Chen and Wang Boundary Value Problems 2014, 2014:106 0 BOU nda ry Value PrOblemS
http://www.boundaryvalueproblems.com/content/2014/1/106 a SpringerOpen Journal

RESEARCH Open Access

Ground state homoclinic orbits of damped
vibration problems

Guan-Wei Chen” and Jian Wang

"Correspondence:
guanweic@163.com Abstract

School of Mathematics and In thi id | f iodic d d vibrati bl ith
Statistics, Anyang Normal University, n this paper, we consider a class of non-periodic damped vibration problems wit

Anyang, Henan 455000, PR. China superquadratic nonlinearities. We study the existence of nontrivial ground state
homoclinic orbits for this class of damped vibration problems under some conditions
weaker than those previously assumed. To the best of our knowledge, there has been
no work focused on this case.

MSC: 49J40; 70HO5

Keywords: non-periodic damped vibration problems; ground state homoclinic
orbits; superquadratic nonlinearity

1 Introduction and main results
We shall study the existence of ground state homoclinic orbits for the following non-

periodic damped vibration system:
i(t) + Mu(t) - L@t)u(t) + H,(t,u(t)) =0, teR, (1.1)

where M is an antisymmetric N x N constant matrix, L(£) € C(R, RN*N) is a symmetric
matrix, H(¢,u) € C'(R x R, R) and H,(t,u) denotes its gradient with respect to the u
variable. We say that a solution (t) of (1.1) is homoclinic (to 0) if u(t) € C2(R, RY) such that
u(t) — 0 and (t) — 0 as |t| — oco. If u(¢) # 0, then u(¢) is called a nontrivial homoclinic
solution.

If M = 0 (zero matrix), then (1.1) reduces to the following second-order Hamiltonian

system:
i(t) - L(O)u(t) + Hy (¢, u(t)) =0, teR. (1.2)

This is a classical equation which can describe many mechanic systems such as a pen-
dulum. In the past decades, the existence and multiplicity of periodic solutions and ho-
moclinic orbits for (1.2) have been studied by many authors via variational methods; see
[1-18] and the references therein.

The periodic assumptions are very important in the study of homoclinic orbits for (1.2)
since periodicity is used to control the lack of compactness due to the fact that (1.2) is set
on all R. However, non-periodic problems are quite different from the ones described in

periodic cases. Rabinowitz and Tanaka [11] introduced a type of coercive condition on the
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matrix L(z),
I(t) := ‘illlfl(L(t)u, u) — +00 as || > oo, 1.3)
ul=

and obtained the existence of a homoclinic orbit for non-periodic (1.2) under the
Ambrosetti-Rabinowitz (AR) superquadratic condition:

0<uH(tu) < (Hu(t, u), u), vt e R,Vu e RN\ {0},

where 11 > 2 isa constant, (-, -) denotes the standard inner product in RY and the associated
norm is denoted by | - |.

We should mention that in the case where M # 0, i.e., the damped vibration system
(1.1), only a few authors have studied homoclinic orbits of (1.1); see [19-23]. Zhu [23]
considered the periodic case of (1.1) (i.e., L(¢) and H(¢,u) are T-periodic in ¢ with 7 > 0)
and obtained the existence of nontrivial homoclinic solutions of (1.1). The authors [19-
22] considered the non-periodic case of (1.1): Zhang and Yuan [22] obtained the existence
of at least one homoclinic orbit for (1.1) when H satisfies the subquadratic condition at
infinity by using a standard minimizing argument; by a symmetric mountain pass theorem
and a generalized mountain pass theorem, Wu and Zhang [21] obtained the existence and
multiplicity of homoclinic orbits for (1.1) when H satisfies the local (AR) superquadratic
growth condition:

0 < uH(t,u) < (Hu(t, u),u), VieR,V|u|l >r, (1.4)

where > 2 and r > 0 are two constants. Notice that the authors [21, 22] all used condi-
tion (1.3). Recently, the author in [19, 20] obtained infinitely many homoclinic orbits for
(1.1) when H satisfies the subquadratic [19] and asymptotically quadratic [20] condition
at infinity by the following weaker conditions than (1.3):

(Ly) There is a constant 8 > 1 such that
meas{t eR:|t|PL(t) < bIN} <+00, VYb>0;
(Ly) There is a constant yo > 0 such that
I(t) := |iur|1=f1(L(t)u’ u) >y, VteR,
which were firstly used in [15]. It is not hard to check that the matrix-valued function

L(t) := (t*sin® t + 1)1y satisfies (L;) and (L), but does not satisfy (1.3).
We define an operator I' : H*(R, RY) — HY(R,RN) by

(Tu,v) = /R(Mu(t), f/(t)) dt, Yu,veH* (R, ]RN).

Since M is an antisymmetric N x N constant matrix, I is self-adjoint on H'(R,RY). Let x
denote the self-adjoint extension of the operator — % + L(t) + I'. We are interested in the
indefinite case:
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(J1) a:=sup(o(x) N (-00,0)) <0 < b:=inf(o(x) N (0,00)).
To state our main result, we still need the following assumptions:

(Hy) |VH(t,u)| <c(+ |ulP?) forsomec>0and p>2,VteRand u € RN,
(H2) H(t,u) > alul*, Vi€ Rand u € RN,
(H3) Forsome é >0 and y € (0,b),

|VH(t,u)| < y|ul, |H(t,u)|§%|VH(t,u)|-|u|, Viul <8, Ve €R.

(Hg) h",(j‘f) — +00 as |u| — +00 and there exists W;(¢) € LY(R, R*) such that

H(t,u) > -Wi(t), VteRanduecRN. (L5)

(Hs) Forall £ € R and u,z € RY, there holds

(r-1
2

H(t,u+z) - H(t,u) — r(VH(t, u),z) + (VH(t, u), 1)

>-Wi(¥), Vrelo,1].
Our main results read as follows.

Theorem 1.1 If (Ly)-(Ly), (J1) and (Hy)-(Hs) hold, then (1.1) has at least one nontrivial
homoclinic orbit.

Theorem 1.2 Let M be the collection of solutions of (1.1), then there is a solution that
minimizes the energy functional

I(n) = % / [|1)z(t)|2 + (Mu(t), i(t)) + (L@)u(e), u(t))] dt - f H(t,u)dt, ucE
R R
over M, where the space E is defined in Section 2. In addition, if
|VH(t, u)| = o(lul) as |u] — 0

uniformly in t, then there is a nontrivial homoclinic orbit that minimizes the energy func-
tional over M\ {0}, i.e., a ground state homoclinic orbit.

Remark 1.1 Although the authors [21] have studied (1.1) with superquadratic nonlinear-
ities, our superquadratic condition (Hy) is weaker than (1.4) in [21]. Moreover, we study
the ground state homoclinic orbit of (1.1). To the best of our knowledge, there has been no
result published concerning the ground state homoclinic orbit of (1.1).

Example 1.1

1) H(tu) = ul?,

(2) H(t,u) = gO)(ul? + (p - 2)|uf~* sin® (L)),
where p > 2, g(t) > 0 is continuous and 0 < & < p — 2. It is easy to check that the above two
functions satisfy assumptions (H;)-(Hs) if we take 0 < Wy(£) € L}(R,R*), where W/ (¢) is
the function in (Hy)-(Hs).
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The rest of the present paper is organized as follows. In Section 2, we establish the varia-
tional framework associated with (1.1), and we also give some preliminary lemmas, which
are useful in the proofs of our main results. In Section 3, we give the detailed proofs of our

main results.

2 Preliminary lemmas
In the following, we use || - ||;» to denote the norm of L?(R,RN) for any p € [1,00]. Let
W := HY(R,RN) be a Hilbert space with the inner product and norm given respectively by

(U, V)w = A[(ﬁt(t),f/(t)) + (u(®),v(t))] dt, lullw = (w,u)t?, Yu,veW.

It is well known that W is continuously embedded in L#(R, RY) for p € [2,00). We define
an operator I' : W — W by

(Tu,v) = /R(Mu(t),f/(t)) dt, Yu,ve W.

Since M is an antisymmetric N x N constant matrix, I" is self-adjoint on W. Moreover,
we denote by x the self-adjoint extension of the operator —3722 + L(¢) + I with the domain
D(x) C L*(R,RYN).

Let E := D(|x|"?), the domain of |x|2. We define respectively on E the inner product
and the norm

1/2

1/2 1/2
2w, | x V), + (u,v)2  and  lullp = (u,u)?,

(e = (Ix

where (-, -); denotes the inner product in L2(R, RV).
By a similar proof of Lemma 3.1 in [15], we can prove that if conditions (L;) and (L)
hold, then

E is compactly embedded into L? (]R, RN), Vp € [1, +o0]. (2.1)

Therefore, it is easy to prove that the spectrum o(x) has a sequence of eigenvalues
(counted with their multiplicities)

Mk ShS 00,

and the corresponding system of eigenfunctions {e; : k € N} (x ex = Arex) forms an orthog-
onal basis in L*(R, RN).
By (J1), we may let

ki:=t{j: 1 <0}, E™ :=span{ey, ..., e}, E* = clg(span{ex1,...}).
Then one has the orthogonal decomposition
E=E ®FE"

with respect to the inner product (-, -) r. Now, we introduce respectively on E the following
new inner product and norm:

(w,v) o= (I "u | x1"2v), el = ()™, (2.2)
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where u,ve€ E=E- @ E* with u =u~ + u* and v = v~ + v*. Clearly, the norms || - || and
Il - Il are equivalent (see [4]), and the decomposition E = E~ @ E* is also orthogonal with
respect to both inner products (-,-) and (-,-),. Hence, by (J;), E with equivalent norms,
besides, we have

o = (), <l o e B 23
and
”u* H2 = (Xu+,u+)2 > b”u+ ”iz, Yu* € EY, (2.4)

where a and b are defined in (J;).

For problem (1.1), we consider the following functional:

I(n) = 1 / [}L‘t(t)|2 + (Mu(t), i(t)) + (L@)u(e), u(t))] dt - / H(t,u)dt, uecE.
2 Jr R
Then I can be rewritten as
R P e P /RH(L‘,u)dt, u=u +u' k.

Let W(u) := fR H(t, u) dt. In view of the assumptions of H, we know I, ¥ € C}(E,R) and the
derivatives are given by

‘-Il’(u)V:/R(Hu(t,u),v) dt, I'(u)v:(u*,v*)—(u‘,v‘)—]’(u)v

for any u,v € E = E- @ E* with u = u~ + u* and v = v~ + v*. By the discussion of [24],
the (weak) solutions of system (1.1) are the critical points of the C! functional I : E — R.
Moreover, it is easy to verify that if u = 0 is a solution of (1.1), then u(t) — 0 and () — 0
as |t| — oo (see Lemma 3.1 in [25]).

The following abstract critical point theorem plays an important role in proving our
main result. Let E be a Hilbert space with the norm | - || and have an orthogonal decom-
position E = N @ Nt, N C E is a closed and separable subspace. There exists a norm |/,
satisfying |v|,, < [|v|| for all v € N and inducing a topology equivalent to the weak topology

of N on abounded subset of N.Foru =v+w e E=N®N* withv e N, w e N+, we define
lul, = |v| + ||wl||%. Particularly, if u, = v, + w,, is | - |-bounded and u, e 4, then Vy— v
weakly in N, w,, — w strongly in N*, u,, — v + w weakly in E (cf, [26]).

Let E:=E- @ E*, zo € E* with |zo]| = 1. Let N := E- ® Rzp and Ef := N* = (E- @ Rz)".

For R> 0, let
Q:i={u:=u +sz0:s€R",u” €E7,|lu|| <R}
with py = spzp € Q, 59 > 0. We define

D:= {u::szo+w+:seR,w+eEf,

szg +w' H =so}.
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For I € C'(E,R), define

h:[0,1] x Q> Eis | - |,-continuous;

b h(0,u) = uand I(h(s, u)) < I(u) forall u € Q;
For any (so, #o) € [0,1] x Q,thereisa | - |,-neighborhood
Usyup) St {ue—h(t,u) « (¢, u) € Usyup) N ([0,1] x Q)} C Efn

I:=

where Ef, denotes various finite-dimensional subspaces of E, I" # 0 since id € I'.
The variant weak linking theorem is as follows.

Lemma 2.1 ([26]) The family of C'-functionals {I,} has the form
I)\ (u) = AI((”) —](M), VA€ [1; )‘-0]1

where Lo > 1. Assume that
(a) K(u)>0,YuekE L =1
(b) |J(m)| + K(u) — oo as ||\u|| — oo;
(c) I is |- |w-upper semicontinuous, I, is weakly sequentially continuous on E. Moreover,
I, maps bounded sets to bounded sets;
(d) supyolx <infpl;, VA € [1,20].
Then, for almost all ) € [1, 1o], there exists a sequence {u,} such that

sup ||, || < 0o, I)IL(un) -0, L(u,) = ¢,
n

where ¢; = infyer sup,cq 1. (h(t, u)) € [infp I, supg 1, ].

In order to apply Lemma 2.1, we shall prove a few lemmas. We pick 1o such that1 < A¢ <
min[2,b/y]. For 1 < A < Ag, we consider

L () = %”Lf I” - (% ||| + /R H(t,u(t)) dt) = LK () — ] ().

I"lo

It is easy to see that [, satisfies condition (a) in Lemma 2.1. To see (c), if #, — u and
L(u,) = ¢, then u}; — u* and u;, — u~ in E, u,, — u a.e. on R, going to a subsequence if
necessary. It follows from the weak lower semicontinuity of the norm, Fatou’s lemma and
the fact H(t, u) + Wi (¢) > 0 for all £ € R and u € RN by (1.5) in (Hy) that

¢ < limsup I, (u,)

n—00

- nmsup[%nu;uz— <%||u;||2+/R(H(t,u,,)+W/l(t))dt> +/R\X/1(t)dt]

= %||M*Hz—lggg}f[%l|unl|2+fR(H(t,un)+Wl(t))dt] +fRW1(t)dt
A 1
Sl = (s [ He ) -5

Thus we get I, () > c. It implies that I, is | - |,-upper semicontinuous. I} is weakly sequen-
tially continuous on E due to [27].


http://www.boundaryvalueproblems.com/content/2014/1/106

Chen and Wang Boundary Value Problems 2014, 2014:106
http://www.boundaryvalueproblems.com/content/2014/1/106
Lemma 2.2 Under assumptions of Theorem 1.1, then
J(u) + K(u) — 0o as ||u]| — oo.

Proof By the definition of I(x) and (H4), we have

1 1
J(u) + K(u) = —Hzf“2 + —”u‘”z +/H(t,u(t))dt
2 2 B
> l||u||2 —/ Wi(t)dt — +oo  as ||u|| — oo,
2 R
which is due to Wi(¢) € LR, R*). O

Therefore, Lemma 2.2 implies that condition (b) holds. To continue the discussion, we
still need to verify condition (d), that is, the following two lemmas.

Lemma 2.3 Under assumptions of Theorem 1.1, there are two positive constants €,p > 0
such that

L(u)>¢, u€ckE*, ||ull=p,ell,]

Proof By (H;), (Hs), (2.4) and the Sobolev embedding theorem, for all u € E*,

B0 = 3l - [ Heute)

1||u||2—/ H(t, u(t)) dt—f H(t,u(t)) dt
2 (teR:|u|<5)

{teR:|u|>68}

1 1
> —||u||2——y/ |u|2dt—c/ (Il + |ul) dt
2 27 JiteR:jul<s) (teR:|u=6)

\%

1 1
= Sl = % 2l = Cllul”
1
- Enunz(l— > —2C||u||”), 0=y <b

where C is a positive constant. It implies the conclusion if we take ||| sufficiently small.
O

Lemma 2.4 Under assumptions of Theorem 1.1, then there is an R > 0 such that
I)\(u)fo, MGaQR,)\G [1,)\0],
where Qg :={u:=v+szy:5>0,veE,zy € E* with |zl =1, |lu]| <R}.

Proof Suppose by contradiction that there exist R, — 00, A, € [1, o] and u,, = v, + 5,20 €
dQg such that [, (i) > 0. If s,, = 0, then by (Hy) and (2.3), we have

1 1 1
An(vn):—EnvnnZ—/H(r,vn>dts—§||vn||2—5a||vn||i2 <o.
R

Page 7 of 15
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Therefore, s, # 0 and ||, ||> = [|[v,||* + 52 = R?. Let i1, = Tk = 5u20 + ¥y, then
2 l? = 19a]* +5;, = 1.
It follows from I, (u,,) > 0 and the definition of / that
<21 - [ T pa
= %[(/\n PR 1] - H| (ut|u2) it 2 dt. (2.5)

There are renamed subsequences such that 5, — s, A, — A, and there is a renamed sub-

sequence such that &, = - =5,z + ¥, — # in E and #,, — i a.e. on R.
q T
We claim that
H(t,u,) .
liminf (&, i) |it,|* dt > 0. (2.6)

n—>oo Jp o |u,|?

Case 1. If u # 0. Let Q¢ be the subset of R where & # 0, then for all £ € 2y we have
24| = |iky| - || t4]] = 00. It follows from (H,) and Wi (¢) € LR, R*) that

H(t,u,) . H(t,u,) . Wit
( 2n)|u,,|2dtz ( zn)lunlzdt—f l(zdt—> +00 asun— oQ.
R |l Qo |24 R\Qo (7A]

Case 2. If it = 0, then by (Hy) and W;(¢) € L}(R,R*), we have

dt— 0 asn— oo.

H(t,u,) .
() 22 gy :
R |4l R4l

H(t,uy,) / W)
dt > —
R

124,112

Therefore, Cases 1 and 2 imply that (2.6) holds. Therefore, by (2.5), (2.6) and the facts

S5, — 8, A, — A, we have

(L+1)5?-1>0,

that is, 5> > - > — > 0. Thus, & # 0. It follows from (H,) that

1+A — 1+Xo
H(t, ~
( b;n) 1,12 dt — +00  as n— 00,
R |un|
which contradicts (2.5). The proof is finished. O

Therefore, Lemmas 2.3 and 2.4 imply that condition (d) of Lemma 2.1 holds. Applying
Lemma 2.1, we soon obtain the following fact.

Lemma 2.5 Under assumptions of Theorem 1.1, for almost all A € [1, L], there exists a

sequence {u,} such that

sup ||lu,|l < oo, I;L(Lt,,) — 0, L(u,) = ¢,
n

where the definition of ¢, is given in Lemma 2.1.

Page 8 of 15
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Lemma 2.6 Under assumptions of Theorem 1.1, for almost all } € [1, )], there exists a
uy € E such that

L(u) =0, L) =c.

Proof Let {u,} be the sequence obtained in Lemma 2.5. Since {u,} is bounded, we can
assume u#, — u; in E and u,, — u; a.e. on R. By (H;), (H3), (2.1) and Theorem A.4 in [27],

we have

/R %(VH(t,u,J,u,,)dt—) /R %(VH(t,uA),uA)dt 2.7)
and

/R H(t, u,)dt — /R H(t, u;) dt. (2.8)

By Lemma 2.5 and the fact that I} is weakly sequentially continuous, we have
L(u)g = lim I, (u,)p =0, Ve €eE.
n— 00

That is, I} (4,) = 0. By Lemma 2.5, we have

L (u,) - %Il/\(u,,)un = A(%(VH(L‘, ) tn) — H(2, un)) dt — ¢.

It follows from (2.7), (2.8) and the fact I (u,) = 0 that

1 1
L(w) = L(u,) - Elj\(u)\)ux = / (5 (VH(t, uy), u,\) - H(t, u;‘)> dt=c;.
R
The proof is finished. 0

Applying Lemma 2.6, we soon obtain the following fact.

Lemma 2.7 Under assumptions of Theorem 1.1, for every A € [1,A¢], there are sequences
{u,} C E and A, € [1, Ao] with A, — )\ such that

L () =0,  L,(u,) =cy,.

Lemma 2.8 Under assumptions of Theorem 1.1, then

2

f [H(t, u) — Ht, rw) + 2 (VH(t, 1), w) - 1rr (VH(t,u), u)]dt§ c,
R

where u € E,w € E*, 0 <r <1 and the constant C := fR |W1(¢)| dt does not depend on u,

w,r.

Proof This follows from (Hs) if we take u =y and z = rw — u. O
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Lemma 2.9 The sequences given in Lemma 2.7 are bounded.
Proof Write u, = u!, + u;,, where u € E£. Suppose that
||2£,,]]| > 00 asm— o0.

. _tn _ Mmoo _ Uy 2 _ 2 -2 =
Let v, := m, then v} = T Vi = T Ivall® = lvill* + lv, I =1 and ||v}|| < 1. Thus
vi —v*in E and v}, — v* a.e. on R, after passing to a subsequence.

Case 1. If v* £ 0. Let 1 be the subset of R where v* # 0. Then v # 0 and |u,| = |v,]| -

llet, || = 00 on Q4. It follows from (H4) and W4 (¢) € L}(R,R*) that

H(t,u H(t,u Wit
( 2n)|v,,|2dtz ( Zn)|v,,|2dt—/ I(Zdt—> +00 asu— o0,
R |l o |l rR\@ 4l

which together with Lemmas 2.3 and 2.7 and v;® — v* in LY(R,RY) for all 1 < g < oo (by
(2.1)) implies that

H(t,u,)

0 < S Ly,(wn) A 2
R |Mn|2

n 2
= =—|v v,|°dt - —00 asmn— o00.
Tl Nuall> 2 ” vl

1, _
- 1)

It is a contradiction.
Case 2. If v* = 0. We claim that there is a constant C independent of u,, and A, such that

L, (ruy) = L, (u,) < C,  Vrel0,1]. (2.9)
Since

1’()—h(**) 1(—-) 1/(VH(t ),¢)dt=0, VoeE

2Anu’l(p—2 m\Uy> @ _2un’(p _2 & yUn), @ - Y% QY EL,

it follows from the definition of I that
L, (ru}) = L, (u,) = %kn(rz -1) ||u; Hz + %”u; ||2 + / (H(t, un) — H(t,ru})) dt
R

+ lkn<u;,¢+) - l(u;,w’) - 1 / (VH(t, u,,),gp) dt. (2.10)
2 2 2 Jr

Take ¢ := (r? +1)u,, — (r* = 1)u}, = (r* + 1)u, — 2r’u;, in (2.10), then it follows from Lemma 2.8
that

2
L, (rup) = L, (u,) = —% s, ||2 + / [H(t, ) — H(t,rut) + r* (VH(E, uy), 1))
R

1+7%
2

(VH(t, Uy,), u,,)] dt
<C.
Thus (2.9) holds.
Let Cy > 0 be a fixed constant and take

Co

= — 0 asn— oo.
llzc. |

Tyt
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Therefore, (2.9) implies that

Ikn (rn ) Ikn(un) <C
It follows from v}, ”M i and Lemma 2.7 that

L, (Covi) <C. (2.11)

Note that Lemmas 2.3 and 2.7 and (Hy4) imply that

¢, D, (un) 2 [pH(tu,)
0< L z =— - = dt
T Nuall> Nl H ” ” - ol
oy ez 1 Je Wr(0) dt
<R - Lo £

It follows from the fact IR”‘Z 1‘(‘2 % _, 0asn— oo due to Wi(2) € LY(R,R*) that

A 1
70”1/;||2—§”V;1”2+820, Ve >0 (2.12)
for all sufficiently large n. We take & = 1, by (2.12) and [|v,.[|* = [[v};]I* + v, |* = 1, we have
2 1
il = 30 (2.13)
for all sufficiently large n. By (H;) and (Hs), we have
/ H(t, Cov}y) dt
R
1 2 112 1 + P +|P
<=y |Vn| dt+ —c (CO‘V,,’+CO|V”| )dt
2 {teR:|Covit|<5) 2 JiteR:|Covi|28)
1
< —ycgf |vil® de + clcg/ |vi [P dt. (2.14)
2 {t€R:|Co v} |<8) (teR:|Cov};|>5)

For all sufficiently large #, by (2.13) and (2.14), it follows from A, = A and v; — v* =01in
LI(R,RY) forall 1 < g < oo (by (2.1)) that

b)) = Gl - f H(t, Cov?) dt
R

1 1 1
> —AnCS———yC(%/ lvi |2t
2 20+ io) 2 {teR:|Covi|<8)

—clcg/ lvil” dt
{teR:|Cov|>0)

1C2

— —————— asn— oQ.
4(1+)\0)

This implies that I, ,(Cyv};) — oo as Cy — 00, contrary to (2.11).
Therefore, {u,} are bounded. The proof is finished. O
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3 Proofs of the main results

Proof of Theorem 1.1 From Lemma 2.7, there are sequences 1 < A, — 1 and {u,,} C E such
that I, (u,) =0 and I, («,) = c;,,. By Lemma 2.9, we know that {u,} is bounded in E. Thus
we can assume u, — u in E, u,, — u a.e. on R. Therefore,

L ()@ = hnlus, ) = (7, 0) - /R(VH(L‘, un),9)dt=0, Vo e€E.

Hence, in the limit,

I'(we =(u’0)—(u",¢)- /R(VH(t, u),¢)dt=0, Vg€E.

Thus I'(1#) = 0. Note that
1, 1
Ikn () — 51)”,1 (un)uy, = / (5 (VH(t: Un), un) - H(t, un)) dt = Co, = C1- (3.1)
R
Similar to (2.7) and (2.8), we know

/(E(VH(t,un),u,,)—H(t,un)> dt—>/(l(VH(t,u),u)—H(t,u)) dt asmn— oo.
R 2 R 2

It follows from I’ (i) = 0, (3.1) and Lemma 2.3 that

I(u) = I(u) - %I’(u)u = /

[% (VH(t, u), u) - H(t, u)] dt
R

1
= lim <§ (VH(t, Uy,), un) — H(t, un)> dt>c >e>0.
R

n—0o0

Therefore, u # 0. O

Proof of Theorem 1.2 By Theorem 1.1, M # (3, where M is the collection of solutions of
(1.1). Let

o= Mlell/\f/[ 1(u).
If u is a solution of (1.1), then by Lemma 2.8 (take r = 0),

() = I(u) - %I'(u)u = fR E(VH(t, u),u) — H(t, u)] dt>-C=- /R | WA (2)| de.
Thus @ > —o0. Let {u,} be a sequence in M such that

1(u,) = «. (3.2)
By Lemma 2.9, the sequence {u,} is bounded in E. Therefore, u,, ~ u in E, u,, — u a.e. on

R and u, — u in LP(R,RY) for all p € [1, +00] (by (2.1)), after passing to a subsequence.

Therefore,

I'(un)g = (1, 0) — (1, 0) - /R(VH(t, uy),¢)dt=0, Vo €L
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Hence, in the limit,

I'(w)p = (u*,go) - (u‘,go) - /R(VH(t, u),¢)dt=0, Vg€E.

Thus I'(#) = 0. Similar to (2.7) and (2.8), we have
1, 1
I(un) -=1 (un)un = / (_ (VH(t: un); un) - H(t: un)) dt
2 e\ 2
1
— / (E(VH(t’ u),u) — H(t, u)) dt asmn— oo.
R
It follows from I’ (1) = 0 and (3.2) that

I(u) = I(u) - %I'(u)u = /

[% (VH(t,u),u) - H(t, u)] dt
i

= lim (l (VH(t, ), un) — H(t, u,,)) dt
L\ 2

n—0oQ0
= lim I(4,) = a.
n—0o0
Now suppose that

|VH(t,u)| = o(|ul) as |u| > 0.

It follows from (H;) that for any ¢ > 0, there is a constant C, > 0 such that

|VH(t,u)| < elul + CelulP™. (3.3)
Let
B:= inf I(u),
ueM’

where M’ := M\ {0}. Let {u,} be a sequence in M \ {0} such that
I(un) —> B. (34)
Note that
0=1"(uy)u), = Hu; ||2 - ‘/R(VH(L‘, u,,),u;) dt,
which together with (3.3), Holder’s inequality and the Sobolev embedding theorem implies
s = [ (VG ),) e

T T
58/ |un|~|u;|dt+Cs/ Iun|p_1|u;|dt
0 0

—1
<celluall - || + Collwnlly, |||
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IA

elliall - ||| + COlnllZ Nl - |

IA

ellutnll® + C a5 101 3.5)
Similarly, we have

ey |” < ellunll® + CllutallZy N2 (3.6)
From (3.5) and (3.6), we get

ol < 26|41 + 2C7 150 N 211,

which means ||u,|;» > C for some constant C > 0. Since u, — u in I?(R,RY), we know
u #0. As before, I(u,) — I(u) = B as n — oo. O
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