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Abstract
We study conditions ofdiscreteness of spectrum of the operator defined by
Lu=-——=U"(x fo s)dsr(x,s), x € [0,00). The operator has two singularities at the

ends of the |nterva| (0, oo). The second question is positivity of solutions of the
equation Lu = f under boundary conditions u(0) = 0, u'(0o) = 0. The used abstract
scheme is close to the well-known MS Birman's method in the spectral theory of
self-adjoint operators. Conditions for discreteness of spectrum and positivity of the
Green’s operator are obtained. The result relates to the MS Birman’s result on the
necessary and sufficient condition for discreteness of spectrum of a polar-differential
operation. The results may be interesting for researchers in qualitative theory of
functional-differential equations and spectral theory of self-adjoint operators.

MSC: Primary 34K08; 34K10; secondary 34K12
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1 Introduction
1.1 Problems and a well-known result
Our first objective is to study the conditions for discreteness of spectrum® of the

functional-differential operator defined by

Lu= _%u B /(;oo u(s) dsr(x,s), xe€ R, =[0,00), (11)

with two singularities: at x = 0 and at infinity. Note that one particular case of the expres-

sion (1.1) is the following operator with one deviation:
1 1"
- u(x) — g(x)u(h(x)).

The second question is existence of positive solutions of the equation Lu = f (see Defini-
tion 1.1).
Note the result of Birman [1, (Chapter 2, Section 29)] for the spectral problem

1
Lou™ —“u' =u, xeR,, (1.2)
P
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where the operation Ly is called polar-differential operation. This singular spectral prob-
lem is usually considered in the space L, (R,, p) of functions that are square-integrable on
R, with the positive weight p. Birman showed that a necessary and sufficient condition of
discreteness of spectrum of the operator L is

lim s/oo ox)dx =0. (1.3)

§—>00

The singularity at the point x = 0 is not reflected in this condition. If fol p(x)dx = oo, con-
dition (1.3) is not sufficient for discreteness. We impose the second condition,

o0
lims/ o(x)dx =0. (1.4)
s—0 s
The two conditions (1.3) and (1.4) are sufficient for discreteness of the spectrum of (1.2)
(Theorem 2.1).” It seems that (1.4) is also necessary one.

Part of this work is a continuation of the research in the articles [2—4].

1.2 Assumptions, notation
Everywhere below, except for the independent appendix, we use the assumptions and no-
tation introduced in this subsection.

The function p is assumed to be measurable and positive almost everywhere on R, =
[0, 00) and satisfying the important condition

sup s/oo p(x) dx < 00. 1.5)

s€(0,00)

Remark 1.1 Comparing (1.3), (1.4), and (1.5) we see that the key role is played by the
properties of the function

D(s) = s/oo o(x) dx. (1.6)

Conditions (1.3) and (1.4) can be written as limy_, o, ®(s) = lim,_, ¢ ®(s) = 0, and condition
(1.5) is boundedness of the ®(s). The latter is sufficient (Lemma 4.3) for the inclusion
W C Ly(R,, p) and for boundedness of the operator T (see, below in this subsection). It
is close to a necessary condition: if, for example, lim;_, o, ®(s) = 00, then T is unbounded
(see Remark 4.3).

Everywhere below the function r(x,s) is assumed to satisfy the following conditions: it
is nondecreasing in s € R, for almost all x € R,, it is measurable in x for any s € R,, and

g(x) = r(x, 00) — r(x,0) 1.7)
is locally integrable on (0,00). We can assume that r(x,0) = 0 for almost all x € R, (as

follows from a property of the Stieltjes integral).
Now, let us introduce the function

E(x,y) = p(®) fo H(s,) ds. L8)
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Finally, let
» Ly(R,, p) be the Hilbert space of all square-integrable with positive almost everywhere
weight p on R, = [0, 00) functions f, i.e. fmf(x)zp(x) dx < 00, and with scalar product

(f,0) = /R FWe@)p) dx,

+ W be the set of all locally absolutely continuous on R, functions u satisfying

fR ' (x)* dx < oo, (1.9)
and the boundary condition #(0) = 0; W is a Hilbert space (Lemma 4.1) with scalar
product

[w,v] = /R u'(x)v'(x) dx, (1.10)
and

o T: W — Ly(R,, p) be the operator defined by Tu(x) = u(x), x € R,. Note that
W C Ly(R,, p) under condition (1.5) (Lemma 4.3).

1.3 About domain of the operators Ly and £

If A is a regular value of Ly, then any solution of —%u” — Au =f satisfies —%u” € Ly(R,, p).
So, we have to assume that the domain D(L) of the operator L consists of all solutions
of the equation

1
——u" =z € Ly(R,, p). (1.11)
o

These solutions have locally on (0, 00) absolutely continuous derivative #’ and have the
form

u(x) = /DC Go(x, 5)z(s) ds + u(0) + u'(c0)x, (1.12)
0

where Go(x,s) = p(s) min{x, s}. In fact, since ([ pzds)* < [° pz*ds [ p ds the integral
is convergent, and u/(x) = fxoo o(t)z(t) dt + u'(00). From this we have

u(x) = /o% /00 pzdtds + u(0) + u'(co)x = /000 Go(x,8)z(s) ds + u(0) + u' (c0)x.

We impose the boundary conditions #(0) = 0, u/(co) = 0. Both of these conditions are
necessary for the implementation of the variational method in the space of W. Then the
domain is determined automatically (see Corollary A.1 to Lemma A.1 and Lemma 4.8).

Definition 1.1 We say that the boundary value problem

—%u” —fo u(s)dsr(x,8) =f, f € LRy, p), (1.13)

u(0) =0, u'(00) =0 (1.14)

Page 3 0of 18
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is positively solvable, if it is uniquely solvable for any f € Ly(R,, p), and the implication
f>0— u>0 holds.

Note that positive solvability is equivalent to the positivity of the Green’s function G(x, s),
which allows one to represent the solution of Lu = f in the form

oo
)= [ Gmsfods (115)
0
or u = Gf, where G is the Green’s operator of L.

2 Discreteness of spectrum

2.1 Operator L

Instead of direct investigation of the equation Lou = f, where f € Ly(R,, p), consider the
equation

/oo u (x)V (x)dx = /Oof(x)v(x)p(x) dx, YveW. (2.1)
0 0

Equation (2.1) is the result of the variational method, in which the primary object is the
form [u,v]. Equation (2.1) has the short form

[u,v] = (f, Tv),

defined on the spaces W and H = Ly(R,, p). Note that W is a Hilbert space (Lemma 4.1),
T: W — Ly(R,, p) is bounded (Lemma 4.3), and T(W) is dense in Ly(R,, p). So, we can
use the abstract scheme in Appendix 1. According to Corollary A.1 (2.1) is equivalent to
an equation Lou = f. By virtue of Lemma 4.8 (2.1) is equivalent to

—%u” =f, u(0) = /' (00) = 0. (2.2)

Theorem 2.1 Suppose conditions (1.3) and (1.4) hold. Then the spectral problem

1
——u" =\u, u(0) =0, u'(00)=0 (2.3)
0

has a discrete spectrum.
Proof The discreteness follows from Theorem A.1 and Lemma 4.7. d

Remark 2.1 (Estimate of the greatest lower bound of the spectrum) Let Ao be the greatest
lower bound of spectrum of the operator L£y. Thus the problem

1
——u" = u+f, u(0) =0, u(co) =0
o

for A < A is uniquely resolvable for any f € L,(R,, p), but it is not if A = X¢. Then in view
of (A.4) from inequality (4.3) it follows that

1 Tu, Ti *°
_=sup( u, Tw) §4sup(s/ ,o(x)dx).

ro o uzo [u,u]
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This is an accurate estimate. If p(x) = 1/x2, then Ay > 1/4, but A = 1/4 is a point of the
spectrum, as follows from Example 2.1.

Example 2.1 If p(x) = 1/(x?), then s fs > p(s)ds = 1, and the operator T is bounded, but the
two conditions (1.3) and (1.4) are not fulfilled. The spectrum of the operator Lou = —x>u”
in Ly(R,, p), p = 1/(x?) is the interval [1/4, 00).

In fact, the value A < 1/4 is regular (Remark 2.1). Let A > 1/4.

By means of the change of variable x = ¢’ the equation
—x*u — u=f

can be transformed to —u” (¢) + u/(¢) — Au = ¢, where ¢ = f(e*). Since
/ f@)?p(x)dx = / o(t)’e ! dt,
R, R

this equation has to be considered in the space Ly (R, ™).
The homogeneous equation —u” + u' — Au = 0 has the solution u = e/?*(c, cos 8¢ +
¢y sindt) fora 8 > 0. It is not in Ly (R, e™*). Let u = eV/2% sin Stv(¢) = b(¢)v(¢). Then

—u" +u = u=—(b"v+ 26V +bV") + (b'v+ bV) — Abv = (-2b + b)V - bV"

= 28 cos stV — eV sin sty = .

If, for example, v = 1/4/t, t > 1,and v =0, t < 0 (for 0 < ¢ <1 the v(¢) may be defined
arbitrarily), then ¢ € L,(R,e™"). But the corresponding solution u ¢ Ly(R,e™*). Thus, X is
not a regular value of the operator.

Since the spectrum is a real closed set, [1/4, c0) is the spectrum.

2.2 General operator £
The operator (1.1) can be represented as £ = Ly — Q, where Q is defined by

Qui) = / " ) dr(9). (2.4)
0

The operator Q acts from W to Ly(R,, p) and is bounded under certain conditions (see,
for example, (5.6)). Along with the general case, let us consider one special case (deviating
operator):

Qu(x) = q(x)u(h(x)), (2.5)

where g(x) is assumed to be nonnegative locally integrable function, and /(x) is a mea-
surable function. Note that the notation g(x) in (2.5) corresponds to the definition (1.7), if
represent expression (2.5) in the form (2.4).

Theorem 2.2 [f conditions (1.3) and (1.4) are fulfilled and Q: W — Ly(R,, p) is bounded,
then spectrum of L is discrete. If the function & defined by (1.8) is symmetric, i.e. £(x,y) =
&(y,x) for all x,y € R,, then the spectrum is real and the system of eigenfunctions has the
orthogonal basis properties in Ly(R,, p).
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Proof Conditions (1.3) and (1.4) are sufficient conditions of compactness of the operator T
(Lemma 4.7). The symmetry condition of & (x, y) allows one to show the identity (Qu, Tv) =
(Qv, Tu) (see Section 5). Now we can refer to Theorem A.3. O

Using the estimate (5.6) from Theorem A.3 we have the first main result.

Theorem 2.3 Suppose (1.3) and (1.4) hold and

sups/o px)g(x) (q(x) - r(x,s)) dx < 00. (2.6)

Then the spectral problem

—lu”(x) - /OO u(s)dsr(x,s) = Au, x € (0,00),
P 0
u(0) =u/(00) =0

has a discrete spectrum. If § (x,y) = £ (y,%),¢ the spectrum is real, and the system of eigen-
functions has orthogonal basis properties in the spaces W and Ly(R,, p).

Remark 2.2 The spectrum is not real in general, because of the non-symmetry of the
function & (x, ).

The obtained estimate works well in the case of one deviation, if Q is defined by (2.5).
From (2.6) we have the following.

Corollary 2.1 Suppose (1.3) and (1.4) hold and

sup (s /h‘( ) p(x)q(x)? dx) < 00. (2.7)

Then the spectral problem

_%u”(x) - q(x)u(h(x)) =Au, x¢€(0,00),

u(0)=u'(c0) =0
has a discrete spectrum.

Example 2.2 If Qu(x) = g(x)u(x) the operator L has the representation
1 1"
Lu=———u"—qx)u.
p(x)
If (1.3) and (1.4) are satisfied and

o0
sups/ pq* dx < oo, (2.8)

then the operator £ has discrete spectrum. In this case (2.6) has the form (2.8). It follows
also from (5.4). Note that the inequality (2.8) is satisfied, if g(x) is bounded.
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3 Positive solvability
Suppose Q: W — Ly(R,, p) is bounded. By the substitution u = T*z the equation Lu =f

is reduced to the equation
z—-Kz :f, (3.1)

where K = QT is an integral operator with nonnegative kernel,

K(x,t) = /00 Go (s, t) dgr(x,s).
0

Thus, if spectral radius of K is less than unit (p(K) < 1), then (3.1) is uniquely resolvable
and

f>=0—>2z>0.

Sinced z = (I - K)™'f and u = Gyz, the operator G = Go(I — K)™! is positive, and G(x,s) > 0.
Thus:

Theorem 3.1 Suppose Q is bounded and p(K) < 1. Then the boundary value problem
(1.13), (1.14) is uniquely resolvable for any f € Ly(R,, p) and the Green’s operator G is posi-

tive.

Remark3.1 Since p(K) < [IK|| = |T*QIl = [ T*[IQIl = I TIIQll the condition | T'||[| Q]| <1
is sufficient for positivity of the Green’s operator G.

The second main result is presented in the following statement.

Theorem 3.2 If

sup (s / N pdx) sup (s / " P () - rx,9) dx) <t

then the boundary value problem (1.13), (1.14) is positively solvable (see Definition 1.1).
Proof See Remark 3.1 to Theorem 3.1 and the estimates (4.2) and (5.6). O
Consider the following particular case.

Corollary 3.1 The equation
1 "
¥ ®) — qx)u(h(x) =f

(q = 0) has a positive solution in W for any f € Ly(R,, p),f > 0,f #0, if

o 1
sup (s / pdx) sup <S / p(x)q(x)? dx) < —.
s s s h(x)>s 16


http://www.boundaryvalueproblems.com/content/2014/1/102

Labovskiy and Getimane Boundary Value Problems 2014, 2014:102 Page 8 of 18
http://www.boundaryvalueproblems.com/content/2014/1/102

The following particular case shows that in this estimate the inequality sign < cannot be
replaced by <.

Example 3.1 From Theorem 3.1 and (5.4) it follows that the equation

1 " _
—%u qxu=f

(q(x) = 0) is uniquely resolvable for f € Ly(R,, p) in W and has positive solution for f > 0,

if
[e¢] (o] 1
sup (s / e dx) - sup <s / px) dx) <—.
s s s s 16

In particular, if g(x) < const = g, and p(x) = 1/x2, | T*Q|| < 164>. Thus, if 44 < 1, the equa-

tion —x%u” — g(x)u = f has unique positive solution for any f € L,(R,, p), f > 0, f #0.

But if g(x) = const = 1/4, the equation —x*u” — (1/4)u = f may not have a solution for

some f (this was considered in Example 2.1).

In concluding this section consider one useful assertion. Let
(u,v) = / u'vdx - / u(s)v(x) dé (3.2)
R, Ry xRy
and
Qun= [ ulomtds. (3)
Ry xRy

Note that Q(u, v) = (Qu, Tv) (see the equality (5.2)).
Let 1o be the greatest lower bound of spectrum of the operator £. Then by (A.10)

(u, u)
= inf .
u70 (Tu, Tu)

Ao

From Theorem A.5 follows the following.

Theorem 3.3 Suppose conditions (1.3) and (1.4) hold. Then X is the smallest eigenvalue
of the problem Lu = u, u(0) = u'(+00) = 0, and the following statements are equivalent:
1. (u,u) is positive definite,
2. Ap>0,
3. p(QT" <1

Remark 3.2 We do not suppose that 1y > —oco (but if p(QT™) <1 it is so).

4 Auxiliaries propositions
Recall that in all assertions below condition (1.5) is assumed to be fulfilled.

Lemma 4.1 W is a Hilbert space.
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Proof The relation u(x) = fox z(s) ds establishes a bijection between W and the Hilbert

space Ly(R,). O
Lemma 4.2 The value A, f G| g1 satisfies the inequality
A, <2[u,u). (4.1)

Proof This follows from the inequalities

2 s
< [ Gas [ @ras-2 [ S [ wonwarinu

u(t)u'(t
=2 ® ()dt[u,u]§2Au-[u,u]. 0
R L
Remark 4.1 The estimate (4.1) is accurate, since if u = s¥/27¢, s > 1, and u = s¥/?*¢, s > 1,
then
2 A,

=

Remark 4.2 If u(s) > 0, #/(s) > 0, u”'(s) <0, then
A, > 0.5[u,ul.

In fact denote B, fR « gs. Then B, = 2A,. Since u(s) = fo &) dt > su/(s), B, >
fR (s)*>ds = [u,ul.

Lemma 4.3 Suppose (1.5) holds. Then T(W) C Ly(R,, p), the operator T: W — Ly(R,, p)
is bounded, and the norm of T satisfies the estimate

17| < 4 sup (s/ p(x) dx). (4.2)
SER; s
Proof Since (Tu, Tu) = f updx = ZfR p(x)dx [ u(s)u(s) ds, we can estimate
X / o0
(Tu, Tu) 52/ p(x)dx/ |u(s)u/(s)|ds=2/ Ms/ p(x)dxds.
R, 0 R, S s

From this and (4.1)

(Tu, Tu) < 4 sup (s/ p(x) dx) [u, u]. (4.3)

SER, s 0

Remark 4.3 Iflimg_, o, ®(s) = 0o (see (1.6)), then T(W) & Ly(R,, p). In fact, if u(s)u/'(s
then (Tu, Tu) = 2 fR+ u(s)u/(s)
that

) >
d(s) ds. It is possible to find a nonincreasing function (s) such

&d o0, but wcb()ds—

R, $ R, S
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Now find u such that u(s)u/'(s) = ¥ (s): u(s)? = 2 [, ¥ (¢) dt. Since u > 0, u'(s) > 0, and # is
nonincreasing, by Remark 4.2, [u, u] <24, = fm Y6 Js < 00. But (Tu, Tu) = oco.

Lemma 4.4 The image T(W) is dense in Ly(R,, p).
Proof The proof is left to the reader. O

The following theorem [5, p.318] can be used to show compactness.

Theorem 4.1 (Gelfand) A set E from a separable Banach space X is relatively compact if
and only if for any sequence of linear continuous functionals that converge to zero at each
point

fulx) > 0, VxelX, (4.4)

the convergence (4.4) would be uniform on the E.

Lemma 4.5 Suppose (1.3) holds. Iff,, € Ly(R,, p) is bounded, then

Jlim /N Fl@ulx) () dx = 0

uniformly on the set {(u,n): |ul| <L ne{1,2,...}}.

Proof Since
%) 2 ) %)
( / fn(x)u(x)p(x)dx> < / @2 o) d / w2 p(x) dx
N N N

it is sufficient to show that

/OO u(x)?p(x)dx — 0
N

uniformly on [|z|| <1. We have

/NOO wrpdx = /]:o,oalx(u(N)2 +2/qu(s)u’(s)ds).

The first term tends to zero because of the inequality

N 2 N N
M(N)2=</O M’(S)dS) 5/0 u/(s)zds-/(; 1ds<N

and (1.3). The second term is equal to

Z/I:opdx/: u(s)u'(s)ds = Z/NOO u(s)su’(s) <S/soopdx) ds.

This tends to zero because of (4.1) and (1.3). O
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Lemma 4.6 Suppose (1.4) holds. If f,, € Ly(R,, p) is bounded, then
lim /0 afn(x)u(x)p(x) dx=0
uniformly on the set {(u,n): |ul| <L, ne{1,2,...}}.
Proof Since
a 2 a a
( /0 Sul@)u(x)p(x) dx) < /0 Ju(%)? p(x) dx /0 (%)’ p(x) dx
< C/oa u(x)? p(x) dx
it is sufficient to show that
/ou ux)?p(x)dx — 0
when a — 0 uniformly on [|z|| <1. We have

/oa wrpdx = /;(2 /Ox u(s)u'(s) ds),odx = 2/: M(S)SM/(S) (s ‘/Sa p(x) dx) ds.

Now we refer to (1.4) and (4.1). O

Lemma 4.7 If (1.3) and (1.4) hold, then T is compact.

Proof Let Q2 = {Tu: |u| <1}. We use the criterium of compactness of Gelfand (see The-
orem 4.1). Let f, € Ly(R,, p) be a sequence of functionals such that f,(z) — 0 for any
z € Ly(Ry, p). We have to show that f,(Tu) — 0 uniformly for |ju| <1.

Let ¢ > 0. Using Lemma 4.5 choose N such that

‘/oof,,(x)u(x)p(x)dx <&ld
N

for all # and for all ||«|| < 1. The same we can do with fou fu(x)u(x) p(x) dx for sufficiently
small a > 0. For this aim we can use Lemma 4.6.
Now we only have to show that f:j fu(@)u(x)p(x) dx — 0 uniformly on the set ||u|| <1.

Since

N 2 N X 2

( / Mx)u(x)p(x)dx> - ( / fn(x)< / u/(s)ds>p<x)dx)
N N 2
= (/ u/(s)ds/ fulx)p(x) dx)

< /aN u’(s)zds/aN ©a(s)*ds

N
< f @u(s)* ds,
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where @,(s) = [’ N (%) p(x) dx, it suffices to show that faN ©u(s)?ds — 0. We show that
@u(s) — 0 uniformly for s € [a, N]. Let

1 ifxe[s,N],
0 ifxé¢[s,N].

Zs(x) =

Then ¢,(s) = f,(z;s). The set {z: s € [a,N]} is compact. Thus by Theorem 4.1 of Gelfand
fu(zs) converges to zero uniformly for these s. So, ¢,(s) — 0 uniformly for s € [a, N], and
fu(Tu) — 0 uniformly for [Ju|| <1. O

Remark 4.4 It seems that condition (1.4) is necessary for compactness of T.

Lemma 4.8 Equation (2.1) is equivalent to problem (2.2).

Proof Denote i’ = —f p. From (2.1) it follows that

/ u'vdx= —/ Hvdx = -vh|y +/ hv' dx (4.5)
0 0 0

(if we choose v such that the corresponding limits exist). If v = 0 for x ¢ [a,b] C (0, 00),
then f: u'vdx = fah hv' dx. From this 4’ = &1 + const on [a, b]. Since the segment [a, b] is
arbitrary, the relation &’ = /1 + const is fulfilled on the whole semiaxis (0, 00). So, " = /' =
—pf. By the first equality in (4.5)

oo oo oo
/ u'vdx = —/ u'vdx = -u'v|g + / u'v dx.
0 0 0

Now, u/'V| 00 = 4'V|4=0 = 0. Choosing v such that v(co) > C > 0, we obtain #/(c0) =0. [

5 Operator Q. Symmetry and estimates of the norm
Here we consider the operator Q defined by (2.4).

5.1 Symmetry of the form (Qu, Tv)
Under the assumptions imposed on the functions r(x,s) and &(x,y) in Section 1.2, from
Lemma B.1 (in Appendix 2) we obtain the following statement.

Lemma 5.1

Fwy) dt = /R dip(s) [ f09) s, 5.1)

Ry xRy
Inthiscase X =Y =R,, u(e) = fe p) dx, K(x,dy) = r(x,dy) = dyr(x,y).

Using Lemma 5.1 the form

(Qu, Tv) = / dxv(x)p(x) u(s) dsr(x, s)

Ry R.

can be represented in the symmetrical form

(Qu, Tv) = / u(s)v(x) dé. (5.2)

Ry xRy

Hence, this form is symmetric if the function & (x, y) is symmetric: £ (x,s) = £(s, x).
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5.2 Unique deviation
Consider first the special case when the operator Q is defined by (2.5), i.e. Qu(x) =
q(x)u(h(x)). Using (4.1) we have

00 oo h(x)
(Qu, Qu) =f0 p(x)q(x)zu(h(x))zdxzfo dx,oq22/0 u(s)u'(s) ds dx

[T uls)u(s) 2
=2 /(; . (s fh oo px)g(x) dx) ds

< 4[u,u] sups / p(x)g(x)* dx.
N h(x)>s

From this follows the estimate of || Q|

1QI? = 4sup(s /h P dx). (5.3)

In particular, when Qu(x) = g(x)u(x),

IQI* < 4Sllp5/ oq” dx. (5.4)

5.3 General operator Q
Here we consider the general case of the operator Q defined by (2.4), ie. Qu(x) =
fooo u(t) dyr(x, t). Suppose that the function & (x, y) = p(x) f(f r(s,y) ds (see (1.8)) is absolutely
continuous in y, and & (x,y) = foy plx, t) dt. Then p(x, t) does not decrease in x.

In this case

(Qu(x))®

/ u(t)dr(x, t) u(t)d,r(x,t) = // u(t)u(t) der(x, £) d r(x, T)
Ry R, Ry xR,

IA

l 2 2 _ 9
; / /R (0P s utr?) dorte ) derts ) - / (e dor(o ) (),

Ry

where g(x) is defined by (1.7). Using Lemma 5.1, we obtain
2 _ 2 2
1Qul? = /R dxpl(Ques)’ < /R dxpleats) /R P it
_ / d@ue?ds = [ deu(sy / 4 dupl, )
Ry xRy Ry Ry
4lu, d dp(x, t).
< 4l ] sups / ‘ /R LY

The latter step can be done in the same manner as in the relation (5.4).

From this
oo
[QII* < 4sups / dt / q(x) dxp(x, t). (5.5)
s s Ry

Since

/S T /R a9 dpten)- /R (gt / " drw ),
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it may be presented in the form

191 < sups [ (o) gs) - .5 . (5.6)
s Ry

This estimate only works well if for all x deviation is concentrated around the point 4(x).
For example, if r(x, s) = g(x)r1 (s — h(x)), ri(+00) =1, ri(—o0) = 0 then

1QI < sups [ p(g(s(1 - 1(s - hiw) .

R,

o ife<o,

This estimate coincides with (5.3), if r;(¢) = { L oo

In this case

/R u(s)dsr(x,s) = q(x)u(h(x)).

Appendix 1: Abstract scheme

We do not use general spectral theory (see, for example, [6, 7]). But the scheme below is
close to the scheme in [7, Chapter 10] except for using a different notation. We find also
convenient explicit use of the embedding T from W to H (see below). This scheme was
used also in [2—4].

A.1 Positive form
Let W and H be Hilbert spaces with inner product [«,v] and (f,g), respectively. Let
T: W — H be a linear bounded operator. The equation

[u,v] = (f,Tv), VveW, (A1)
has the unique solution u = T*f for any f € H, where T* is adjoint operator. Let D =
T*(H).

Assume that

1. theimage T(W) of the operator T is dense in H,
2. dimkerT =0.

Lemma A.1 Ifthe image T(W) of the operator T is dense in H, then T* is an injection.
Proof Suppose T*f =0 for af € H. Then for any g € T(W)

(f.) = (f, Tu) = [T*f,u] = 0.
Since T(W) is dense in H, the f = 0. O

Corollary A.1 (Euler equation) The operator T* has an inverse L defined on the set D.
Equation (A.1) is equivalent to

Lu=f. (A.2)
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The spectral problem for the operator £ we will write in the form
Lu=\Tu. (A.3)

Let Ao be the greatest lower bound of the spectrum of L. It is well known (see, for ex-
ample, [7, Chapter 6]) that

. (Lu,Tu)

Ao =Inf ——.
" w0 (Tu, Tu)

Since (Lu, Tu) = [T*Lu, u] = [u, u],

[u, u]

=1 fi = T _2. A'4
T, T 17l (A.4)

Ao

Theorem A.1 The spectrum of L is discrete if and only if T is compact.

Proof Since (A.3) is equivalent to u = A T* Ty, discreteness of spectrum of L is equivalent
to compactness of T*T. But the operators T*T and T* are compact at the same time [7,
Chapter 10]. d

Theorem A.2 Suppose T is compact. Then (A.3) has a nonzero solution u, only in the
caseof A=A, n=0,1,2,..., e

Lu, =7, Tu,, n=12,....

The system u, forms an orthogonal basis in W. The sequence A, forms a nondecreasing
sequence of positive numbers,

O<Ao=AM <Ay =<---
and lim A, = oo.
Remark A.1 The minimal eigenvalue A, satisfies the equality (A.4).

A.2 General case
Let

(u,v) = [u,v] - Q(Lt, V)! (AS)

be a symmetric bilinear form, u#,v € W. Assume that Q is bounded in both argu-
ments. Moreover, suppose that this form has the representation Q(u, v) = (Qu, Tv), where
Q: W — H isbounded.® Then the equation [u, v] - (Qu, Tv) = (f, Tv), Vv € W, is equivalent
to

u—T"Qu=Tf (A.6)
and in the set D, = T*(H) to
Lu=Lou—-Qu-=f, (A.7)

where £y = (T*)7L.
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Theorem A.3 Suppose T is compact. Then the equation

Lu=Lou—Qu=>\Tu (A.8)
has a nonzero solution u, only in the case of A = A, n=0,1,2,..., i.e.

Lu, =1,Tu,, n=0,1,2,....

The system u,, can be chosen to form an orthogonal basis in the space W'.

If the form (u,v) = [u,v] — (Qu, Tv) is lower semi-bounded, i.e.

(u, u)
in
u70 (Tu, Tu)

> —00, (A.9)

then spectrum of £ is semi-bounded, and

 (CwTw) ()

Ao = In =1in
07 o (Tu, Tu)  u#0 (Tu, Tu)

(A.10)

is the greatest lower bound of the spectrum [7, Chapter 6]. Thus we have the following.

Theorem A.4 If (A.9) holds and T is compact then the eigenvalues )., have a minimum

and can be put in increasing order
A <A <Ay <---

A.3 Positive definiteness and spectral radius of QT*
Let p = p(QT*) be the spectral radius of the operator QT™*. Note that the two operators
QT* and T*Q have the same spectral radius. So

0 = sup (7" Qu, u] =sup (Qu, Tu)' (A.11)
uto  [w,u] ugo  [u,u]

Lemma A.2 The quadratic form (u, u) is positive definite if and only if p < 1.

Proof From (A.11) it follows that p[u, u] — (Qu, Tu) > 0 and (u, u) = [u,u] — (Qu, Tu) >
(1-p)[u, u]. If p <1 then (u, u) is positive definite. Conversely from the inequality [, u] —
(Qu, Tu) > €lu, u] (¢ > 0) it follows that p <1 —&. O

So if p < 1, then by (A.10)

ho > inf oM —plwul
u#0  (Tu, Tu)

Conversely, suppose Ao > 0. Then

[, u] — (Qu, Tut) > Ao(Tu, Tu) > 0,
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and p < 1. If (Qu, Tu) is nonnegative, then spectrum of 7*Q is in the segment [0, p], and
p is a point of spectrum. In this case from Ao > O it follows that p < 1. So, we have the

following.

Theorem A.5 Suppose (Qu, Tu) is nonnegative. The following assertions are equivalent:
1. (u,u) is positive definite,
2. x>0,
3. p(QT*) <1.

Appendix 2: A generalization of the Fubini theorem
We used a change of integration order in an integral, which does not follow from the classic
Fubini theorem. The following assertion is taken from the monograph [8]. Note that it was

used without proof in [2—4].

LemmaB.1 Let (X, A) and (Y, B) be measurable spaces, | be a measuref on (X, A), K: X x
B — [0,00] be kernel (i.e. for p-almost all x € X, K(x,-) is a measure on (Y,B), VB € B,
K(-,B) is u-measurable on X). Then

1. the function v defined on A x B by the equality

v(E) = / K(x,E,)u(dx), whereE, = {y: (x,9) € E},
X

is measure;

2. iff: X x Y — [-00,00] is v-measurable on X x Y, then

/X  fl)dv- [X ( fy Fln K, dy))u(dx).

Remark B.1 The function v is the Lebesgue extension from the set of rectangles

V(A x B) = / K(x,B)u(dx), AeABeB.
A
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Endnotes
@ The spectrum of £ is discrete if it consists only of eigenvalues of finite multiplicity.

b The condition f(; xp(x) dx < oo is sufficient for (1.4), but it is not necessary (if, for example, p(x) = 1/(<*| Inx|) for x
near zero).

£(x,y) is defined by (1.8).
Here /s the identity operator.
We call Q(u, v) the form associated with the operator Q.

- O QO N

The measure is a nonnegative, o -additive function defined on a o -algebra; the product A x B is the minimal
o -algebra containing the set of all rectangles A x B,A € A, Be B.
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