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Abstract

We study the existence of positive solutions of a nonlinear fractional heat equation
with nonlocal boundary conditions depending on a positive parameter. Our results
extend the second-order thermostat model to the non-integer case. We base our
analysis on the known Guo-Krasnosel'skii fixed point theorem on cones.

1 Introduction

Fractional calculus has been studied for centuries mainly as a pure theoretical mathemat-
ical discipline, but recently, there has been a lot of interest in its practical applications. In
current research, fractional differential equations have arisen in mathematical models of
systems and processes in various fields such as aerodynamics, acoustics, mechanics, elec-
tromagnetism, signal processing, control theory, robotics, population dynamics, finance,
etc. [1-3]. For some recent results in fractional differential equations, see [4—12] and the
references therein.

Infante and Webb [13] studied the nonlocal boundary value problem

-u" =f(t,u), te(0,1), u'(0) =0, Bu' 1) +u(n) =0,

which models a thermostat insulated at ¢ = 0 with the controller at £ = 1 adding or dis-
charging heat depending on the temperature detected by the sensor at ¢ = 5. Using fixed
point index theory and some results on their work on Hammerstein integral equations
[14, 15], they obtained results on the existence of positive solutions of the boundary value
problem. In particular, they have shown that if 8 > 1 — 5, then positive solutions exist un-
der suitable conditions on f. This type of boundary value problem was earlier investigated
by Guidotti and Merino [16] for the linear case with n = 0 where they have shown a loss of
positivity as 8 decreases. In the present paper, we consider the following fractional analog
of the thermostat model:

-“D*u(t) =f(t,u(t)), tel0,1], 1)

where 1 < o <2, “D* denotes the Caputo fractional derivative of order & and f € C([0,1] x
[0, 00), [0, 00)) subject to the boundary conditions

u'(0) =0, BED* u) + u(n) =0, 2)

where B >0, 0 <7 <1 are given constants.
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We point out that for @ = 2, we recover the second-order problem of [13]. We use the
properties of the corresponding Green’s function and the Guo-Krasnosel’skii fixed point
theorem to show the existence of positive solutions of (1)-(2) under the condition that the

nonlinearity f is either sublinear or superlinear.

2 Preliminaries
Here we present some necessary basic knowledge and definitions for fractional calculus
theory that can be found in the literature [1-3].

Definition 2.1 The Riemann-Liouville fractional integral of order o > 0 of a function g:
(0,00) — R is given by

provided the integral exists.

Definition 2.2 The Riemann-Liouville fractional derivative of order « > 0 of a function

g:(0,00) — Ris given by

a 1 d\" [t gls)
Do_'_g(t):m(%) A mds (}’1—1<a<n,l’l=[a]+1),

where [«] denotes the integer part of the real number «.

Definition 2.3 The Caputo derivative of order & > 0 of a function g € AC"[0, 00) is given
by

“Dg(t) = ﬁ /Ot(t - S)”_a_lg(”)(s) ds (n —l<a<mn=[a]+ 1),

where [«] denotes the integer part of the real number «.

Lemma 2.1 Let g € L1(0,1) and «, B > 0.
(i) Ifa=neN, then I'g(t) = 5 [o (£ - 5)"g(s) ds.
(ii) Ifa =n €N, then “D"g(t) = g™ (2).
(iii) “D*I%g(t) = g(¢).
(iv) 1°Ig(t) = I**Pg(e).

Remark 2.1 Inaddition to the above properties, the Caputo derivative of a power function
t*, k e N, is given by

I(k+1) tk—ol
CDatk _ I(k—a+1)

0, fork<mn-1,

, fork>n-1,

wheren-1l<a<n n=[a]+1.
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Lemma2.2 Fora > 0, the general solution of the fractional differential equation © D* u(t) =
0 is given by

ult) =co+crt +cot® + -+ cprt"
wherec; €R,i=0,1,2,...,.n-1(n-1<a<n,n=[a] +1).
Lemma 2.3

I““Du(t) = u(t) + co + cit + 2t + -+ - + cpg "t (3)
forsomec; €R,i=0,1,2,...,.n-1(n-1<a<nmn=[a] +1).

We start by solving an auxiliary problem to get an expression for the Green’s function
of boundary value problem (1)-(2).

Lemma 2.4 Suppose f € C[0,1]. A function u € C[0,1] is a solution of the boundary value
problem

—CDu(t) =f(t), u'(0) =0, BED* @) +u(n) =0, tel0,1]
if and only if it satisfies the integral equation
1
u(t) = / G(t,5)f (s) ds,
0
where G(t,s) is the Green’s function (depending on ) given by

G(t,s) = B + Hy(s) — Hy(s) (4)

and forr € [0,1], H, : [0,1] — R is defined as H,(s) = (rl:s(f)_l fors <rand H,(s) =0 fors>r.
Proof Using (3) we have, for some constants ¢y, ¢; € R,

t (l’ _ S)a—l

u(t)=-If(t) +co + o1t = —/0 ) f(s)ds + co + c1t. (5)

In view of Lemma 2.1, we obtain

’ _ ! (t_s)at_2
lzt(t)——\/0 mf(S)dS‘FCl.

Since #/(0) = 0, we find that ¢; = 0.
It also follows that

CD*y(t) = —I'u(z).

Using the boundary condition 8D u(1) + u(n) = 0, we get

1 n _ o)1
co =B /0 F(s)ds+ /O %f(s)ds.
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Finally, substituting the values of ¢y and ¢ in (5), we have

a-1 a-1
t)—ﬁ/fs)ds+/ - S) f()ds—/o “F(S)) Fls)ds

= / G(t,5)f (s) ds,
0
where G(t,s) is given by (4). This completes the proof. O

Remark 2.2 We observe that H, is continuous on [0,1] for any r € [0,1]. Thus, G(Z,s)
given by (4) is continuous on [0,1] x [0,1].

Remark 2.3 By taking o = 2, we get

1 1 ¢ 1
u(t):ﬁ/;f(s)ds+A (17—s)f(s)als—/0 (t—s)f(s)ds:/o G(t,5)f(s)ds

and G(¢,s) in this case coincides with the one obtained in [13] for the boundary value
problem

-u'(®)=f®),  u(0)=0,  Bu'(l)+u(n)=0.

Remark 2.4 We observe that for each fixed point s € [0,1], Z)_t =0fort<s and G <0 for

t > s and deduce that G(¢,s) is a decreasing function of ¢. It then follows that

B, s>,
max G(t,s) = G(0,s) = R
<o Breol g oy
and
Br(@)-(1-571
o s>n,
m1n G(t,s) = G(1,s) = e 5 a 7
te[0,1 BT (@)+(n-9)*"" —(1-5)* 5 <
T(@) » S=1.

Consequently, by looking at the behavior of G(t,s) with respect to s, we get

BT (@) - (1 —n)*!

min G(t,s) =

t,5€[0,1] I'(x)
and
T o-1
max G(t,s) = M.
£,5€[0,1] ')

To establish the existence of positive solutions of problem (1)-(2), we will show that
G(t, s) satisfies the following property introduced by Lan and Webb in [17]:

(A) There exist a measurable function ¢ : [0,1] — [0, 00), a subinterval [a, b] C [0,1] and
a constant A € [0,1] such that

|G(t,9)| <p(s) Vt,s€[0,1]
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and
G(t,s) > Ap(s) Vtela,b],Vse[0,1].

Lemma 2.5 If BT (o) > (1 — n)*7}, then G(t,s) > O for all t,s € [0,1], and G(¢,s) satisfies
property (A).

Proof If BT (a) > (1 —n)*7L, then G(¢,s) > 0 for all t,s € [0,1]. We choose [a, b] = [0,1], and

we have
1G(6,5)] = Gl5) < % = 6()
and
G(t,5) > 2p(s) Vst (0,1],
where
SN CrEE 5

Lemma 2.6 If BT (at) = (1 — n)*7}, then G(t,s) > O for all t,s € [0,1], and G(t,s) satisfies
property (A).

Proof We choose [a,b] = [0,b] with n < b < 1. Following the arguments in the previous

lemma, we have

BT () +

|G(t,s)| < r@)

=¢(s) Vt,se[0,1].

Also, by taking

P -0- )t
BT () + n*t

we obtain
G(t,s) > Ap(s) Vte[0,b],Vse[0,1]. O

Lemma 2.7 If BT (ax) < (1 — n)*7L, then G(t,s) changes sign on [0,1] x [0,1], and G(¢,s)
satisfies property (A).

Proof We choose [a, b] = [0,b] with n < b <1 such that BT () > (b — 1)*L. We have

BT () +1*™ (1—n)*" - BT ()
') ’ I'(a)

|G(t,s)| < max{ } i=¢(s) Vt,se[0,1]

and

G(t,s) > rp(s) Vte[0,b],Vse[0,1],
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where

kzmin{ﬁr(a)—(b—n)al ﬁr(a)—(b—n)al}
Br(e) +n*t " (1-n1-Bl(e) ]

For the main results, we use the known Guo-Krasnosel’skii fixed point theorem [18]. [

Theorem 2.1 Let E be a Banach space and let P C E be a cone. Assume 21, 2, are open
bounded subsets of E such that 0 € Q; C QCQ,andlet T:PN(Q\Q)— Pbea
completely continuous operator such that

(i) 1 Tu|l = lull, u € PN O and || Tu|| < ||u||, u € PN IRs; or

(i) NTu|l < |lull, u e PN and ||Tul| = ||ull, u € PN IQy.
Then the operator P has a fixed point in PN (Q \ Q).

3 Main results

We set
t,u . t,u
fo=lim minf , fo = lim maxf( ),
u—0*te[0,1] u u—0% t€[0,1] u
. ft,u . . t,u)
= lim max , = lim min .
oo u—ootel0,l] U oo u—ocotel0l] u

We now state the main result of this paper.

Theorem 3.1 Let f(s,u(s)) € C([0,1] x [0,00),[0,00)). Assume that one of the following
conditions is satisfied:

(i) (Sublinear case) fo = 00 and fo, = 0.

(ii) (Superlinear case) fy = 0 and f., = cc.
If BT (@) > (1 — n)*7L, then problem (1)-(2) admits at least one positive solution.

Theorem 3.2 Letf (s, u(s)) € C([0,1] x [-00, +00), [0, 00)). Assume that one of the following
conditions is satisfied:

(i) (Sublinear case) fo = 00 and fo = 0.

(ii) (Superlinear case) fy = 0 and f., = cc.
If BT () < (1-n)*"L, then problem (1)-(2) admits a solution which is positive on an interval
[0,b] C [0,1].

Proof of Theorem 3.1 Let C[0,1] be the Banach space of all continuous real-valued func-
tions on [0,1] endowed with the usual supremum norm || - ||.
We define the operator T : C[0,1] — C[0,1] as

1
Tu(t) = / G(t,s)f(s, u(s)) ds,
0

where G(t,s) is defined by (4).
It is clear from Lemma 2.4 that the fixed points of the operator T coincide with the

solutions of problem (1)-(2).
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We now define the cone
p-= [u|u € C[0,1], u(t) > 0, min u(t) > Allu| ]
te[0,1]

where A is given by (6).

First, we show that T'(P) C P.

It follows from the continuity and the non-negativity of the functions G and f on their
domains of definition that if # € P, then Tu € C[0,1] and Tu(t) > 0 for all ¢ € [0,1].

For a fixed u € P and for all £ € [0, 1], the fact that G(¢,s) satisfies property (A) leads to

the following inequalities:

1
Tu(t) :/ G(t,s)f(s,u(s))ds
0
1
zk/o ¢(s)f(s,u(s)) ds
1
> A/ m[g)l(] G(t,s)f(s, u(s)) ds
o te€l0,

1
> A max / G(t, s)f(s, u(s)) ds
0

te[0,1]

= M Tul|.

Hence, T(P) C P.
We now show that T': P — P is completely continuous.
In view of the continuity of the functions G and f, the operator 7 ": P — P is continuous.
Let Q2 C Pbebounded, that is, there exists a positive constant M > 0 such that ||u||,, <M
for all u € Q. Define

L= max M[f(t, u)| +1.

0<t<1,0<u<

Then for all # € 2, we have
1

’Tu(t)’ < /1 G(t,s)f(s, u(s)) ds < L/ G(t,s)ds
0

0

for all ¢ € [0,1]. That is, the set T(£2) is bounded.
For each u € Q and £, ¢, € [0,1] such that # < £, we have

| TM(tz) - TM(t1)|

2 (ty —s)*! 0 -9t
‘_[; Wf(s, u(s)) ds + /0 Wf(s,u(s)) ds

< i [ (=9 =9 s 0
0

')
1 / 2(112 - s)“‘llf(s, u(s)) } ds

"T@ ),

L a a-1 a-1 & a-1
< m(/o ((tz—s) —(t1-9) )ds+/t1 (tp — ) ds)

Page 7 of 11
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= aFL(a) (~(—a)* +t5 -t + (6 — 1))
L o o
= m(fz - 1)

Clearly, the right-hand side of the above inequalities tends to 0 as {; — ¢, and therefore the
set T(2) is equicontinuous. It follows from the Arzela-Ascoli theorem that the operator
T : P — P is completely continuous.

We now consider the two cases.

(i) Sublinear case (fy = oo and f, = 0).

Since f = 00, there exists p; > 0 such that (¢, ) > §;u for all 0 < u < p;, where 8, satis-
fies

BT () — (1 - -t
51( ) )ZI' @)

We take u € P such that ||«|| = p1, then we have the following inequalities:

1
Tu:/ G(t,s)f(s,u(s))ds
0

1
281/ G(t,s)u(s)ds
0

r _ _ n)a-1
zalnun(ﬂ (“)F((;) ) )

= flull.

Let Q; = {u € C[0,1]||l#]| < p1}. Hence, we have || Tul|| > ||u||, u € PN Q.

Since f (¢, -) is a continuous function on [0, 00), we can define the function:
ft,u) = max {f(£,2)}.
z€[0,u]

It is clear thatf(t, u) is non-decreasing on (0, c0) and since f, = 0, we have (see [19])

lim { max AGLD } =0

u—00 | tel0,1] u

Therefore, there exists p, > p; > 0 such that f (t, u) < 8yu for all u > p,, where §, satisfies

BT (@) + 1y
w() = ®

Define Q5 = {u € C[0,1]|||«|| < p2} and let u € P such that ||u«|| = po. Then

1
Tu =/ G(t,s)f(s,u(s))ds
0

1 -~
S/O G(t,s)f(s, IIuII)ds
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r a-1
<ol Z0 T )

< llull.

Hence, we have || Tu|| < ||u|, u € PN 02,.

Thus, by the first part of the Guo-Krasnosel’skii fixed point theorem, we conclude that
(1)-(2) has at least one positive solution.

(i) Superlinear case (f; = 0 and f,_ = 00).

Let &, > 0 be given as in (8).

Since f; = 0, there exists a constant r; > 0 such that f(¢,u) < Syu for 0 < u < ry. Take

u € P such that | «|| = ;. Then we have

1
Tu :/ G(t,s)f(s,u(s))ds
0

1
552/ G(t, s)u(s)ds
0

r a-1
< 52||M||<%)

=< llull.

If we let 1 = {u € C[0,1]|||#|| < r1}, we see that || Tu|| < ||u|| for u e PN IL2;.

Now, sincef;o = 00, there exists r > 0 such that f(¢,u) > 8;u for all u > r, where §; is as
in (7).

Define Q2 = {u € C[0,1][||u|| < r2}, where ry = max(2ry, 7). Then u € P and [u| = ry im-
ply that

minu(t) > Aull = Ary > 7,
and so we obtain
1
Tu = / G(t, s)f(s, u(s)) ds
0

1
281/ G(t,s)u(s)ds
0

BT () — (1 - n)‘“)
I'(a)

> 8 ||u||<

> lull.
This shows that || Tu|| > ||u|| for u € PN 3d$2,. We conclude by the second part of the Guo-
Krasnosel’skii fixed point theorem that (1)-(2) has at least one positive solution z € PN

(22 \ Q). O

Remark 3.1 To prove Theorem 3.2, we use the cone

p- [u|u € C[0,1], min u(t) > /\||u||],
te[0,b)


http://www.boundaryvalueproblems.com/content/2013/1/5

Nieto and Pimentel Boundary Value Problems 2013, 2013:5
http://www.boundaryvalueproblems.com/content/2013/1/5

where b and A are defined in Lemma 2.6 for the case where BI'(«) = (1 — )7}, and in
Lemma 2.7 for the case where ST'(«) < (1 — n)*~L. We skip the rest of the proof as it is
similar to the proof of Theorem 3.1.

Example 3.1 Consider the fractional boundary value problem:

—CD%u(t) — tZe—M(t) + u(t), te [0> 1]’

4 L 3 ©)
' (0) =0, 2¢DIu(1) +u(3) =0,
which is problem (1)-(2) with « = %, B = %, n= % and f(t, u(t)) = 2¢O + Jult).
First, we note that z = 0 is not a solution of (9).
Clearly, fy = 0o and f, = 0, and we also have BI" (&) — (1 - )% ! = ¥ - % ~0.20898 > 0.

We take

,_Br@-(-npt B

1
> -5
2
= = ~ 0.13269
B (a) + no1 EAVEA ? 4ﬁ+5ﬁ

and consider the cone P = {u|u € C[0,1], u(£) > 0, mineo) u(t) > Allull}.
By the first part of Theorem 3.1, we conclude that the boundary value problem (9) has a
positive solution in the cone P.
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