1,2,...,n, Y - ;=1

© 2013 Jiang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.boundaryvalueproblems.com/content/2013/1/207
mailto:weihuajiang@hebust.edu.cn
http://creativecommons.org/licenses/by/2.0

Jiang Boundary Value Problems 2013, 2013:207 Page 2 of 10
http://www.boundaryvalueproblems.com/content/2013/1/207

In order to obtain our main results, we always suppose that the following conditions
hold.

(Hi) O<&<éy<-<§y<+00,0;>0, ) 1 o =1.
(Hy) f:[0,+00) x R? — R is continuous, f(£,0,0) #0, £ € (0,00) and for any r > 0, there

exists a nonnegative function #,(t) € L'[0, +00) such that
[ft,x,)| <he(t), aetel0,+00),xy€R, % <nl=zr
+

2 Preliminaries

For convenience, we introduce some notations and a theorem. For more details, see [11].

Definition 2.1 [11] Let X and Y be two Banach spaces with the norms || - ||lx, || - ||y, re-
spectively. A continuous operator M : X Ndom M — Y is said to be quasi-linear if
(i) ImM := M(X NdomM) is a closed subset of Y,
(i) KerM := {x € X NdomM : Mx = 0} is linearly homeomorphic to R”, n < oo, where
dom M denote the domain of the operator M.

Let X; = Ker M and X, be the complement space of X; in X, then X = X; & X,. On the
other hand, suppose that Y; is a subspace of Y, and that Y is the complement of Y7 in Y,
ie,Y=Y1®Y,.LetP: X — X; and Q: Y — Y; be two projectors and 2 C X an open and
bounded set with the origin 6 € Q.

Definition 2.2 [11] Suppose that N, : @ — Y, A € [0,1] is a continuous operator. Denote
Ny by N.Let X, ={x € Q: Mx = Nyx}. N, is said to be M-compact in Q if there exist a
vector subspace Y; of Y satisfying dimY; = dimX; and an operator R : Q x[0,1] = X,
being continuous and compact such that for A € [0,1],

(@) (I - QN,(Q) CImM C (I-Q)Y,

(b) QN3 x=6,1 € (0,1) & QNx =0,

(c) R(-,0) is the zero operator and R(;,A)|x, = (I = P)|x,,

(d) MIP+R(-,A)] = - Q)N;.

Theorem 2.1 [11] Let X and Y be two Banach spaces with the norms || - ||x, || - ||y, respec-
tively, and Q2 C X an open and bounded nonempty set. Suppose that

M:XNdomM — Y
is a quasi-linear operator and N, : Q@ — Y, A € [0,1] M-compact. In addition, if the follow-

ing conditions hold:

(Cy) Mx+#N,x,Vx €0 NdomM, A € (0,1),
(Cy) deg{JQN,Q2NKerM,0} #0,

then the abstract equation Mx = Nx has at least one solution in dom M N 2, where N = N,
J:Im Q — Ker M is a homeomorphism with J(0) = 0.
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3 Main result

Let X = {u|u € C'[0,+00),u(0) = 0, SUP;c[0,400) 'Ll‘(ft)' < +00, limy_, ;o /() exists} with norm

lull = max{[| {55 lloos |4/l }, where [[ulloc = SUP,c(g 400y ()] Y = L'[0,+00) with norm
Iyl = [y 1y(®)| dt. Then (X, || - ) and (Y, || - [l1) are Banach spaces.
Define operators M : X NdomM — Y and N, : X — Y as follows:

Muy = ((pp(u/))/, Nyu = —Af(t, u, u’), A €[0,1],¢ € [0, +00),

where

domM = :u eX’wp ) € ACI0, +00), (¢, ()" € L'[0, +00),

+OO) Z%wp u (Ez }

Then the boundary value problem (1.1) is equivalent to Mu = Nu.
Obviously,

n +00
KerM = {at|a € R}, ImM:!y‘ye Y,Zai/ y(s)ds:O}.
i=1 &

It is clear that Ker M is linearly homeomorphic to R, and ImM C Y is closed. So, M is a
quasi-linear operator.
DefineP: X — X1, Q:Y — Yj as

Y [ ys)ds

(Pu)(t) = u' (+00)t, (Qy)() = S et €
i=1

where X; =KerM, Y1 =ImQ = {be”*|b € R}. We can easily obtain that P: X — X;,Q: Y —
Y) are projectors. Set X = X1 § Xy, Y = Y1 @ V5.
Define an operator R : X x [0,1] — X5:

o e e [ )W () dr
R(u, \)(¢t) = /0 o |:/T A(f(s, u(s), u (s)) - ! Szizl pop e )ds

+ (pp(u/(+oo))] dt —u/(+00)t,

where }9 + % =1,¢,= (pljl. By (H;) and (Hj), we get that R : X x [0,1] — X; is continuous.

Lemma 3.1 [15] V C X is compact lf{ i Iu € VY and {u/(t)|u € V'} are both equicontinu-
ous on any compact intervals of [0, +00) and equiconvergent at infinity.

Lemma 3.2 R:X x [0,1] = X; is compact.

Proof Let 2 C X be nonempty and bounded. There exists a constant 7 > 0 such that || u| <
7, u € Q. It follows from (H,) that there exists a nonnegative function ,(t) € L'[0,+00)
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such that
If (& u(t),u' ()| <h(t), ae.te0,+00),ue .

Forany T >0, t;,t, € [0, T], u € , A € [0,1], we have

IR(u, M) R(u, 2)(t)

1+ 51 B 1+ ty
1 t +00 ) l zf ru , ’(r))dr .
= 1+t /(; & |:-/; A(f(S, ) () - s EZi:l e ¢ > -
+ (pp(u/(+oo))] dt
1 &2 +00 / S [o 7 frulr), o (r) dr s
- 1+t /0 ‘pq|:'/r )\(f(S, M(S)’u (S)) - Z:ql e g )ds
/ t t /
+¢p(u (+oo)):| dr|+ Tltl -1 +2t2 |i/ (+00)|
rom e Lo X o fru(r), W ()dr
=|Tva /tz wq[/f A<f (uloh ) - == s ¢ >d5
/ 1 1
+¢p(u (+oo))] dr|+ G ivh
2 e , e [ frulr),u (r) dr .
x /o va |:/r A(JC(S’M(S),M (S)) - 1 ngZ-il oebi ¢ )ds
, L t.
+@p(u (+oo))] dr|+ I +1t1 -1 +2t2 r
< [nh || (1+;) . (r)]|:|t _t |+T‘ L1 ]
= ¢q rli1 Z;qzl et Pp 1— 1l 1+4 1+6

4 153
+ - 4
1+t1 1+t2

)

Since {¢, 1, -L} are equicontinuous on [0, 7], we get that (Rl

P14t 1+t
uous on [0, T].

|[R(u, 2)'(11) = R, 1) () |

e ’ l lf U (7’)) s
) (qu:/ ( (S’ M(S)’u (S)) 1 é:X:i=1 aze gl ¢ )ds

+¢)p u (+oo) :|
e , e [ frulr), u (r) dr .
S [ (ot - E SO ),

+¢p(u/(+oo))]‘.

,u € Q) are equicontin-
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Let

Yoiai fo o frulr),u' (r) dr
Y e

g(t,u) = / A (f(s, u(s), u'(s)) — es> ds + ¢p (u’(+oo)).

Then

1 _
|g(t, u)| < ||h,||1(1 + W) +u(r):=k, tel0,T],ueg. (3.1)

j=1 %€~

For t1,£ € [0, T], t; < ta, u € 2, we have

}‘7 i +00 ) ’ ! d
) — (6010 = S [y £ u(r), () ’e—s> W

/ ’ A <f(s, u(s), u'(s)) — ST e
5] i=1“i

ty h
5/ h(s) + ﬂir'h_ge’s ds.
f D e

It follows from the absolute continuity of integral that {g(t, ), u € Q} are equicontinu-

ous on [0, T']. Since ¢,(x) is uniformly continuous on [-k, k], by (3.1), we can obtain that
{R(u, L) (t), u € Q} are equicontinuous on [0, T7].

For u € 2, since

+o0 Yl i +00 ) ) ! d
[ (ot - EEIIRI )
T =1

- e i |12 PR
< A8+ =——— el ds,
T Zi:l et

. e [
lim () + =————
T—>+o00 J_ Zi:l (xie*Ei

e*ds=0,

and ¢, (x) is uniformly continuous on [-r — 7L, r + P71, for any ¢ > 0, there exists a con-
stant 77 > O such that if T > Tj, then

roe S [ fru(r), u'(r) dr
e )

< Z VueQ. (3.2)

— 1/ (+00)

Since

N L Sl [ W ) dr
Uo wq[/f A(f (6l (9) - ST e e )ds

+¢p (u’(+oo)):| dr — u/ (+00) Ty

<o w1+ ﬁ) ro,0] 41} (33)
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there exists a constant 7 > T; such that if £ > T, then

1 1
— t{wq[nh ||1<1+ W) +¢p(r)] " r}n <7 (34)

For ¢, > t; > T, by (3.2), (3.3) and (3.4), we have

‘R(u,?»)(ﬁ) R, 1)(2)
1+4 1+t

L Y [ frun), W () dr
i 1+tl/o {(pq[/r ( (6.46), /() - Yo e ‘ )ds

+ gop(u’(+oo)):| — i/ (+00) } dt

+00 n i +oo . , 4 d
1 { [/ A(f wils)) - Y g {(r u(r}u(r)) re_s>ds

1 + 1y Zi:l Olie_él

v o (i } }df

1 7 +00 Yo fé  f(ru(r), u' (r) dr s
< 1+t1/ {‘/)q[/ A(f(s u(s), M(S)) leaeg, )ds

+ ¢p (1 (+00)) ]—u(+oo) dt

1 { [ +ml(f i(s)) Eia i Jy f("”(r)ur))dre_s)ds

1+t1 Yo oei

+¢p u(+oo) ] —u(+oo)}dt

+oo i +oo 8 / d
{ [ (f s, u(s), u'( 2in® gzlfl(; Z(:z) “ ) res> ds

1+t2

+¢Jp u(+oo) :| —u(+oo)}dr

+OO l d
1 { [ A(f S,u(s) u (s) L fg Sl () re_s> ds

1+t2 Yo oei

+ ¢ (1 (+00)) :| —u (+oo)} dt

<¢g,

and
|R(u, 1) (1) = R(u, 1) (&)

+00 n ; foo . , / d
< §0q|:/ A(f(s,u(s), u'(s)) - e f&Z{(;ng il re"s> ds
5] i=1 %

+¢p (u’(+oo))] - u/(+oo)’

+00 Vl i +OO ’ ’ ! d
o A(f(w(s),u’(s))—Z’zla fé’znf e o)as
2 i=1 %1
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+¢p (u/(+oo))] - u’(+oo)’

<é&.

By Lemma 3.1, we get that {R(u, 1)|u € , A € [0,1]} is compact. The proof is completed.
O

In the spaces X and Y, the origin 6 = 0. In the following sections, we denote the origin
by 0.

Lemma 3.3 Let Q C X be nonempty, open and bounded. Then N, is M-compact in Q2.
Proof By (H,), we know that N : @ — Y is continuous. Obviously, dim X; = dim Y;. For
u € Q, since QI — Q) is a zero operator, we get (I — Q)N; () € InM. For y € ImM, y =

Qy+(I-Q)y=(I-Q)ye(I-Q)Y.So, wehave (I - QN,(Q) C ImM C (I - Q)Y.ltis clear
that

QN,u=0, »e(0,1) < QNu=0

and R(#,0) =0, Yu € X. u € %) = {u € Q : Mu = N,u} means that N,u € InM and
(@p()) + Af(t,u,u') = 0, thus,

R(u, \)(t) = /0 @4 |:/ —(¢pp()) ds + wp(u/(+oo))] dt — u/(+o0)t

= u(t) — u/(+00)t = (I — P)u(t).

For u € X, we have

Yiia o M w e dr

MIP + R, 1)](0) = ~2f (6,0, 1) + S e d

= (I = QN,.u(?).

These, together with Lemma 3.2, mean that N is M-compact in Q. The proof is com-
pleted. d

In order to obtain our main results, we need the following additional conditions.

(Hs) There exist nonnegative functions a(t), b(t), c(t) with (1 + t)*a(¢), b(t),c(t) € Y and
1A+ )P a@)|h + |6()|: <1 such that

[f(t,x,y)| < a(t)|g0p(x)| + b(t)|<pp(y)| +c(t), a.e. te]l0,+00).

(Ha) There exists a constant dy > 0 such that if |d| > dj, then one of the following inequal-
ities holds:

df(t,x,d) <0, (t,x)€[0,+00) x R;
daf(t,x,d) >0, (t,x)e[0,+00) x R.
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Lemma 3.4 Assume that (H3) and (Hy) hold. The set
Q= {ulu € domM, Mu = Nyu, : € [0, 1]}
is bounded in X.

Proof Ifu € Q;,then QN u=0,i.e,y Ejoof(r, u(r), u'(r)) dr = 0. By (Hy), there exists
ty € [0, +00) such that |/ (£)| < dy. It follows from Mu = N u that

op (' (8)) = —/ M (s, u(s), u/(s)) ds + @, (4 (20)).

to

Considering (Hj3), we have
0o ()] < fo [a(0) 0, (u(0)| + b0y (£ 0) | + c(0)] dt + @, (do)

sna(t)(lny’-lulgap( u )+||b||1wp(||u’Hoo)+||c||1+¢,,(do>. (3.5)

17
1+¢

Since u(t) = fot u/(s) ds, we get

M| < L), < o]
1+t 1+t o0 o0
Thus,
u !
H 122 tHoo < [l ] oo (3.6)

By (3.5), (3.6) and (H3), we get

, llcllz + @p(do)
loolo) . = )
1—la(&)@ + )71 = 15y
So,
, llclly + gp(do)
R e = o
1—la(@®)@ + )71 = 1]l
This, together with (3.6), means that ©; is bounded. The proof is completed. O

Lemma 3.5 Assume that (Hy) holds. The set
Q, = {ulu € Ker M, QNu = 0}
is bounded in X.

Proof u € 2, means that u =at,a € Rand QNu =0, i.e.,

n +00
Za,«/ f(s,as,a)ds =0.
i=1 &i

By (Ha), we get that |a| < dj. So, 2, is bounded. The proof is completed. O
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Theorem 3.1 Suppose that (Hy)-(Hy) hold. Then problem (1.1) has at least one solution.

Proof Let Q = {u € X|||lu|| < d,}, where dj = max{dy, sup,.cq, |4, sup,cq, llull} + 1. It fol-
lows from the definition of ©; and €, that Mu # N, u, A € (0,1), u € 9Q and QNu # 0,
ue€ 2N KerM.

Define a homeomorphism J : Im Q — Ker M as J(ke™) = kt. If df (¢,x,d) < O for |d| > d,
take the homotopy

H(u,p) = pu+1—-pw)JQNu, wueQNnKerM,pe(0,1].

For u € Q NKer M, we have u = k¢. Then

S [y Sk kds
Z:’:l aie—éi :

Obviously, H(#,1) #0, u € 3Q NKer M. For € [0,1), u =kt € 9Q NKer M, if H(u, ) = 0,
we have

H(u, 1) = pkt — (1 - )

Yo goo kf (s, ks, k) ds _ e
T S

A contradiction with df (¢,x,d) <0, |d| > do. If df (¢,x,d) > 0, |d| > dy, take
H(u,p) = pu— (1 - pn)JQNu, ueQnKerM,uel0,1],

and the contradiction follows analogously. So, we obtain H(, 1) #0, i € [0,1], u € 92 N
Ker M.
By the homotopy of degree, we get that

deg(JQN, Q@ NKer M, 0) = deg(H(-,0), 2 N Ker M, 0)
=deg(H(-,1), 2 NKerM, 0) = deg(I, 2 N Ker M, 0) = 1.

By Theorem 2.1, we can get that Mu = Nu has at least one solution in Q. The proof is
completed. d

4 Example
Let us consider the following boundary value problem at resonance

-4t B 1 1
£ sin [ul + e /| 2u' + 3¢ =0

w(0)=0, |/ (+00)[ 2/ (+00) = Y cilu/ ()72 u/ (&),

1
(lu'|"2u') + , 0<t<+00,

(4.1)

where 0 <& <& <+ <&, <+00,;>0, Y - o =1.
—4t . 1
¢ sin/x] + e ¥|y|"2y +

V14t

Corresponding to problem (1.1), we have p = %,f(t,x,y) =
-4

e t

ol

Take a(t) = %, b(t) = e, c(t) = e, dy = 4. By simple calculation, we can get that
conditions (H;)-(H4) hold. By Theorem 3.1, we obtain that problem (4.1) has at least one

solution.
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