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Abstract

The boundary value problems for singular degenerate arbitrary order
differential-operator equations with variable coefficients are considered. The uniform
coercivity properties of ordinary and partial differential equations with small
parameters are derived in abstract L, spaces. It is shown that corresponding
differential operators are positive and also are generators of analytic semigroups. In
application, well-posedeness of the Cauchy problem for an abstract parabolic
equation and systems of parabolic equations are studied in mixed L, spaces. These
problems occur in fluid mechanics and environmental engineering.
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0 Introduction

Boundary value problems (BVPs) for differential-operator equations (DOEs) in H-valued
(Hilbert space valued) function spaces have been studied extensively by many researchers
(see, e.g., [1-14] and the references therein). A comprehensive introduction to DOEs and
historical references may be found in [6] and [14]. The maximal regularity properties for
DOEs have been studied, e.g., in [3, 10-19].

In this work, singular degenerate BVPs for arbitrary order DOEs with parameters are
considered. This problem has numerous applications. The parameter-dependent BVPs
occur in different situations of fluid mechanics and environmental engineering etc.

In Section 2, the BVP for the following singular degenerate ordinary DOE with a small

parameter:
2m-1 i
Lu= (—l)mta(x)u[zm] +Alx)u + Z tWAk(x)u[k] =f(x),
k=0

is considered, where
, , d7’
Dy =yl (x) = [xV —] u(x), x€(0,1),
dx
t is a small parameter, a(x) is a complex-valued function, y > 1, A = A(x) is a princi-

pal, A} = A;(x) and A, = Ap(x) are subordinate linear operators in a Banach space E.
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Several conditions for the uniform coercivity and the resolvent estimates for this prob-
lem are given in abstract L,-spaces. We prove that the problem has a unique solution
uc WP[ZJ} (0,1E(A),E) for f € L,(0,1;E), |argA| < ¢, 0 < ¢ <  with sufficiently large |A|
and the following uniform coercive estimate holds:

2

Do ul ] + MAulz0n < CIf 01,
i=0

where

1 i
= — 4+ —.
2p(y -1) 2

(o]

In Section 3, the partial DOE with small parameters

> (D™ ta@DE™u+ A+ Y ] thTk" Ay (x)D"u = f (%),

k=1 la:2m|<1 k=1

x=(x1,%0,...,%,) €G

is considered in a mixed Ly(G;E) space, where a; are complex-valued functions, A and
A, are linear operators in E, X is a complex and # are positive parameters, G is an #n-
dimensional rectangular domain, p = (p1,p2,...,p). Here we prove that for f € L,(G; E),
|arg A| < ¢ with sufficiently large |A|, this problem has a unique solution # that belongs
to the Sobolev space ngZ](G;E(A),E) with a mixed p norm and the following coercive
uniform estimate holds:

n 2my

PP

k=1 i=0

Dul, G * 1AulGe < Clf p@n)

where

1 i
. I S
2myplo —1)  2my

In Section 4, the uniform well-posedeness of the mixed problem for the following singular

degenerate abstract parabolic equation:

8 n
a_u + Z(—l)’”ktkak(x)DLi’”k]u +A@)u =f(x,y)
VA

is obtained. Particularly, the above problem occurs in atmospheric dispersion of pollutants
and evolution models for phytoremediation of metals from soils. In application, particu-
larly, by taking E = R3, A(x) = [aij(x)], u = (w1, uz,u3), i,j = 1,2,3, we consider the mixed
problem for the system of the following parabolic equations with parameters:

n 3
alh
oyt > (1™ tear @)D"+ ay(xu; = fi(x,y)

k=1 j=1
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which arises in phytoremediation process, where a;(x) are real-valued functions and
fi(x,y) are data. The maximal regularity properties of this problem are studied. Note that
the maximal regularity properties for undegenerate DOEs were investigated, e.g., in [1-
10, 14-16, 19, 20]. Regular degenerate DOEs in Banach spaces were treated in [11-13, 15,
17-19, 21]. It should be noted that contrary to these results, here high-order singular de-
generated BVPs with small parameters are considered. Moreover, principal coefficients
depend on space variables. The proofs are based on abstract harmonic analysis, operator
theory, interpolation of Banach spaces, theory of semigroups of linear operators, microlo-
cal analysis, embedding and trace theorems in vector-valued Sobolev-Lions spaces.

1 Notations and background

Let ¥y = y(x), x = (x1,%2,...,%,) be a positive measurable function on a domain Q C R".
L, (2 E) denotes the space of strongly measurable E-valued functions that are defined
on 2 with the norm

lley, = If sy, @) = ( / @2y ) dx)”, 1 <p<oo

For y(x) =1, the space L, (2; E) will be denoted by L, = L,(2; E).
The Banach space E is called a UMD-space if the Hilbert operator

E@=1m [ LD g

=0 [x—y|>e xX—y

is bounded in L,(R, E), p € (1,00) (see, e.g,, [22]). UMD spaces include, e.g., L,, [, spaces
and Lorentz spaces L, p,q € (1,00).
Let C denote the set of complex numbers and

S(p:{A;AeC,|argA|§<p}U{O}, O<gp<m.

A linear operator A is said to be ¢-positive in a Banach space E with bound M > 0 if
D(A) is dense on E and |[(A + A1)}y < M(1+ |A])™ forany A € S, 0 < ¢ < 7, where [ is
the identity operator in E, B(E) is the space of bounded linear operators in E. Sometimes
A + Al will be written as A + A and denoted by A;. It is known [23, Section 1.15.1] that
a positive operator A has well-defined fractional powers A?. Let E(A?) denote the space
D(A?) with the norm

lleell peaoy = (Ilull? + ||A9u||p)ll’, 1<p<00,0<6<o0.

Let E; and E; be two Banach spaces continuously embedded in a locally convex space. By
(E1,E2)o,p, 0 <6 < 1,1 < p < 00, we denote the interpolation spaces obtained from {Ey, E,}
by the K-method [23, Section 1.3.2].

Let C(2; E) denote the space of E-valued uniformly bounded continuous functions on
the domain Q C R".

Let N denote the set of natural numbers and {r;} be a sequence of independent sym-
metric {-1,1}-valued random variables on [0,1] (see [22]). A set W}, C B(E1, E») is called
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uniform R-bounded with respect to % (see, e.g., [16]) if there is a constant C independent
of h € Q C R such that for all T1(h), T»(h),..., T,,(h) € W), and uy uy, ..., u, € E, m € N,

1| ™ 1| m
/ ij()/)Tf(h)Mj dy < C/ Z ru|  dy.
L E 0 I E

The smallest C for which the above estimate holds is called an R-bound of the collection
W), and is denoted by R(W},).

A @-positive operator A is said to be R-positive in E if the set Ly = {§(A + 1) : £ € S},
0 < ¢ <, is R-bounded.

Note that for Hilbert spaces Hj, H,, all norm-bounded sets are R-bounded (see, e.g.,
[16]). Therefore, in Hilbert spaces all positive operators are R-positive. If A is a generator
of a contraction semigroup on L, 1 < g < 00, or A has the bounded imaginary powers
with |A%||pg < Ce’, v < Z in E € UMD, then those operators are R-positive (e.g., see
[16, Section 4.3]).

The operator A(t), t € 0 C R is said to be ¢-positive in E uniformly with respectto ¢ € o
if D(A(2)) is independent of £, D(A(t)) is dense in E and ||(A(£) + 1)} < #IM forall A € S(p),
0 < ¢ <, where M does not depend on .

Let Ey and E be two Banach spaces and E be continuously and densely embedded into E.
Let m be a positive integer. W;f‘y (a,b; Ey, E) denotes an Ej-valued function space defined

by

W, (a,b;Eo,E) = {u: u € Ly, (a, b Eo), '™ € L, (a,b; E)},

loallg, = el ey = Nl gy + 18], ey < 00

Let ¢ be a positive parameter. We define a parameterized norm in W}, (a, b; Eo, E) as

follows:

leellwy, , = Nl @iz = Nl @isee) + [ 86,y < 00

pyit byt

Let p = (1,025 .»Pn)> G = [1;1(0,bx), Lp(G; E) denote the space of all p-summable E-
valued functions with a mixed norm (see, e.g., [24, Section 8] for scalar case), i.e., the space

of all measurable E-valued functions f defined on G, for which

Fllpicie) = ( / i ( / L ( [ @l m)

Let [y be positive integers, [ = (l1, 15, ..., 1,), tx be positive parameters and ¢ = (¢1, £y, ..., £,)-

Pn-1

1
pn P1
dx,1|---dx < 00.

. a7
Dj[c‘]uz xf— lu®), ax>0,0=(,0...,0,),k=12,...,1
k 8xk

Consider the following weighted spaces of functions:

W (GE(A),E) = {u: u € Ly(G:E(A)), Dyu € Ly(G; E)},
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with the mixed norm

(%]
”””W” (GE(A),E = llully(GiE0) + Z“Dk "‘HLP (GE)
k=1

and with the parameterized norm

Vil i1 i) = Nz + Zn 4D ul ey
k=1
respectively.
Consider the BVP for DOE
(L +Mu = (1"t (x) + (A + Dulx) = f(x), x€(0,1), (1)

mp N
Lyu = Z[aki”[l] (D) + ) S (Md)] =0,
i=0 i=1

where ul! = [x” L1y (x), a;, 8; are complex numbers and xy; € (0,1), m € {0,1,...,2m —
1}; A is a possible unbounded operator in E.
In a similar way as in [17, Theorem 5.1], we obtain the following.

Theorem A; Let the following conditions be satisfied:
(1) o, 8k are complex numbers, a,y,, # 0, t is a small positive parameter and

i,
2mp(y -1) + 2m’

(2) Eisa UMD space, y>1+1+*/4"Tr 1<p<oo;

(3) A is an R-positive operator in E.

Then problem (1) for f € L,(0,1;E) and | arg A| < ¢ with sufficiently large |\| has a unique
solution u € W;’Z;”] (0,1, E(A), E). Moreover, the following uniform coercive estimate holds:

o0; =

3 I g ul? 1,01 * A4l 055 < CIf Iz, 000,

By reasoning as in [17, Theorem 2.3], we obtain the following.

Theorem A, Let the following conditions be satisfied:

1”41“ ,pe(l,00),0<t<];

1) y)= X7,y > 1+
(2) E isa UMD space andA is an R-positive operator in E;
(3) there exists a bounded linear extension operator from w,", (1,00; E(A),E) to
W, (R E(A), E). ,
Then the embeddinngW;f’y (1,00;E(A),E) C L, (1, o0; E(AY-%1)) is continuous and for

0O<u<l- %, the uniform estimate

m y ) ; 1 m -(-p)
||L‘ u H el < lullwr, wocE@.p + 1 lullz,, 0008

holds for all u € Wy (1,00; E(A),E) and 0 < h < hg < o0.
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Let

no
pel=pllplel.pled =ttt w(e) =]
k=1

n
O<te<l,  G=]](0,b).
k=1

Theorem Az Let the following conditions be satisfied:
(1) p= @12 Pn) Pr € (1,00), yi(x) = 21
(2) E isa UMD space and A is an R-positive operator in E;

(3) a=(a,00,...,an) and l = (L, 1y,...,1,) are n-tuples of a nonnegative integer such that

n

1+ /4p+1

%:|a:l|:zoll—:§1, 1< pr <00, yk>1+27pp;
k=1

(4) there exists a bounded linear extension operator from Wlﬂ/(G;E(A),E) to
W (R E(A), E).
Then the embedding D* Wlﬂ/(G;E(A),E) C Ly(G; E(A'="")) is continuous. Moreover,
there is a constant h > 0 such that for u € WIE{]V(Q;E(A),E), the following uniform estimate
holds:

[a] 2 —(1-p)
W(t)HD MHLP(G;E(Alfﬂfu)) =< h ”u”Wl[’l‘]y,t(G;E(A),E) + h ”u”LP(G;E).

2 Singular degenerate DOEs with parameter
Consider the BVP for the following differential-operator equation with parameter:

2m-1

L = (1" ta(@)u® + A, (Ju + Y 3 A @) = f(x), (2)
k=0

Liu = Z[akiu[i] @+ Z Siul? (xki):| -0, k=1,2,...,m,

i=0 i=1

on the domain (0,1), where ¢ is a positive parameter and X is a complex parameter; o,
8x; are complex numbers and xy; € (0,1), my € {0,1,...,2my — 1}, a(x) is a complex-valued
function on [0,1]; A(x) and Ai(x) are linear operators in a Banach space E and A; (x) =
A(x) + A. Note that

1
/ z7V dz = o0.
0

A function u € W}if”] (0,1; E(A), E) satisfying equation (2) a.e. on (0,1) is said to be the
solution of equation (2) on (0,1).

Remark 1 Let

1
y = —/ z7Vdz. (3)

Page 6 of 17
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Under the substitution (3), spaces L,(0,1; E) and W;E,Z,f”] (0,1; E(A), E) are mapped isomor-
phically onto weighted spaces

Lp,]; (—OO, OYE)J W;,); (_OO; O,E(A),E),
respectively, where
v
=

7=7(0)=[1-(-y]7.

Moreover, under the substitution (3), problem (2) is transformed into the following non-
degenerate problem:

2m-1

Lu = (-1)"ta@)u® ) + A, 0)uty) + Y 195 Ad)u® ) = £ ), @
k=0
my N
Liu = Z[akiu(i)(O) + ) Sl (yki)i| =0, k=12,...,m ()
i=0 i=1

in the weighted space L, ;(—00,0; E), where a(y) = a(7 (x()), A(y) = A7 (x(»))), Ax(y) =
Ar(7(x()), () = y(7(x(y))) are again denoted by a(y), A(y), Ax(y), y after the substitu-
tion (3), respectively.

Let us consider boundary value problem (4)-(5).

Theorem 1 Let the following conditions be satisfied:

(1) dgmy #0, aly) is a positive uniformly bounded continuous function on (-oo,0);

(2) Eisa UMD space,y >1+ “Z—J;pﬁ,l<p<oo,andoi: m + 503

(3) A(y) is R-positive in E uniformly with respect to y € [-00,0] and A(y)A(yo) €
C((=00,0); B(E)), yo € [-00,0];

(4) for any e > 0, there is a positive C(e) such that

|A)u| < ellul@a.e +C(e)|lull  forue (EA),E) « ,k=0,1,...,2m-1.

T 2
Then problem (4)-(5) has a unique solution u € W;y(—oo,O;E(A),E)forf €L, ;(-00,0;

E) and | arg A| < ¢ with sufficiently large |\|. Moreover, the following uniform coercive esti-
mate holds:

2m

Do w4 Aullpy < CIflpy- “
i=0

Proof Let G1,Gs,... be bounded intervals in (—00,0) and ¢1, ¢,,... correspond to a parti-
tion of unit that functions ¢; are smooth on (-00,0), ; = supp¢; C G; and Z]ojl @i(y) =1
Then, for all 4 € W;’;‘(—oo, 0;E(A),E), we have u(y) = Z}ofl u;(y), where u;(y) = u(y)g;(»).
For u € W, (—00,0; E(A), E), from (4) we obtain

(L + 2w = ()" ta(y)u™ o) + AW ) =), Liw; =0, 7)
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where

N

2m-1 m-1 k
0 —(-1)"a ct oy .2”’ )y Cit 27 1) 4, (8)
7 2m

i=0 k=1 i=0

Since a is uniformly bounded on (-0, 0) for all small p > 0, there is a large ry > 0 such
that |a(y) — a(-o0)| < 6 for all |y| > ry. Let

GO =R" \Gro(o)r UVQ(O) = {J’G (—O0,0), |J’| SrO}'
Cover oy, (0) by finitely many intervals G; = 0, (yo;) such that
’a(y)—a(yoj)|§8 for |y —yojl <15,j=12,....

Define coefficients of local operators, i.e.,

aO(y)zi (y y¢0r0(0)>’

a(r§z), ¥ €0y, (0)

a(y) = {a(y oy ¥ €05,007) }

a(yo; + 1o o) \2) y ¢ 05,007)

and

A4 ) = {A(y)Al(yo,), ¥ €0,5(0) }
)=

A(V(%W%)Afl()’oj'), ¥ € 0,,(0)

. )4 00,  €,00)
1 _ J
Ap)A WOf)-[A(yo,w%j AT 00, 5 ¢ 0y (00)

foreachj=1,2,.... Then, forall y € (—00,0) and j=0,1,2,..., we get
|aj(x) - uj()/ol‘)| <d and ”Ai(Y)A_l()’Oj) —Aj(yoj)A_l(yOJ') ”B(E) <4
Freezing coefficients in (7) obtain that
)" ayo)tu™™ (y) + As (yo))ui(y) = Fi(), Liu; =0, 9)
where
E = + [A00) - A0)]w + (1" t[al) - alyo)]u”™, j=1,2,.... (10)

Since functions u;(x) have compact supports in (9), if we extend u;(x) on the outsides of
0j = supp ¢;, we obtain BVPs with constant coefficients

~talyo)ul"™ + A (vo)w; = F, L =0, j=1,2,.... 11)
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Let || - llg;p, denote E-valued weighted L,-norms with respect to domains G;. Let ¢; be
such that 0 € g;. Then, by virtue of Theorem A, we obtain that problem (11) has a unique
solution u; and for |arg A| < ¢ and sufficiently large ||, the following estimate holds:

2m

1—ob oy ||, ()
> e ul o+ 1A = CIE G- (12)
i=0

Theorem A, implies that for all & > 0, there is a continuous function C(g) such that

”FjHGj,p,y < 8||”j||w§]’;'t(gj;g(,4),g) + C(8)|m”G/,p,y; j=12,.... (13)

Consequently, by using Theorem A, from (12)-(13) we get

(@
U ”G,,p,y + 1A%l G,y

2m )
>
i=0
< Clifllpy + llujllym + Ce)lujliGyp,y- (14)
Choosing ¢ < 1, from (14) we have

i

2m
Dol + NAwlG,py < CI Gy + 19ll6,m0 ) (15)
i=0

Then, by using the equality u(y) = Zjo:ol u;(y) and by virtue of (15) for u € W;f;’(—oo, 0;E(A),

E), we have
2m ) .
Yo @+ Al < CLE +2)ul,, + ully, ] (16)
i=0

Letuce Wlf"}f’(—oo, 0; E(A), E) be a solution of problem (4)-(5). For |arg A| < ¢, we have

1
ltllpy = (L + 2w~ Lu, < X[” (L+Nu,, + el yyzn]- (17)

By Theorem A,, by virtue of (16) and (17) for sufficiently large |A|, we have

2m ) ’
P e [, + 14w,y < Cl[(L+1ul (18)
i=0

122
Consider the operator Oy, in L,,, (—00, 0; E) generated by problem (4)-(5), i.e.,

D(0,) = W2 (~00, 0 E(A), E, Ly),

2m-1
k
Oput = (<1)"tau®™ + A,u + Z thk(y)u(k).
k=0

Estimate (18) implies that problem (4)-(5) has only a unique solution and the operator
O, has an invertible operator in its rank space. We need to show that this rank space

Page9of 17
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coincides with the space X = L, (00, 0;E). We consider the smooth functions g = gi(y)
with respect to the partition of the unit ¢; = ¢;(y) on (00, 0) that equals one on supp ¢;,
where suppg; C G; and |gj(y)| < 1. Let us construct for all j the function u; that is defined
on the regions ; = (—00,0) N G; and satisfies problem (4)-(5). Problem (4)-(5) can be
expressed in the form

(—l)mta(yol»)u]@ +Ax(y0,»)uj
= g{F + [A0o) = AQ)|w; + (-1)"t[a(y) - alyo) ]}, 19)
Lii=0, j=12,....

Consider operators O, in L, ,, (Gj; E) generated by BVPs (19). By virtue of Theorem A; for
allf € L, (Gj;E), for |arg A| < ¢ and sufficiently large |A|, we have

di
prieil 140511, < C1flipy- (20)

pY

2m )
2
i=0

Extending u; zero on the outside of supp ¢; in equalities (20) and passing substitutions
u; = O]T)\I vj, we obtain operator equations with respect to v;

v =Kpv+gf, j=12,.... (21)

By virtue of Theorem A,, by estimate (20), in view of the smoothness of the coefficients
of Kj;, for |arg A| < ¢ and sufficiently large ||, we have ||Kj,;|| < &, where ¢ is sufficiently
small. Consequently, equations (21) have unique solutions

v = [[ - K. 'gf.-

Moreover,

Nyl = 1= Kol gf [, < 1F -

Whence, [I - K,m]f1 g are bounded linear operators from X to L, (Gj; E). Thus, we obtain
that the functions

wj = Uipf = Oy [ - Kin ] 'gf
are the solutions of equations (21). Consider the linear operator (U; + A) in X such that
(U +2)f =Y ) Upif
j=1

It is clear from the constructions UJ; and estimate (20) that operators U, are bounded
linear from X to W;’;’(—O0,0;E(A),E) and

2m

P

i=0

dt
2y Uef |+ lAatafl,, = Clf by (22)

)24
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Therefore, (U; + 1) is a bounded linear operator from X to X. Let L; denote the operator

in L,, generated by BVP (4)-(5). Then the act of (L; + A) to u = 210:01 iU f gives (L; +
MNu=f+ Z]ofl ®j,f, where @), is a linear combination of U, and diyl,ljx . By virtue of
Theorem A, estimate (22) and in view of the expression ®;,, we obtain that operators @,
are bounded linear from X to L, ,,(G;; E) and || ®;,,|| < €. Therefore, there exists a bounded
linear invertible operator (/ + 210:01 QDM)‘I. Whence, we obtain that for all f € X, BVP (4)-

(5) has a unique solution

00 -1
u(y) = (L; + )\)_lf = (U +2) (1 + Z q’jn\) f

j=1
o0 o0 -1
= Z%‘(}’)Of& (- Kjn]™ (1 + Z Q/rx) S (23)
j=1 jo1

Then, by using the above representation and in view of Theorem A;, we obtain the asser-
tion of Theorem 1. d

Result 1 Theorem 1 implies that the operator L; has a resolvent (L; + A)™! for |argA| < ¢
and the following estimate holds:

)+ JA®, + 1) HB(X) <C.

2m ) )
D A DAL+ )7
i=0

Let G; denote the operator in L,(0,1; E) generated by BVP (2). By virtue of Theorem 1
and Remark 1, we obtain the following result.

Result 2 Let all conditions of Theorem 1 be satisfied. Then
(a) problem (2) has a unique solution u € ng’](o,l;E(A),E) for f € L,(0,1;E) and

sufficiently large |A|. Moreover, the following uniform coercive estimate holds:
2m )
Yoz ul? |+ lAull, < CIF s
i=0
(b) G; has a resolvent operator (G; + A)™! for |arg A| < ¢ and

2m

DI | DG, + 1) e, 00 *+ 146G+ 27 5 01y = €
i=0

Theorem 2 Let all conditions of Theorem 1 hold. Then the operator L, is uniformly R-
positive in L,(0,1;E), also L, is a generator of an analytic semigroup.

Proof By virtue of Theorem 1, we obtain that for f € L,(0,1; E), BVP (4)-(5) has a unique
solution expressed in the form

o -1
u(y) = (L, + A)flf =(U;+ 1) (1 + Z cI>/‘At) f

j-1

[o¢] [o¢] -1
= g0 - K] (1 0 %) f
j=1 j=1
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where O),; = O;, + A are local operators generated by problems (7)-(8) and Kj, @, are
uniformly bounded operators in L,(0,1;E). In a similar way as in [1, 11, 17], we obtain
that operators Oy, are R-positive. Then, by using the above representation and by virtue
of Kahane’s contraction principle, the product and additional properties of the collection
of R-bounded operators (see, e.g., [16], Lemma 3.5, Proposition 3.4), we obtain the asser-
tions. O

3 Singular degenerate anisotropic equation with parameters
Consider the following degenerate BVP with parameters:

n n S
> (D™ tar@DE™u+ Y [ [t Ap@)D P+ Aw) + hu = £ (), (24)
k=1 |B:2m|<1 k=1

mki

Liu=Y ol (Gi) =0, j=1,2,...,mk=1,2,...,m,
i=0

where A(x) and A, (x) are linear operators in a Banach space E,

G= {x:(xl,xz,...,x,,),o <xk<bk,k:1,2,...,n},

n

Z Br

ﬁ:(ﬁl’ﬁ%u-’ﬁn)’ m:(mlrmZ)H-;mn)r |ﬂ‘2m|: P

2Wlk
k=1

Vi > 1, G = (xl,XQ,...,Xk_l,bk,Xk+1,...,xn),

Gy = (X1, %2, o, Xk—1, s X1 -+ %), 0 <my <2my -1,

ai are complex-valued functions on G, ayj; are complex numbers, t; are positive and A is
a complex parameter.

Note that BVP (24) is degenerated with different speeds on different directions in gen-
eral.

The main result of this section is the following.

Theorem 3 Assume the following conditions hold:
(1) Eisa UMD space, A(x) is R-positive in E uniformly with respect to x € G and
A(x)A™ (x0) € C(G; B(E)), ¢ € [-00,0];
(2) forany e > 0, there is a positive C(e) such that

|Ap@)u| < ellull ey, B pomee + C@Ellull  for u € (E(A),E)

1—|a:2m],00°

1+./4p+1 1 i

2 » Oki = t 55—
p 2mplag—1) ~ 2my
(4) ay are continuous positive functions on G.
Then, for f € Ly(G; E), |argA| < ¢ and sufficiently large |1|, problem (24) has a unique
solution u that belongs to WE;"](G;E(A),E) and the following coercive uniform estimate
holds:

3) >1+

i=0,1,...,2mk,pk 6(1,00);

n

2m
DO gk ||D,[C’2u||LP(G;E) + 1 AullL,6e) < Clif lp(Gim)- (25)
k=1 i=0
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Proof Consider the BVP

(=1 a1 (x0) 1 D2 a1) + A()u(er) + Auar) = f (1), (26)
x1€(0,b1), Lyu=0, k=1,2,...,m,
where Ly are boundary conditions of type (24) on (0, ;). By virtue of Result 2, problem

o al(O, by; E(A),E) for all f € L, (0,b1;E), |arg A| < ¢ and
sufficiently large |A|. Moreover, the following coercive uniform estimate holds:

(26) has a unique solution u € W[

2m1

1- 0
> I Mlt“||u[”||L om) * 1Al 0055 = CIf Iy, 006
i=0

Let us now consider in L, ,, (Ga; E) the BVP on the domain G,

D ()" tyar ()DL + du = f (31, %), (27)
Lk/u =0, j= 1L,2,...,m,k=1,2,

where Gy = (0,b1) x (0, b3). Since Ly, (0, by; Ly, (0, b1; E)) = Ly, p,(Ga; E), then problem (27)
can be expressed in the following way:

(1) 6,0, D2 u(xy) + (B + Muls) =f(x2),  Loguu =0,
where B is the differential operator in L, (0, b;; E) generated by problem (26), i.e.,

D(B) = W0, by; Lix), Bu = ay(x1) 62D u(x1) + du(xy).

pr1oq

By virtue of [22], L,, (0,b1; E) € UMD for p; € (1,00) provided E € UMD. Moreover, by
virtue of Theorem 2, the operator B is R-positive in L, (0, b;; E). Hence, by Result 2, we
get that problem (27) has a unique solution

ue W, i (GHEALE), &= ()

for f € Ly, p,(Ga; E), |argA| < ¢ and sufficiently large |A|, and coercive uniform estimate
(25) holds. By continuing this process for k = n, we obtain that the following problem:

n

> (1™ tear()DE"™u + Ay + hu = £ (), (28)
k=1

Lyu=0, j=12,...,m,k=12,...,n,

for f € Ly(G; E), |arg A| < ¢ and sufficiently large |A|, has a unique solution u € WIL?;”](G;
E(A),E) and the following coercive uniform estimate holds:

n
ZZW-WE’ D], ey + 148y < Clf iy (29)
k=1 i=0
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Moreover, by virtue of embedding Theorem A3, we have the Ehrling-Nirenberg-Gagliardo
type estimate

IatlyGe) < M Nl oy + O Nl € (O,1).

Let Q; denote the operator generated by problem (28) and

no B
L= D [Ta™ Ase)Du

|B:2m|<1 k=1

By using estimate (29), we obtain that there is a § € (0,1) such that
-1
”Ll(Qt +1) ”L(LP(G;E)) <é.
Then, by using perturbation elements, we obtain the assertion. O
From Theorem 2 and Theorem 3, we obtain the following result.

Result 3 Let all conditions of Theorem 3 hold for ¢ > 7 and A, = 0. Then the operator

Q; is uniformly R-positive in L,(G; E), it also is a generator of an analytic semigroup.

4 Singular degenerate parabolic DOE
Consider the following mixed problem for a parabolic DOE with parameter:

a n
au Z( 1) tra(x) Dy zmk]u + (A(x + d) =f(y,x), yER,x€qG (30)
y
my;
iju Zakjl [] Gkh j=112,~'7mk7
u(0,x) =0,

where t;, ai(x), G, Gip, my; are defined as in Section 3, d > 0.
For p = (p1,p2,-.»PmP0)s Ay =R, X G, Lz(A,; E) will denote the space of all E-valued
p-summable functions with a mixed norm. Analogously,

Wg’jm] (A.,E(A),E)

denotes the Sobolev space with a corresponding mixed norm (see [24] for a scalar case).
Let Q; denote a differential operator generated by (28) for A = 0.

Theorem 4 Let all conditions of Theorem 3 hold for Ag = 0 and ¢ > 7. Then, for f €
L5(AL;E) and sufficiently large d > 0, problem (30) has a unique solution belonging to
L [2”’ (A3 E(A), E) and the following coercive estimate holds:

u

n
ol . 2t DI+ ARG 8 < CUf p(6oim-

G4;E
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Proof Problem (30) can be expressed as the following Cauchy problem:

d
d—;‘ +(Q+duky) =f(y), u(0)=0. (31)

Result 3 implies that the operator Q; is R-positive in F = L,(G; E). By [23, Section 1.14],
Q is a generator of an analytic semigroup in F. Then, by virtue of [20, Theorem 4.2], we
obtain that for f € L,,(R,;F) problem (31) has a unique solution belonging to Wz}o (R,;
D(Qy), F) and the following estimate holds:

Since L,,(R,;F) = Ly(A,; E), by Theorem 3 we have

du

dy

+ 1 Qestll L,y R,55) = Clf Nl (RoE)-
LpO(R+$F)

|| (Qt + d)u”LpQ (R4;F) = D(Qt)
The above estimate proves the hypothesis to be true. d

5 Cauchy problem for infinite systems of degenerate parabolic equations with
small parameters
Consider the infinity systems of BVP for the degenerate anisotropic parabolic equation:

n N
ou;
8—M + Z(—l)mktkuk(x)Dﬁmk]ui + Za,-j(x)uj +du=fix,y), i=12,...,N, (32)
YA j=1
Mkj
Liu =Y BipDVuiGiy) =0, j=1,2,...,m,
i=0

u(0,x) =0, x€G,

where N is finite or infinite natural number, &, ax(x), G, G, G+, My, d are defined as in
Sections 3 and 4, a;(x) are real functions and

N
A(x) = {aij(x)}, u = {uj}, Au= {Za,«j(x)u,»}, i,j=12,...,N,

j=1

1
N i
,(A) = Y u € Ly, llulliya) = I|Aull;, = SQP(Z|ﬂij(x)uj|q> < 00]~

14 1=1
From Theorem 4 we obtain the following.

Theorem 5 Let v > 1 + “—Vﬁfm, Po:po € (1,00), ay,a; € C(G), ar(x) > 0, a; #0 and

a; = aj;. Then for f(x,) = {fi(x, )Y € L3(G,;1,) and sufficiently large d > 0, problem (32)
has a unique solution u = {u;(x,y)}\ that belongs to the space Wg:gm](GH 4(A),1,) and the
following coercive uniform estimate holds:

u

n
2
» + 2t DRl g+ 148l g6, 00) < CI G-

LIS(G+$lq) k=1
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Proof Let E = I, and A be infinite matrices such that
A=lay], ij=12,...,N.

It is clear that the operator A is R-positive in /. Problem (32) can be rewritten as problem
(30). Then, from Theorem 4, we obtain the assertion. O
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