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Abstract

In this paper, the separability properties of elliptic convolution operator equations are
investigated. It is obtained that the corresponding convolution-elliptic operator is
positive and also is a generator of an analytic semigroup. By using these results, the
existence and uniqueness of maximal regular solution of the nonlinear convolution
equation is obtained in L, spaces. In application, maximal regularity properties of
anisotropic elliptic convolution equations are studied.
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1 Introduction

In recent years, maximal regularity properties for differential operator equations, espe-
cially parabolic and elliptic-type, have been studied extensively, e.g,, in [1-13] and the ref-
erences therein (for comprehensive references, see [13]). Moreover, in [14, 15], on em-
bedding theorems and maximal regular differential operator equations in Banach-valued
function spaces have been studied. Also, in [16, 17], on theorems on the multiplicators of
Fourier integrals obtained, which were used in studying isotropic as well as anisotropic
spaces of differentiable functions of many variables. In addition, multiplicators of Fourier
integrals for the spaces of Banach valued functions were studied. On the basis of these
results, embedding theorems are proved.

Moreover, convolution-differential equations (CDEs) have been treated, e.g., in [1, 18—
22] and [23]. Convolution operators in vector valued spaces are studied, e.g., in [24—-26]
and [27]. However, the convolution-differential operator equations (CDOEs) are a rela-
tively less investigated subject (see [13]). The main aim of the present paper is to establish
the separability properties of the linear CDOE

Zaa*D“u+(A+A)*u=f(x) (1.1)

l|=t

and the existence and uniqueness of the following nonlinear CDOE

E ag *D*u+Axu=F(x,D°u) +f(x), lo|<Il-1
|t
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in E-valued L, spaces, where A = A(x) is a possible unbounded operator in a Banach
space E, and a, = a,(x) are complex-valued functions, and A is a complex parameter. We
prove that the problem (1.1) has a unique solution u, and the following coercive uniform

estimate holds

_lel
DT ok Dl gy + 1A K el sy + My ey < CUF sy

lor| =<t

for all f € L,(R*%E), p € (1,00) and A € S,. The methods are based on operator-valued
multiplier theorems, theory of elliptic operators, vector-valued convolution integrals, op-
erator theory and etc. Maximal regularity properties for parabolic CDEs with bounded

operator coefficients were investigated in [1].

2 Notations and background
Let L,(2; E) denote the space of all strongly measurable E-valued functions that are de-

fined on the measurable subset 2 C R” with the norm

1
f Il (eE) = (/ IF e dx>p, 1<p<oo,

If (i) = esssup[[[f )| ], %= (1, 22,...,).
xeQ
Let C be the set of complex numbers, and let
Sy={rIreC largr| <p}U{0}, 0<gp<m.

A linear operator A = A(x), x €  is said to be uniformly positive in a Banach space E if
D(A(x)) is dense in E, does not depend on x, and there is a positive constant M so that

| (AG) + A1) M1+ 1)

o <
for every x € Q and A € S, ¢ € [0,7), where I is an identity operator in E, and B(E) is
the space of all bounded linear operators in E, equipped with the usual uniform operator
topology. Sometimes, instead of A + AI, we write A + A and denote it by A,. It is known
(see [28], §1.14.1) that there exist fractional powers A? of the positive operator A. Let E(A?)
denote the space D(A?) with the graphical norm

lleell a0y = (lll? + ||A9u||p)1l’, 1<p<o00,-00 <6 <oo.

Let S(R"; E) denote Schwartz class, i.e., the space of E-valued rapidly decreasing smooth
functions on R”, equipped with its usual topology generated by semi-norms. S(R”; C) de-
noted by just S. Let S'(R”; E) denote the space of all continuous linear operators L : S — E,
equipped with the bounded convergence topology. Recall S(R”;E) is norm dense in
L,(R";E) when1 < p < c0.
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Let o = (o, &y, ..., ), where ¢; are integers. An E-valued generalized function D*f is
called a generalized derivative in the sense of Schwartz distributions of the function f
S'(R", E) if the equality

(Df)(9) = (-1)"If (D)

holds for all ¢ € S.
Let F denote the Fourier transform. Through this section, the Fourier transformation of
a function f will be denoted by f . It is known that

F(DEf) = (&) -+ iEn)"f,  DE(F() = F[(=ioen)™ -+ (=ix)*f ]

for all f € S'(R"; E).

Let Q be a domain in R”. C(2;E) and C"(;E) will denote the spaces of E-valued
bounded uniformly strongly continuous and m-times continuously differentiable func-
tions on , respectively. For E = C the space C"($; E) will be denoted by C"(£2). Sup-
pose E; and E; are two Banach spaces. A function ¥ € Lo(R"; B(E;, E;)) is called a mul-
tiplier from L,(R"; E;) to L,(R"; E,) if the map u — Tu = F'W(§)Fu, u € S(R™; E;) is well

defined and extends to a bounded linear operator
T: LP(R”;EI) — LP(R”;EQ).

Let Q denotes a set of some parameters. Let ®;, = {W), € M} (E;, E), h € Q} be a collection
of multipliers in Mf; (E1, E3). We say that W), is a collection of uniformly bounded multi-
pliers (UBM) if there exists a positive constant M independent on /% € Q such that

||F_1‘I’hF"‘||Lp<Rn;52> < M\ullL, @)

forall # € Q and u € S(R"; E,).
A Banach space E is called an UMD-space [29, 30] if the Hilbert operator

(H)@) = lim 1O) 4,

£20 S x—yl>e) X =
is bounded in L,(R,E), p € (1,00) [29]. The UMD spaces include, e.g., L,, I, spaces and

Lorentz spaces Ly, p,q € (1,00).
A set W C B(E;, E,) is called R-bounded (see [5, 6, 12]) if there is a positive constant C

such that
1| m 1] m
[ 1m0t a=c[ 30w @
O j=1 E 0 =1 B
forall T1, Ty,..., T)y € W and uy, us, ..., u,, € Ey, m € N, where {r;} is a sequence of inde-

pendent symmetric {-1,1}-valued random variables on [0,1]. The smallest C, for which
the above estimate holds, is called an R-bound of the collection W and denoted by R(W).
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A set W), C B(Ey, E;), dependent on parameters / € Q, is called uniformly R-bounded
with respect to / if there is a positive constant C, independent of / € Q, such that for all
Ti(h), Ty(h),..., T,,(h) € Wy, and uy, uy, ..., U, € E;, meN

1| m L
/ > rO) T dy < C/ > K| dy.
0121 £ o |3 A

This implies that sup,.q R(W}) < C.

Definition 2.1 A Banach space E is said to be a space, satisfying the multiplier condition,
if for any W e C"(R"\{0}; B(E)) the R-boundedness of the set

{1E1P1D W (&) : & € R™0,8 = (B, Bas- -, Bu), Br € {0,1}]
implies that W is a Fourier multiplier, i.e., ¥ € Mﬁ (E) for any p € (1, 00).

The uniform R-boundedness of the set

{1§1P1DP Wy, (5) : 6 e R"\{0}, 8 € {0,1}},

ZugR({W‘Dﬂwh(S) £ € RMN0,Bc€{0,1}}) <C

implies that W, is a uniformly bounded collection of Fourier multipliers (UBM) in
L,(R™E).

Remark 2.2 Note that if E is UMD space, then by virtue of [5, 7, 12, 25], it satisfies the mul-
tiplier condition. The UMD spaces satisfy the uniform multiplier condition (see Proposi-
tion 2.4).

Definition 2.3 A positive operator A is said to be a uniformly R-positive in a Banach space
E if there exists ¢ € [0, ) such that the set

Li={6A+§)":£€S,}
is uniformly R-bounded.
Note that every norm bounded set in Hilbert spaces is R-bounded. Therefore, all secto-

rial operators in Hilbert spaces are R-positive.
Lethe R, meN and e, k=1,2,...,n be standard unit vectors of R”,

Ar(h)f (x) =f(x + hex) — f(x),

and let A = A(x), x € R” be a closed linear operator in E with domain D(A) independent
of x. The Fourier transformation of A(x) is a linear operator with the same domain D(A)
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defined as
Au(p) = Au(¢) forue S'(R"E(A)), ¢ € S(R").

(For details see [2, p.7].) Let A = A(x) be a closed linear operator in E with domain D(A)
independent of x. Then, it is differentiable if there is the limit

(%>u: lim M, k=1,2,...,n,u € D(A)
8xk h—0 h

in the sense of E-norm.
Let A = A(x), x € R” be closed linear operator in E with domain D(A) independent of x
and u € §'(R”, E). We can define the convolution A * u in the distribution sense by

Axu(x) = /nA(x—y)u(y)dyz AMA(y)u(x—y)dy

(see [2]).

Let Ey and E be two Banach spaces, where Ej is continuously and densely embedded
into E. Let [ be a integer number. W/If(R”;EO,E) denote the space of all functions from
S'(R”; Ep) such that u € L,(R"; Ey) and the generalized derivatives Df(u € L,(R"; E) with
the following norm

n

/
el ooy = Netln o) + D[ Dkt oy < 0
k=1

It is clearly seen that
W, (R"; Eo, E) = W, (R"; E) N L, (R"; Eo).

A function u € Wé(R”;E(A),E) satisfying the equation (1.1) a.e. on R”, is called a solution
of equation (1.1).

The elliptic CDOE (1.1) is said to be separable in L,(R"; E) if for f € L,(R"; E) the equa-
tion (1.1) has a unique solution #, and the following coercive estimate holds

> laaxDull, gy + 1A * ully @y < CUF iy,

la|<t

where the constant C do not depend on f.
In a similar way as Theorem Ay in [31], Theorem A, and by reasoning as Theorem 3.7
in [7], we obtain the following.

Proposition 2.4 Let E be UMD space, V), € C"(R"\{0}; B(E)) and suppose there is a pos-
itive constant K such that

Z“ER({ &P DP W, (€) : & € R"\{0}, B € {0,1}}) < K.

Then Vy, is UBM in L,(R"; E) for p € (1,00).
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Proof Really, some steps of proof trivially work for the parameter dependent case (see [7]).

Other steps can be easily shown by setting

o = {IE1P'DP W, (&) : & € R"\{0}, Br € {0,1}}

instead of

{161 DP W () : & € R"\{0}, Br € {0,1}}

and by using uniformly R-boundedness of set ¢,. However, parameter depended analog of
Proposition 3.4 in [7] is not straightforward. Let M, and M,y € Lll"“(R”,B(E)) be Fourier
multipliersin L,(R”; E). Let M}, converge to M}, in L(R", B(E)), and let Tj, 5 = F'Mj, n F
be uniformly bounded with respect to # and N. Then by reasoning as Proposition 3.4 in
[7], we obtain that the operator function T}, = F M} F = limy_, oo F\M), N F is uniformly
bounded with respect to 4. Hence, by using steps above, in a similar way as Theorem 3.7
in [7], we obtain the assertion.

Let E; and E; be two Banach spaces. Suppose that T € B(E;, E;) and 1 < p < co. Then
Te B(L,(R"; Ey), L,(R"; E,)) will denote operator Tf () = T(f(x)) for f € L,(R"; E;) and
x e R” O

In a similar way as Proposition 2.11 in [12], we have

Proposition 2.5 Let 1 < p < oco. If W C B(Ey, E;) is R-bounded, then the collection W =
{T:T e W)CB(L,(R"; Ey),L,(R"; Ey)) is also R-bounded.

From [11], we obtain the following.

Theorem 2.6 Let the following conditions be satisfied
1. Eis a Banach space satisfying the uniform multiplier condition, p € (1,00) and
0 < h < hg < 00 are certain parameters;
2. lisa positive integer, and o = (o, ta, . . ., oty) are n-tuples of nonnegative integer
numbers such that » = % <1,0<pu<l-s
3. A s an R-positive operator in E with 0 < ¢ <.
Then the embedding D¥ W;(R”;E(A),E) C L,(R™; E(AY="1)) is continuous, and there ex-

ists a positive constant C,, such that

”Da””L (RAEEAL->-Ry) = [hM”M”Wl (R™E(A),E +h - o], ey ]-

Theorem 2.7 Let the following conditions be satisfied
1. Eis a Banach space satisfying the uniform multiplier condition, p € (1,00) and
0 < i1 < hg < 00 are certain parameters;
2. lisa positive integer, and o = (o1, Qta, . .., 0y) are n-tuples of nonnegative integer

numbers such that » = P‘O;H"

<L,0<pu<l-s

3. Aisan R-positive operator in E with 0 < ¢ < .


http://www.boundaryvalueproblems.com/content/2013/1/211

Shakhmurov and Ekincioglu Boundary Value Problems 2013, 2013:211 Page 7 of 21
http://www.boundaryvalueproblems.com/content/2013/1/211

Then the embedding D* W;(R”;E(A),E) C C(R% E(A=%1)) is continuous, and there ex-
ists a positive constant C,, such that

”Dau”C(R”;E(Al*%*H)) =Cyu [hu ”””W}(R”;E(A),E) B h_(l_m”””Lp(R”;E)]
forallue Wé(R”;E(A),E).
3 Elliptic CDOE

Condition 3.1 Assume that g, € Lo (R"”) and the following hold

LE) =Y alE)iE) €Sy, |LE)|=CY lacll&l,

la|<l k=1
where ¢; € [0,7), &€ = (&,&9,...,&,) € R™.
In the following, we denote the operator functions by o;(¢,4) for i = 0,1,2.

Lemma 3.2 Assume Condition 3.1 holds, and A(§) is a uniformly ¢-positive operator in E
with 0 < ¢ <7 — 1. Then, the following operator functions

O'O(é:r)\) :)‘-D(S))\)’ UI(E;A) =A(€)D(§,)\.),

oa(E,0) = 3 1T @l (€)(iE)*D(E, 1)

lae|<l
are uniformly bounded, where D(€,)) = [A(&) + L(§) + A] ™%,

Proof By virtue of Lemma 2.3 in [4] for L(§) € S, A € S, and ¢; + ¢ < 7 there is a positive
constant C such that

A+ LE)| = C(IA + |LE)]). 3.1)

Since L(£) € S, in view of (3.1) and resolvent properties of positive operators, we get that
A(&) + L(§) + A is invertible and

|00 (&, 1)y < MIM[L+ 2] + L[] < Mo,

o1& ) 5gy = 7= (1 + LE)DE, 2 g

<1+ MA+LE)|(1+ |2+ LE)]) T <M.
Next, let us consider o5. It is clearly seen that

o262 ey = € D7 IMLIENAIT] [ D&, 2)] e (3.2)

o<t

Since A is uniformly ¢-positive and L(§) € S, , then setting yi = (|1 |_% |&x)** in the follow-
ing well-known inequality

LY = C(l + Zyi>, ¥k =0,]a| <1, (3.3)
k=1
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we obtain

lo2E )| gy < C DI 1+ D I&l 1A [L+ 2+ L©)[]
(E)

la|<l k=1

Taking into account the Condition 3.1 and (3.1)-(3.3), we get

o2 (6, 1) ey < C<|x| £ |sk|l) [1+1a+[2®)]]" <cC.

k=1

O

Lemma 3.3 Assume Condition 3.1 holds, and a, € C"(R"). Let A(€) be a uniformly ¢-
positive operator in a Banach space E with 0 < ¢ < — @1, [DPA(E)]A71(£) € C(R"; B(E))
and let

&1|DPaq(€)] < Ci, B {0,1},& e R"\{0},0 < |B| <n, (3.4)

[1E1P[DPAE)]AT©)] gy < o Br € 10,1),6 € R"\{O). (3.5)
Then, operator functions ||’ DPo;(€, L) are uniformly bounded.

Proof Let us first prove that & % is uniformly bounded. Really,

do
Er—

< hlE + I21BE) + 13BE)
08k

B(E)

where

0A(&)
08k

A
]D(s,x), 12=A(s>[skaa—§}[z>(s,x>]z

L= |:‘§k

and

0
L :A@)[sk%]ﬁ(s,x).

By using (3.1) and (3.5), we get

0A(&)
0

lloillsE < C.
B(E)

I1Lll3E) < H I:Ek 1|A_1(5)

Due to positivity of A, by using (3.1) and (3.5), we obtain

”01”123(}5) <C.
B(E)

1213 <

dAE) ],
[Ska—gk]A &)

Since, A(§) is uniformly @-positive, by using (3.1), (3.3) and (3.4) for A € S(¢) and
@1+ @ <m,we get

I31lBE) <

oL
6 (196l )y = .
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In a similar way, the uniform boundedness of 0y(§, 1) is proved. Next, we shall prove
fk 2 is uniformly bounded. Similarly,

fk—

< Wl + 21,

where

Ji= S A (sk )[us)“ + 4 (§)io (i8)°]D(E, 1),

loef <l

-7 T o (5)
]2:|§§:1|A|1 \,‘aa(E)(zE) [gkg +aq (E)(i&)" + & e ][D(E,A)]z,

Let us first show that /; is uniformly bounded. It is clear that

Wil < Y |&

lor| <l

lor|

TDEM) g

08k

Due to positivity of A, by virtue of (3.1) and (3.3)-(3.5), we obtain ||/1|lzE < C. In a
similar way, we have ||/z]pE < C. Hence, operator functions Ska

do;

i =
&' ’
formly bounded. From the representations of o;(§, 1), it easy to see that operator func-

0,1,2 are uni-

tions |£|#DPo;(€,1) contain similar terms as I;, namely, the functions |£|# DPo;(&, 1) will
be represented as combinations of principal terms

£°[DLAG) + D} ao(£)][ D5, )], (3.6)
3 AT 60 DY [AE) + au(€)][DeE, )],

la|=<t

where |o| + |y| < |B|. Therefore, by using similar arguments as above and in view of (3.6),
one can easily check that

&1P||DPoi(&, 1) <C, i=0,1,2. -

Lemma 3.4 Let all conditions of the Lemma 3.2 hold. Suppose that E is a Banach space
satisfying the uniform multiplier condition, and A(§) is a uniformly R positive operator
in E. Then, the following sets

So(6,1) = {|€1P DL oo (&, 1) € R™\{0}},
Si1(8,4) = (|61 Dl o1, 1);& e R"\{0}},
$2(6,1) = {IE|P Dl oa (&, 1);: & € R"\{0}}

are uniformly R-bounded for B € {0,1} and 0 < || < n.

Proof Due to R-positivity of A we obtain that the set

Bi(€,1) = {[1 + L(©)]D(E, 2); 6 e R"\{0}}]
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is R bounded. Since
1_0(%—¢}\):AD(5,)‘-): U(S’A)Z[A+L(5)]D(%—:)‘),

the set By(&,1) = {AD(&, 1); € € R"\{0}} is R -bounded. Moreover, in view of Condition 3.1
and (3.1), there is a positive constant M such that

-1
IM[A+LE)| =M.

Then, by virtue of Kahane’s contraction principle, Lemma 3.5 in [5], we obtain that the set

Bs3(§,1) = {AD(&, 1); & € R"\{0}} is uniformly R-bounded. Then by Lemma 3.2, we obtain

the uniform R-boundedness of sets Bi(&, 1), i.e,

sup R{B(§,1)} <M, k=1,2,3. (3.7)
A

Moreover, due to boundedness of a, (&), in view of Condition 3.1 and by virtue of (3.1) and
(3.3), we obtain

> T ag(€)E)| < CLL+ a1+ |LE)]) < C1+ |a+ L&) (3.8)

=<t

In view of representation (3.6) and estimate (3.8), we need to show uniform R-bound-

edness of the following sets

1B

(6°[DYA®) + DLau®)][DE,1)] 3£ RM\(0}},

3 AT €7 [DLAE) + DL aa(&)][DE 1] 76 € R"\{O}}

la|=t

for |o| + |y| < |B]. By virtue of Kahane’s contraction principle, additional and product
properties of R-bounded operators, see, e.g.,, Lemma 3.5, Proposition 3.4 in [5], and in
view of (3.7), it is sufficient to prove uniform R-boundedness of the following set

B(E,1) = {QEME €RN\0)),  QEN =Y I T au()5DE, ).

|| <t

Since

le|

QE M = Y I T ag(§)6 1+ LE)] o (6,0,

1)

thanks to R-boundedness of By(&, 1), we have

1| m 1| m
[ rorw ) as=c [ nom| o (39)
0l j=1 E 0 j=1 E

for all &1,&,,...,&, € R, n; = (§1,8p,..., &) € R", g, uy,...,u,, € E, m € N, where {r;} is
a sequence of independent symmetric {—1,1}-valued random variables on [0,1]. Thus, in
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view of Kahane’s contraction principle, additional and product properties of R-bounded

operators and (3.9), we obtain

1| m 1| m
[ noeum i) dr=c [|Y om0 @ (3.10)
0l j=1 E 0 j=1 E
1 m
<C / > rw| dy. (3.11)
o |3 E

The estimate (3.10) implies R-boundedness of the set B(§, 1). Moreover, from Lemma 3.2,

we get
supR{Q(E,2):§ € R\(0}} < C,

i.e., we obtain the assertion. O
The following result is the corollary of Lemma 3.4 and Proposition 2.4.

Result 3.5 Suppose that all conditions of Lemma 3.3 are satisfied, E is UMD space, and
A(&) is a uniformly R-positive operator in E. Then the sets S;(§,1), i = 0,1,2 are uniformly
R-bounded.

Now, we are ready to present our main results. We find sufficient conditions that guar-

antee separability of problem (1.1).

Condition 3.6 Suppose that the following are satisfied

1. Forg €[0,7)and & € R", L(§) = Y, <1 4a(€)(i€)* € Sy, IL(E)] = C 24y laréxl’
2. ay € C(R") and [£|#|DPay(€)] < Ci, B € 10,1}, 0 < |B| < n;
3. For0<|B] <mand & € R"\{0},

[DPA®)AT ) e CRBE),  EP|[DPAG]ATE)] gy < Co
Theorem 3.7 Suppose that Condition 3.6 holds, and E is a Banach space satisfying the
uniform multiplier condition. Let Abea uniformly R-positive in E with 0 < ¢ <7 — ¢;.

Then, problem (1.1) has a unique solution u, and the following coercive uniform estimate
holds

_lel
DT e x D]y + 1A ully ey + (2] el e

o<l
< CllfllL, @) (3.12)
SJorallf € L,(R"E), pe(l,00) and A € S,.

Proof By applying the Fourier transform to equation (1.1), we get

i) =DEMFE),  DE ) =[AE) +LE) +A]

Page 11 of 21


http://www.boundaryvalueproblems.com/content/2013/1/211

Shakhmurov and Ekincioglu Boundary Value Problems 2013, 2013:211 Page 12 of 21
http://www.boundaryvalueproblems.com/content/2013/1/211

Hence, the solution of equation (1.1) can be represented as u(x) = F1D(&, )L)f. Then there

are positive constants C; and Cy, so that

Gl el mmE) < ||F71[Go(§,?»)fA] HLP(RW;E) < GlAllullL,®ne),
CillA  ullt, @) < [F {01 2F ], oy < CollA * ull, e,

G Z Wlf@ | *Dau“Lp(R”;E) <|F? [‘72(5’)‘)]?] ||Lp(]R”;E)

la|=<t

<Y T a4 o p— (313)

lor| </

where 0;(&, 1) are operator functions defined in Lemma 3.3. Therefore, it is sufficient to
show that the operator-functions o;(¢,1) are UBM in L,(R";E). However, these follow

from Lemma 3.4. Thus, from (3.13), we obtain

M2l z,rmsey < Collf Iz, ®nie), A * ullz,@®ne) < CLlf L, RmE),
1l

DT ag % Dul oy < Collf e

o<l

for all f € L,(R"; E). Hence, we get assertion.
Let O be an operator in X = L,(R"*; E) that is generated by the problem (1.1) for A = 0,

ie.,

D(O) C Wj(R"E(A),E),  Ou=)_ as*D*+Axu.

<t

O

Result 3.8 Theorem 2.6 implies that the operator O is separable in X, i.e., for all f € X,
all terms of equation (1.1) also are from X, and for solution u of equation (1.1), there are

positive constants Cy and C, so that

CillOullx <Y |aa * Dul + |A % ullx < Cal| Oullx.

o<t

Condition 3.9 Let D(A) = D(A) = D(A(So)) for & € R"”. Moreover, there are positive con-
stants C; and C, so that for u € D(A), x € R”

Cill Ao < 4] = CollAou].
Remark 3.10 Condition 3.9 is checked for the regular elliptic operators with smooth
coefficients on sufficiently smooth domains 2 C R™ considered in the Banach space

E =L, (), p1 € (1,00) (see Theorem 5.1).

Theorem 3.11 Assume that all conditions of Theorem 3.7 and Condition 3.9 are satisfied.
Let E be a Banach space satisfying the uniform multiplier condition. Then, problem (1.1) has
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a unique solution u € Wé(R”;E(A),E), and the following coercive uniform estimate holds

ST D] gy + 14BN ey < MIF e

o<t
forall f € L,(R"E), p € (1,00) and A € S(p).

Proof By applying the Fourier transform to equation (1.1), we obtain D(§,A)i(§) = f &),
where

D(E, ) = [A@E) + L) + 2]

So, we obtain that the solution of equation (1.1) can be represented as u(x) = F1D(&, )»)f.
Moreover, by Condition 3.9, we have

[AF'DE 27|, ey < MIAGEDE N, ey

Hence, by using estimates (3.12), it is sufficient to show that the operator functions
| ~

Z\alsl |A|1‘T|$“D(§,A) and A(&)D(&, 1) are UBM in L,(R"; E). Really, in view of Condi-

tion 3.9, and uniformly R-positivity of A, these are proved by reasoning as in Lemma 3.4.

O

Condition 3.12 There are positive constants C; and C, such that

G Y ladl < |LE)| <G Y lakl
k=1

k=1

for £ e R” and
G| AGo)u] = [A@u] = & |AGo)u]

in cases, where D(A) = D(A) = D(A(xo)), A(g)A’l(xo) € Loo(R"; B(E)) for &,x,x9 € R"” and
u € D(A).

Theorem 3.13 Let all conditions of Theorem 3.11 and Condition 3.12 hold. Then for u €
WZ,(R”;E(A),E), there are positive constants My and M, so that

Ml“””Wé(R”;E(A),E) < Z Hﬂa *DaM”X + ||A £ MHX

la|<l

< My ||ul| W (REE(A),E)"

Proof The left part of the inequality above is derived from Theorem 3.11. So, it remains
to prove the right side of the estimate. Really, from Condition 3.12 for u € Wlﬁ(R” ;E(A),E)

we have

IA % ulx < M|FAét|), < C|FAA™ (x0)A(x0)it |, < C|FAlxo)it| < CllAullx.
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Hence, applying the Fourier transform to equation (1.1), and by reasoning as Theorem 3.11,

it is sufficient to prove that the function
. -1
N !
> >oet |
la|<l k=1

is a multiplier in L,(R”; E). In fact, by using Condition 3.12 and the proof of Lemma 3.2,

we get desired result. d

Result 3.14 Theorem 3.13 implies that for all u € Wé(R”;E(A),E), there are positive con-
stants Cy and C,, so that

Cl”””Wé(R”;E(A),E) = ”Ou”Lp(R”;E) = CZ”“”W}(R”;E(A),E)'
From Theorem 3.7, we have the following.

Result 3.15 Assume all conditions of Theorem 3.7 hold. Then, for all A € S, the resolvent
of operator O exists, and the following sharp estimate holds

ST ag « DO+ 1)

o<t

)+ ||A x(0+ 1)t HB(X) + ||A(O +A)” C.

|ox Hapo =

Result 3.16 Theorem 3.7 particularly implies that the operator O + a for a > 0 is positive
in L,(R";E), i.e., lfA is uniformly R-positive for ¢ € (3,7), then (see, e.g., [28], §1.14.5) the

operator O + a is a generator of an analytic semigroup in L,(R";E).
From Theorems 3.7, 3.11, 3.13 and Proposition 2.4, we obtain the following.

Result 3.17 Let conditions of Theorems 3.7, 3.11, 3.13 hold for Banach spaces E € UMD,
respectively. Then assertions of Theorems 3.7, 3.11, 3.13 are valid.

4 The quasilinear CDOE

Consider the equations

Zaa*D“u+(A>x<D"u)u=F(x,D”u) +f(x), xeR” (4.1)

lorf=l

in E-valued L, spaces, where A = A(x) is a possible unbounded operator in Banach space E,
ay = ay(x) are complex-valued functions, and D° denote all differential operators that
o] <l-1.Let

X=L,(R%E),  Y=W,(R;EA),E),

+1
%U=p|0| ’ Eo = l_[ E...
pl
lo|<l-1

E = (E(A),E)

b
o P
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Remark 4.1 By using Theorem 2.7, we obtain that the embedding D** Y € E, is contin-
uous, and by trace theorem [32] (or [19]) forw e Y, W ={w, }, w,, =D°w(:), l|o| <[-1,

[l ”DGWHC((R"),EKU): [ Slgi”Djw(x)”Em = Iwl,

lo|<l-1 lo|<i-1%€

E.={veEylvlg <r}, 0<r=<n.
Let A(x,0) denote by Ag(x). Consider the linear CDOE

Z““ * D*w+ Ag * w = Q(x). (4.2)

o] =t

From Theorem 3.7, we conclude that problem (4.2) has a unique solution w € Wlf(R”;
E(A),E), and the coercive uniform estimate holds

DD W, ey + 1AWl ety < MIF L,y (43)

le|=t
forall Q € L,(R"™;E), p € (1,00).

Condition 4.2 Assume that all conditions of Theorem 3.11 are satisfied for A = Ag and
llagllL, < % Suppose that
1. The function: v — A(x, v) is a Lipschitz function from E, to B(E(A), E), i.e.,

||A(x) l/l) _A(x) U) ”B(E(A),E) = L”Ll - U”Eo

for all x € R%;

2. F:R" x Ey — Eis a measurable function for each u, u € E,, u = {v,., }, it = {h, },
Use, U, € E,. ,and F(x,-) is continuous with respect to x € R”, F(x,0) € X.
Moreover, there exists g;(x) such that

| )| < @) llull,,

|F@,w) - Fx,) |, < g2 (@)1t = ] g,y
forall x € R”, u,v € Eyy, gi € L,(R") and ||g;l| 1, &n) < M1 i=1,2.

Theorem 4.3 Let Condition 4.2 hold. Then, there exist a radius 0 <r < rg and & > 0 such
that for each f € L,(R",E) with ”f”Lp(]R”E) < § there exists a unique u € Wé(R”;E(A),E)
with ”u”WIl,(R”;E(A),E) <r satisfying equation (3.13).

Proof We want to to solve problem (4.1) locally by means of maximal regularity of the
linear problem (4.2) via the contraction mapping theorem. For this purpose, let w be a
solution of the linear BVP (4.2). Consider the following ball

B, = {U €Y, llvlly Sr}

Let f € L,(R"; E) such that |[f[|,@®n <é.Letv e Y, [ully <r.
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Define a map G on B, by
Gv =y, (4.4)

where u is a solution of problem (4.1). We want to show that Q(B,) C B,, and that L is a
contraction operator in Y. Consider the function

Q) = (A9 —A) x D" v)v + F(x,D"v) + f(x).

We claim that Q € X, moreover, § and g; can be chosen such that M || Q| x < §. In fact, since
by Theorem 2.7, v € C(R%; E,,, ), and one has

Alx,u) — Ag(x) € C(R"; B(E(Ao),E)).
Thus, Q is measurable and
QI < Llvllc@n,., ) IVIE@y) + 8@ VIic@nE,.,) + IIf lx-

Now, by Remark 4.1, ||v|lc®ne,.,,) < [lvlly <, by choosing MLr + M| ]|, < % and § =
r(zM™ = Lr = | l||L,,), it follows that

M| Qlly < M[Lr||vllz,@mr) + rlihlL, + 6]
1
<ML + 1|, + 8] < 3"

Moreover, by Theorem 3.11 and by embedding Theorem 2.6, we get

Zaa * D%v

la|=l

< =T
Ly(R"E)

Thus, G maps the set B, to B,. Let us show that G is a strict contraction. Let
u = Guy, Uy = Guy, U, €B,.

It is clearly seen that #; — u; is a solution of the linear problem (4.2) for
Q= ((Ag—A) xD’v)v + F(x,D7v).

Then, by using estimate (4.3) and reasoning as above, we get

lloty — ually < MIIQllx
< M{Lr|lvi = valx + Lllvs = vally vl ®rseaon 12l lor = vally |
<M(2Lr + | ha i, ) llvr = vally.
Choose hy, so that ||h2]L, < % — 2Lr, we obtain that G is a strict contraction. Then by

virtue of contraction mapping principle, we obtain that problem (4.1) has a unique solution
ue W[ﬁ(R”;E(A),E). O
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5 Boundary value problems for integro-differential equations
In this section, by applying Theorem 3.7, the BVP for the anisotropic type convolution
equations is studied. The maximal regularity of this problem in mixed L, norms is derived.
In this direction, we can mention, e.g., the works [2, 18, 21] and [33].

Let Q = R” x ©, where  C R* is an open connected set with a compact C*”-boundary
92. Consider the BVP for integro-differential equation

(L+ANu= Z ag * D%u + Z (banaDg + A) xu=f(xy), xeR",yeQ, (5.1)
lee| <t lee| <2m
Bju= Z b/ﬂ(y)Dfu(x,y) =0, ye€ed,j=12,...,m, (5.2)
|Bl<m;
where
.0
Dj:_l_; y=()’1,~-,y;4)y bD( :ba(x): N =77a(Y),
ayj
Ay = ag (), o = (0,002, ..., 0), Ay = ag(%), u = u(x,y).

In general, [ # 2m, so equation (4.4) is anisotropic. For [ = 2m, we get isotropic equation.
IfQ=R"xQ,p=(puLp) Lp(fz) will denote the space of all p-summable scalar-valued
functions with a mixed norm (see, e.g., [34]), i.e., the space of all measurable functions f
defined on €, for which

|lf||LP(§z) = (/}Rn (/QV(%}’)V’I dx)pl dy)p .

Analogously, Wlﬁ(Q) denotes the Sobolev space with a corresponding mixed norm [34].
Let Q denote the operator, generated by problem (4.4) and (5.1). In this section, we present
the following result.

Theorem 5.1 Let the following conditions be satisfied
1. 1, € C(Q) for each || = 2m and 1y € Loo(2) + L, () for each || = k < 2m with
re > p1, p1 € (1,00) and 2m — k > é, Vg € Loo;
by € C*="(3Q) for each j, B, mj<2m,p € (l,00), L €S,, ¢ €[0,7);
ForyeQ,§eR*, 0 € Spor 90 €(0,%), [E| +|o| #0 let o + Z\a|=2m Ne(NE* #0;
For each yo € 92 local BVP in local coordinates corresponding to yo

o+ Z o (¥0)D* 9 (y) = 0,

|o|=2m

Bj()l?Z Z bjﬂ(yo)Dﬁﬂ(y):h]', j=1,2,...,WZ
1Bl=m;

has a unique solution ¢ € Co(R,) for all h = (hy, hy, ..., hy,) € R™ and for €' € R+!
with |&'| + |A] #0;
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5. The (1) part of Condition 3.6 is satisfied, dy, 20, € C"(R"), and there are positive

constants C;, i = 1,2, so that

E1P|DPa(6) < Ci,  IEIP|DPDu(®)] < Colba(®)

’

§eRN\{0},  Bef01), 0=|Bl=n

Then, forf € Wlﬁ(ﬁ) and ) € S, problems (4.4) and (5.1) have a unique solution u € W;(SNZ),

and the following coercive uniform estimate holds

el
Z I *Da””LP(fz) +| M'”“LP(Q) + Z |6unaD* * ””Ll,(s"Z) = Cllfll @)

lor| <t la|<2m

Proof Let E = L, (Q2). It is known [29] that L, () is UMD space for p; € (1, 00). Consider
the operator A in L,, (€2), defined by

D(A)= W2 (Bu=0), AWu= Y bu(®)n.(»)D*u(y). (5.3)

lae|<2m

Therefore, problems (4.4) and (5.1) can be rewritten in the form of (1.1), where u(x) =
u(x, ), f(x) = f(x,-) are functions with values in E = L, (R2). It is easy to see that A(E) and
DPA(§) are operators in Ly, () defined by

D(A) =D(DPA) = W"(QBu=0),  AEu= Y bo(E)n.()D"u(y),
le|<2m

A A (5.4)
D{AE)u= Y DLbe(€)na(y)D"uly).

lee| <2m

In view of conditions and by [5, Theorem 8.2] operators A(‘g‘ )+ and Df’;l(é ) + u for suf-
ficiently large u > 0, are uniformly R-positive in L,, (2). Moreover, by (3.3), the problems

uu®)+ Y ba(E)na(»)Du(y) = (), (5.5)
la|<2m
Bu= Y bp»)Du(p) =0, j=12,...,m,
|Bl<m;
puly) + 22 DP by (£)1(9)D*u(y) = f(9), (5.6)
Biu = XE bis(DPuly) =0, j=12,...,m
1Bl<m;

for f € L, (2) and for sufficiently large 1, have unique solutions that belong to W;I(Q),

and the coercive estimates hold

lullyyy, @ < CIA+ ], o Ntllzngy < CI(DPA+ w)ul, o,
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for solutions of problems (5.4) and (5.5). Then in view of (5) condition and by virtue of

embedding theorems [34], we obtain

[ (A + '“)”“Lpl(ﬂ) < C||M||ngm(sz) <C| (A+ “)””Lpl(sz)’

A A (5.7)

|(DPA + “)””Lpl(sz) = Cllullyzmq) = C||(DPA + “)””L,,1 @"

Moreover by using (5) condition for u € W;{”(Q) we have
6 A

€17 (DeA + F‘)””Lm(m =ClA+ “)”HL,,I(Q)’
i.e., all conditions of Theorem 3.7 hold, and we obtain the assertion. d
6 Infinite system of IDEs
Consider the following infinity system of a convolution equation

[o¢]
D g % Dty + Y (i + 2) # () = fin(x) (6.1)

la|<t j=1
forxeR"andm=1,2,....

Condition 6.1 There are positive constants C; and C,, so that for {d;(x)}° €/, for all

x € R"” and some xy € R”,
C1|d,«(xo)| < |dj(x)| = C2|dj(xo)|-

Suppose that a,, cAim € C"(R"), and there are positive constants M;, i = 1,2, so that

€1 |DPan (&) <My, |51 |DPdn(®)] < M|dn(®)

)

& e R"\{0}, Bk €{0,1}, 0<|Bl<n.
Let

D(x) = {dm(x)}, d,, >0, u = {uy}, Dxu={d, *u,},

1
o q
ly(D) = {u ely, Nl o) = (Z|dm(x0) * um|‘1) < oo}, l<g<oo.
m=1

Let Q be a differential operator in L,(R"%;l,), generated by problem (5.7) and B =
B(L,(R";1,)). Applying Theorem 3.7, we have the following.

Theorem 6.2 Suppose that (1) part of Condition 3.6 and Condition 6.1 are satisfied. Then
1. Forall f(x) = {fin(x)}3° € L,(R"; [,(D)), for . € Sy, ¢ € [0,7) the equation (6.1) has a
unique solution u = {u,,(x)}° that belongs to Wé(R”; l4(D),l;), and the coercive

uniform estimate holds

_lel
DT aw Dy + 1D wln, oy + 12l sty < CIF D s

o<t
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2. For A €S, there exists a resolvent (Q + A)™* of operator Q and

Z |)\|l_$ Haa * [D“(Q+A)_1]||B + ||D>x< (Q+2)1 ||B + ”k(Q+ A7t ”B <C.

la|<l

Proof Really, let E = [; and A = [d,,(x)8j], m,j =1,2,.... Then

A~ A ~ A~

AE©) = [dn®)8m],  DPAE) = [DPdp(E)jm], mj=12,....

It is easy to see that Ag) is uniformly R-positive in /;, and all conditions of Theorem 3.7
are hold. Therefore, by virtue of Theorem 3.7 and Result 4.1, we obtain the assertions.
O

Remark 6.3 There are a lot of positive operators in concrete Banach spaces. Therefore,
putting concrete Banach spaces instead of E and concrete positive differential, pseudo
differential operators, or finite, infinite matrices, etc. instead of operator A in (1.1) and (4.1),
we can obtain the maximal regularity of different class of convolution equations, Cauchy
problems for parabolic CDEs or it’s systems, by virtue of Theorem 3.7 and Theorem 3.11,
respectively.
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