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Abstract

We consider the nonlinear biharmonic equation with variable coefficient and
polynomial growth nonlinearity and Dirichlet boundary condition. We get two
theorems. One theorem says that there exists at least one bounded solution under
some condition. The other one says that there exist at least two solutions, one of
which is a bounded solution and the other of which has a large norm under some
condition. We obtain this result by the variational method, generalized mountain pass
geometry and the critical point theory of the associated functional.
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1 Introduction

Let © be a bounded domain in R” with smooth boundary 92 and L2(2) be a square in-
tegrable function space defined on Q. Let A be the elliptic operator and A2 be the bi-
harmonic operator. Let ¢ € R. In this paper we study the following nonlinear biharmonic
equation with Dirichlet boundary condition:

A’u+cAu=a(x)gu) ing,
1.1)
u=0, Au=0 onad<,

where a : Q — R is a continuous function which changes sign in Q.
We assume that g satisfies the following conditions:
(gh) g€ CRR),
(g2) there are constants a;,a, > 0 such that

lgw)| < a1+ aslul*™,

where2<u<nz%’2 ifn>3,
(g3) there exists a constant rg > 0 such that

&
0 < uG(E) = u /0 Q) dt <£g(®) for 5] = ro,

(g4) g(u) = o(|u|) as u — 0.
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We note that (g3) implies the existence of the positive constants as, a4, as such that

(e0(€) +ax) = Gle) + s Z skl foré R 12)
Remark 1.1 The real number £ in the definition (g3) is not automatically nonnegative.
The reason is as follows.

Since 0 < uG(§) < £g(&§) and 1 > 2, G(§) > 0 and &£g(§) > 0. By £g(&) > 0, we have two
cases: one case is that £ > 0 and g(£¢) > 0. The other case is that £ < 0 and g(¢) < 0. Thus &
is not nonnegative.

Remark 1.2 We obtain the boundedness of % g(u)u — G(u) as follows.

By the condition (g3), %g(u)u > %uG(u) for |u| > ry. Since u > 2, % - i >0, and G(u) +
as > as|u|* in (1.2),

%g(u)u - G(u) > %MG(M) - G(u)

(-2
> M(% - i)(d5|u|“ —ay).

Thus we obtain the boundedness of %g(u)u - G(u).

Remark 1.3 (i) Assumption (g4) implies that (1.1) has a trivial solution.
(ii) If n =1, (g2) can be dropped. If n = 2, it suffices that

lg()| < a1 expp(&),

where p(£)§2 — 0 as |£| — oo.
(iii) If # > 3 and g(&) = £+1*¢, where &* = max{£,0} and € > 0 is a small number, then
(g1)-(g4) are satisfied.

The eigenvalue problem

Au+iu=0 in g,

u=0 onodf2
has infinitely many eigenvalues A, K > 1, and corresponding eigenfunctions ¢y, k > 1,
suitably normalized with respect to the L*(R2) inner product, where each eigenvalue Ay is
repeated as often as its multiplicity. The eigenvalue problem

A’u+cAu=Au in Q,

u=0, Au=0 onodQ2

has also infinitely many eigenvalues A«(Ax — ¢), K > 1 and corresponding eigenfunctions
dk, k> 1. We note that A; (A1 —¢) < Ay(hy —¢) <--- — +00, and that ¢;(x) > 0 for x € Q2.
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Khanfir and Lassoued [1] showed the existence of at least one solution for the nonlinear
elliptic boundary problem when g is locally Holder continuous on R,. Choi and Jung [2]
showed that the problem

A’u+cAu=bu* +s inQ,
(1.3)
u=_0, Au=0 ond2

has at least two nontrivial solutions when (¢ < A1, A1(A1 —¢) < b < Ay(Ay — ¢) and s < 0)
or (A1 < ¢ < Ag, b < A1(A1 —¢) and s > 0). The authors obtained these results by using the
variational reduction method. The authors [3] also proved that when ¢ < A1, A1 (A — ¢) <
b < 1a(Xy —c) and s < 0, (1.3) has at least three nontrivial solutions by using degree theory.
Tarantello [4] also studied

A’u+cAu=b((u+1)" -1),
(1.4)
u=0, Au=0 onodf.

She showed thatif ¢ < 1; and b > X;(A; —¢), then (1.4) has a negative solution. She obtained
this result by degree theory. Micheletti and Pistoia [5] also proved that if ¢ < A; and b >
A2(Aa — ¢) then (1.4) has at least four solutions by the variational linking theorem and
Leray-Schauder degree theory.

In this paper we are trying to find the weak solutions of (1.1), that is,

/Q(Azu +cAu— a(x)g(u))vdx =0 foranyveH,
where the space H is introduced in Section 2. Let us set

Q*:{xeﬂ|a(x)>0}, Q’:{erla(x)<O}
and let

a*=a- xq+ a =-a- xo-.

Since a(x) changes sign, the open subsets Q* and Q™ are nonempty. Now we can write
a =a* —a~. Our main results are as follows.

Theorem 1.1 Assume that ki < ¢ < A1, g satisfies (g1)-(g4) and g(u)u — nG(u) is bounded.
Then (1.1) has at least one bounded nontrivial solution.

Theorem 1.2 Assume that Ay < ¢ < A1, g satisfies (g1)-(g4), g(u)u — uG(u) is not bounded
and there exists a small € > 0 such that [,_a~(x)dx < €. Then (1.1) has at least two solu-
tions, (i) one of which is nontrivial and bounded, and (ii) the other of which has a large
norm such that

max’u(x)’ >M for some M.
x€Q

The outline of Theorem 1.1 and Theorem 1.2 is as follows: In Section 2, we prove that
the corresponding functional I(x) of (1.1), which is introduced in (2.1), is continuous and
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Fréchet differentiable and satisfies the (PS) condition. In Section 3, we prove Theorem 1.1.
In Section 4, we prove Theorem 1.2 by the variational method, the generalized mountain

pass geometry and the critical point theory.

2 Palais-Smale condition
Any element  in L2(2) can be written as

U= thqbk with Zhi < 00.

We define a subspace H of L%(2) as follows:
H= [u e 1) | Y ulri - o2 < oo}.

Then this is a Banach space with a norm

ol = [ Y= )l

Since Ar — +00 and c is fixed, we have
(i) A%u+cAu € H implies u € H,
(i) Nlull > Cllull2(q), for some C >0,
(i) llull2(q) = 0 if and only if ||| = 0,
which are proved in [6].
Let

H, ={ueH|h=0if ,(Ae — ) <0},

H_={ueH|h=0if Ai(Ae — ¢) > 0}.

Then H = H_ @ H,. Let P, be the orthogonal projection on H, and P_ be the orthogonal
projection on H_.
We are looking for the weak solutions of (1.1). The weak solutions of (1.1) coincide with

the critical points of the associated functional
I(u) € C'(H,R),
I(u) = /Q|:%|Au|2 G —/Qa(x)G(u)] dx 1)
- 3P = 12-at?) - [ a6 d.

By (gl) and (g2), I is well defined. By Proposition 2.1, I € C}(H, R) and I is Fréchet differ-
entiable in H.

Proposition 2.1 Assume that hi < ¢ < Ags1, k > 1, and that g satisfies (g1)-(g4). Then 1(u)
is continuous and Fréchet differentiable in H with Fréchet derivative

I'(u)h = / [Au -Ah—-cVu-Vh- a(x)g(u)h] dx. (2.2)
Q
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If we set
K(u) = /Qa(x)G(u) dx,

then K'(u) is continuous with respect to weak convergence, K'(u) is compact, and
K'(wh = /Qa(x)g(u)h dx forallheH.

This implies that I € C*(H, R) and K (u) is weakly continuous.
The proof of Proposition 2.1 is the same as that of Appendix B in [7].

Proposition 2.2 (Palais-Smale condition) Assume that A < ¢ < Ags1, kK > 1, and g satisfies
(g1)-(g4). We also assume that g(u)u — 1 G(u) is bounded or that there exists an € > 0 such
that fQ_ a~(x)dx < €. Then 1(u) satisfies the Palais-Smale condition.

Proof Suppose that (u,,) is a sequence with I(u,,) <M and I'(u,,) — 0 as m — oco. Then
by (g2), (g3), and the Holder inequality and the Sobolev Embedding Theorem, for large m
and pu > 2 with u = u,,, we have

1 1
M#—WMzH@——H@u=/
2 2 o

= /QaJ'(x)[%g(u)u—G(u)} dx—/ﬂa_(x)[%g(u)u—G(u)} dx
> (% - %),u/s;a*(x) . G(u)dx—méx /Q, a (x)dx
z(%—l>MLaW@%%WW—MﬁM

"
/ i a (x) dx.

Since %g(u)u — G(u) is bounded or there exists an € > 0 such that fQ, a (x) < €; we have

[%a(x)g(u)u - a(x)G(u):| dx

2l G

e~ G

— max
Q

1
2K®
1+ |l 2M1/ Iul“dsz2</ |u|2dx> . (2.3)
Q Q
Moreover since
' (um)e| < llell (2.4)
for large m and all ¢ € H, choosing ¢ = P,u,, € H, gives
1Py thy||? = / (Azum + cAum) -P,u,, dx
Q
= / a(x)g(um,)P,u, dx
Q

SLWMMMWMW
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< lall | (anlty |+ anlit, ) s
< C1/Q [tm|" dx + Co || tm | 12(c)
< C1/Q |t |* dx + C || 1ty
Taking ¢ = —P_u,, in (2.4) yields
I1P_tty||* = /;Z(Azum + Aty - (~P_h) dx
= /Qa(x)g(um) - (=P_u,,) dx
< [ Jato) gt s,
<G [l dr+ Call.
Q
Thus, by (2.3), we have

l6mI* = 1Py sty + | Pt || stf |t A+ Ma | thy |
Q
< Ms(L+ llstml) + Malltt || < Mo (1 + |t l),

from which the boundedness of (u,,) follows. Thus (u,,) converges weakly in H. Since
PiI'(u,,) = Piu,, + Piﬁ(um) with P compact and the weak convergence of P.u,, imply

the strong convergence of Py u,, and hence (PS) condition holds. O

3 Proof of Theorem 1.1
We shall show that I(u) satisfies the generalized mountain pass geometrical assumptions.
We recall the generalized mountain pass geometry.
Let H = V & X, where V # {0} and is finite dimensional. Suppose that I € C'(H,R),
satisfies the Palais-Smale condition, and
(i) there are constants p,a > 0 and a bounded neighborhood B, of 0 such that
I|38,nx > o, and
(i) thereisanee dB; NX and R > p such thatif Q= (Bx N V) @ {re| 0 < r < R}, then
Ilyo = 0.
Then I possesses a critical value b > «. Moreover b can be characterized as

b = inf maxI(y (),

yel' ueQ

where
I'={y e C(QH) |y =idondQ}.
Let Hy = span{¢y, ..., ¢r}. Then Hy is a subspace of H such that

H=@DH, and H=H,®Hj;.
keN

Page 6 of 10
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Let
By ={ueH||ul <r}.
We have the following generalized mountain pass geometrical assumptions.

Lemma 3.1 Assume that Ay < ¢ < Aiy1 and g satisfies (g1)-(g4). Then
(i) there are constants p >0, a > 0 and a bounded neighborhood B, of O such that
g, nmt = and
(i) thereisaneec dB; N H,ﬂ- and R > p such that if Q = (Bx N Hy) @ {re | 0 < r < R}, then
I3 <0, and
(iii) there exists uy € H such that |\ug| > p and I(ug) < 0.

Proof (i) Let u € H;". Then

/ (Azu + cAu)udx > Aies1(Agsr — C)||M||§2(Q) > 0.
Q
Thus by (g2), (g4), and the Holder inequality, we have

I(u) = %IIPMIIZ - %nkunz— fg a(x)G(u) dx

=

||P+u||2—||a||mf Clul dx
Q

2
> SlIPaull” ~ llallooCyllull”

NI~ N

for Cy, C; > 0. Since p > 2, there exist p > 0 and & > 0 such that if # € 3B,,, then I(u) > «.
(ii) Let B, be a ball with radius r > 0, e be a fixed element in 9B; ﬂHkL and u € (B, NHy) ®
{re| 0 <r}. Then u =v+w,ve B, N H, w=re. We note that

since v € H, / (A2V + cAv)vdx < Mg — c)||v||i2(9) <0.
Q

Thus we have

1 1
I(u) = Erz - 5||P,v||2 —/ a(x)G(v + re)dx
Q
1 1
< 37 5 (alhi = )Wl - [ awashv el - as)d

Since p > 2, there exists R > 0 such thatif u € Q = (Bx NHy) @ {re | 0 < r < R}, then I () < 0.
(iii) If we choose ¥ € H such that ||| =1, ¥ > 0 in Q and supp(yr) C 7, then we have

1100) = 5 1P| = 5 1Pl - [ atoase " - a) s
Q+

IA

Sy - [9 @) (ast Y —as) da

lt2 —/ a(x)(ast”l/f" —a4) dx
2 Q+
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for all £ > 0. Since u > 2, for ¢y great enough, 1y = £y is such that |lug|| > p and I(ug) < 0.
O

Proof of Theorem 1.1 By Proposition 2.1 and Proposition 2.2, I(u) € C'(H, R) and satisfies
the Palais-Smale condition. By Lemma 3.1, there are constants p > 0, « > 0 and a bounded
neighborhood B, of 0 such that I|aBpmH¢ > «, and there is an e € 9B; N HkL and R > p
such that if Q = (Bg N Hy) @ {re| 0 <7 < R}, then I|q < 0, and there exists #, € H such
that |luo|| > p and I(xo) < 0. By the generalized mountain pass theorem, /() has a critical
value b > «. Moreover, b can be characterized as

b= inf max(y(w),

where
I= {y € C(Q,H) |y =idon BQ}.

We denote by # a critical point of I such that I(z) = b. We claim that there exists a constant
C > 0 such that

1
a @il o <Cl1+L | a@ax),
L*(Q) o

where L = maxq I%g(ﬁ)ﬁ - G@)|.

In fact, we have
b< gnax I(tug)

<t<1

and

](tuo

~

=ﬂ(ﬂAmW—%wuﬂﬂ—deamwM
5t2||uo||2—/Qa*(x)G(tuo)dx+/Qa’(x)G(tuo)dx

2 2
EHMM—%W/

a* (x)uy dx + ay /
Q

a®(x)dx + ast" / a”(x)uy dx
Q

Q
= Ct* - Ct* + C + C't".

Since 0 <t <1, b is bounded: b < C.
We can write

b=1n)- %I’(ﬁ)ﬂ

= / u(x)(lg(ﬁ)ﬁ— G(ﬁ)) dx
o 2

= La*(x)(%g(it)ﬁ - G(l?t)) dx — La‘(x)(%g(ﬁ)it - G(it)) dx
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@i~ G

11 e -
> (5 - ;)/Qa (x)g(u)udx—mgx /Qiﬂ (x) dx
(l — l)MLa+(x)(a3|ﬂ|# —ﬂ4) dx—L/itf(x)dx,

2 p

v

where L = maxq I%g(z})ﬁ — G(u)|. Thus we have

C/(l +Lf a‘(x)dx) z/a*(x)|ﬁ|"dxz€”|:f (a*(x)x%|it|)2dx]2 (3.1)
- Q Q

for some constants C’, C” > 0, from which we conclude that # is bounded and the proof
of Theorem 1.1 is complete. d

4 Proof of Theorem 1.2

Assume that % g(u)u — G(u) is not bounded and there exists an € > 0 such that fQ_ a (x,
t) dx < €. By Proposition 2.1 and Proposition 2.2, I € C}(H, R) and satisfies the Palais-Smale
condition. By Lemma 3.1 and the generalized mountain pass theorem, /() has a critical
value b with critical point # such that I(x) = b. If fQ_ a~(x) dx is sufficiently small, by (3.1),
we have

/ a*(x)|u|*dx<C
Q

for C > 0, from which we can conclude that # is bounded and the proof of Theorem 1.2(i)
is complete.

Next we shall prove Theorem 1.2(ii). We may assume that R, < R,,;; for all n € N. Let us
set D, = Bg, N H,, dD,, = 0Bg, N H,.

Lemma4.1 Assume that g satisfies (g1)-(g4), % g(u)u— G(u) is not bounded and there exists
an € > 0 such that fg, a~(x,t) < €. Then there exists an R,, > 0 such that

I(u) <0 forue H,\Bg,. (4.1)

Proof Let us choose { € H such that ||[y| =1, ¥ > 0 in © and supp(¥) C Q*. Then, by
(g2), (g4), and the Holder inequality, we have

1 1
Hey) = SIP ey 1P~ S 1Py - / a()G(ty) dx
Q
1 1
= SIPy I~ 1Pt - fﬂ @Gy dx + / @ (W)G(Ey) da
< SNy I = 1Pty - f ot () (a5t Y - az) dx
Q+

NI /Q (W
< 1t2 —/ a*(x)(a5t”1ﬁ" —a4) dx+¢€
2 Q+

for small €’ > 0. Since p > 2, there exist £, great enough for each n and an R, > 0 such that
uy = t,¥ and I(u,) < 0 if u, € H,\Bg, and || u,|| > R,, so the lemma is proved. O
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Let us set
Ty ={y €C([0,1,H) | y(0) = 0 and y (1) = u,}
and

b, = inf 1 , N.
»= f maxI(y @), ne

Proof of Theorem 1.2(ii) We assume that g(u)u — 1 G(u) is not bounded and there exists an
€ > 0 such that [,_a”(x)dx < €. By Proposition 2.1 and Proposition 2.2, I € C'(H, R) and
satisfies the Palais-Smale condition. By Lemma 4.1, there exists an R,, > 0 such that I(x,,) <
0 for u,, € H,\Bg,. We note that I(0) = 0. By Lemma 4.1 and the generalized mountain pass
theorem, for n large enough b, > 0 is a critical value of I and lim,,_, » b, = +00. Let i1,, be
a critical point of I such that I(z,) = b,,. Then for each real number M, maxg, |, (x)| > M.
In fact, by contradiction, A%u + cAu = a(x)g(u) and maxgq |i,(x)| < K imply that

~ 1 ~
I(i,,) < max <Eg(un)un - G(un)) '/Q|a(x)| dx,

[itn| <K

which means that b,, is bounded. This is absurd because of the fact that lim,,_, o, b,, = +00.
Thus we complete the proof. g

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
TJ and Q-HC participated in the sequence alignment and drafted the manuscripted. Both authors read and approved the
final manuscript.

Author details
'Department of Mathematics, Kunsan National University, Kunsan, 573-701, Korea. ?Department of Mathematics
Education, Inha University, Incheon, 402-751, Korea.

Acknowledgements
This work (Choi) was supported by Basic Science Research Program through the National Research Foundation of Korea
(NRF) funded by the Ministry of Education, Science and Technology (KRF-2013010343).

Received: 28 June 2013 Accepted: 8 January 2014 Published: 04 Feb 2014

References

1. Khanfir, S, Lassoued, L: On the existence of positive solutions of a semilinear elliptic equation with change of sign.
Nonlinear Anal,, Theory Methods Appl. 22(11), 1309-1314 (1994)

2. Choi, QH, Jung, T: Multiplicity results on nonlinear biharmonic operator. Rocky Mt. J. Math. 29(1), 141-164 (1999)

3. Jung, TS, Choi, QH: Multiplicity results on a nonlinear biharmonic equation. Nonlinear Anal., Theory Methods Appl.
30(8), 5083-5092 (1997)

4. Tarantello, G: A note on a semilinear elliptic problem. Differ. Integral Equ. 5(3), 561-565 (1992)

5. Micheletti, AM, Pistoia, A: Multiplicity results for a fourth-order semilinear elliptic problem. Nonlinear Anal. TMA 31(7),
895-908 (1998)

6. Choi, QH, Jung, T: Multiplicity of solutions and source terms in a fourth order nonlinear elliptic equation. Acta Math.
Sci. 19(4), 361-374 (1999)

7. Rabinowitz, PH: Minimax Methods in Critical Point Theory with Applications to Differential Equations. CBMS Regional
Conf. Ser. Math., vol. 65. Am. Math. Soc,, Providence (1986)

10.1186/1687-2770-2014-30
Cite this article as: Jung and Choi: Nonlinear biharmonic boundary value problem. Boundary Value Problems
2014, 2014:30



http://www.boundaryvalueproblems.com/content/2014/1/30

	Nonlinear biharmonic boundary value problem
	Abstract
	MSC
	Keywords

	Introduction
	Palais-Smale condition
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


