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of linear bounded operators on X, X, € X, A : [a,b] — L(X) have bounded variations
on[a,b], fy : [a,b] — X are regulated on [g, b]. The integrals are understood as the
abstract Kurzweil-Stieltjes integral and the studied equations are usually called
generalized linear differential equations (in the sense of Kurzweil, cf. (Kurzweil in
Czechoslov. Math. J. 7(82):418-449, 1957) or (Kurzweil in Generalized Ordinary
Differential Equations: Not Absolutely Continuous Solutions, 2012)). In particular, we
are interested in the situation when the variations var? A, need not be uniformly
bounded. Our main goal here is the extension of Theorem 4.2 from (Monteiro and
Tvrdy in Discrete Contin. Dyn. Syst. 33(1):283-303, 2013) to the nonhomogeneous
case. Applications to second-order systems and to dynamic equations on time scales
are included as well.
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1 Introduction

In the theory of differential equations it is always desirable to ensure that their solutions
depend continuously on the input data. In other words to ensure that small changes of the
input data causes also small changes of the corresponding solutions. For ordinary differ-
ential equations, in some sense a final result on the continuous dependence was delivered
by Kurzweil and Vorel in their paper [1] from 1957. In fact, it was a response to the aver-
aging method introduced few years before by Krasnoselskij and Krein [2]. The extension
of the averaging method and the problem of the continuous dependence of solutions on
input data were the main motivations for Kurzweil to introduce his notion of generalized

differential equations in [3].
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By generalized linear differential equations we understand linear integral equations of
the form

x(t) =% + / d[Alx + f(¢) - f(a), (1.1)

where —00 < a < b < 00, X is a Banach space, L(X) is the Banach space of linear bounded
operators on X, ¥ € X, A : [a,b] — L(X) has bounded variation on [a,b], f : [a,b] — X is
regulated on [a, b] and the integrals are understood in the Kurzweil-Stieltjes sense. By a
solution of (1.1) we understand a function x : [a, b] — X such that fab d[A]x exists and (1.1)
is true for all ¢ € [a, b].

For X = R™, such equations are special cases of equations introduced in 1957 by
Kurzweil (see [3]) in connection with the advanced study of continuous dependence prop-
erties of ordinary differential equations (see also [1]). In this connection, we want to high-
light the recent monograph [4] bringing a new insight into the topic. Linear equations of
the form (1.1) have been in the finite-dimensional case thoroughly treated by Schwabik,
Tvrdy and Ashordia (see e.g. [5, 6] and [7]).

Basic theory of the abstract Kurzweil-Stieltjes integral (called also abstract Perron-
Stieltjes or simply gauge-Stieltjes integral) and generalized linear differential equations
in a general Banach space has been established by Schwabik in a series of papers [8—10]
written between 1996 and 2000. Some of the needed complements have been added in
our paper [11].

Taking into account the closing remark in [9], we can see that the following basic exis-
tence result is a particular case of [9, Proposition 2.10].

Proposition 1.1 Let A : [a,b] — L(X) have a bounded variation on [a, b]. Then, (1.1) pos-

sesses a unique solution x on [a, b] for every ¥ € X and every function f : [a,b] — X regu-
lated on [a, b] if and only if

[ - AA®] ' € LX) forallt e (a,b), (1.2)

where Ix stands for the identity operator on X. In such a case x is regulated on [a,b], x — f
has a bounded variation on [a, b] and

|%(@®)] < ca(IZllx + 2[f lloo) exp(ca varl, A), ¢ € [a,b], 1.3)
where 0 < ca := Sup,c(, 1 [I[Ix — A~A@)] |20 < 0.

Primarily we are concerned with the continuous dependence of solutions of general-
ized linear differential equations on a parameter. In particular, we assume that the given
equation (1.1) has a unique solution x for each f regulated on [4, b] and each ¥ € X and we
consider a sequence of equations depending on a parameter k € N,

w(6) =T + / Al +filt) —fu(a), 14)

where Ay : [a,b] — L(X) have bounded variation on [a, b], fi : [a,b] — X are regulated on
[a,b] and % € X for k € N. We are looking for conditions ensuring that (1.4) has a unique
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solution x for each k large enough and the sequence {x;} tends uniformly on [a, b] to x, i.e.
lim ||xr — x|l = O. (1.5)
H—>0Q

In [12] we proved the following two theorems. The first one deals with the case that the

variations of Ay are uniformly bounded.

Proposition 1.2 [12, Theorem 3.4] Let A, Ay : [a,b] — L(X) have bounded variation on
la,b], f.fi : [a,b] — X be regulated on [a,b] and X,% € X for k € N. Furthermore, as-

sume (1.2),
o := sup(var Ay) < oo, (1.6)
keN
lim |[Ax - Alloo =0, 1.7)
k—00
klgglo Ifc —fllo =0, (1.8)
lim ||% —%||x = 0. 1.9)
k—o00

Then (1.1) has a unique solution x on [a, b]. Furthermore, for each k € N sufficiently large
there is a unique solution xy on [a, b] to (1.4) and (1.5) holds.

The second result from [12], inspired by Opial’s paper [13], concerns the situation when
variations of Ay (1.6) need not be uniformly bounded and (1.1) and (1.4) reduce to homo-
geneous equations.

Proposition 1.3 [12, Theorem 4.2] Let A, Ay : [a,b] — L(X) have bounded variation on
la,b] and let %, %, € X for k € N. Furthermore, assume (1.2), (1.9) and

Jim (1+ var? Ag) | Ak — Allo = 0. (1.10)
—00
Then the equation
t
x(t) =%+ / d[A]x, t€]a,b], (1.11)
a
has a unique solution x on [a, b]. Moreover, for each k € N sufficiently large, the equation
t
xi () =%k + / d[Ag]xxk (1.12)
a

has a unique solution xy. on [a, b] and (1.5) holds.

Let us recall the following observation.

Lemma 1.4 Let A, Ay : [a,b] — L(X) have bounded variation on [a,b] and let (1.10) be
satisfied. Then (1.7) is true as well.

Proof The proof follows from the obvious inequality

Ak = Alloo < (1+ varb A) |Ax —Allo forall k e N. O
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The only known result (cf. [12, Corollary 4.4]) concerning nonhomogeneous equations
(1.1), (1.4) and the case when (1.6) is not satisfied requires that X is a finite-dimensional
space. The aim of this paper is to fill this gap.

For a more detailed list of related references, see [12].

2 Preliminaries

Throughout these notes X is a Banach space and L(X) is the Banach space of bounded
linear operators on X. By | - | x we denote the norm in X. Similarly, || - || denotes the
usual operator norm in L(X).

Assume that —oo < a < b < 00 and [a, b] denotes the corresponding closed interval. A set
D = {ap,o1,...,0yp)} C [a,b] with v(D) € N is said to be a division of [4, ] if a = ag < ;1 <
.-+ <ay(p) = b. The set of all divisions of [a, b] is denoted by Dla, b].

A function f : [a,b] — X is called a finite step function on [a, b] if there exists a division
D ={ag,a1,...,0,p)} of [a,b] such that f is constant on every open interval (o1, ;), j =
1,2,...,v(D).

For an arbitrary function f : [a, b] — X we set ||f[loc = Sup,c(,; IIf (¢)llx and

v(D)
br_ ) — .
Varaf - Desgl[li,b] IZZI: |lf(a]) f(ot,_l) ||X

is the variation of f over [a, b]. If var’ f < 0o, we say that f is a function of bounded variation
on [a,b]. BV([a, b], X) denotes the Banach space of functions f : [4,b] — X of bounded
variation on [a, b] equipped with the norm ||f ||y = ||f(a)|lx + vaer.

The function f : [a,b] — X is called regulated on [a,b] if for each t € [a,b) there is
f(t+) € X such that limy_, ., ||f(s) — f(¢+)]|x = O and for each ¢ € (a, b] there is f(t-) € X
such that lims_,,_ ||[f(s) — f(¢-)|lx = 0. By G([a, b], X) we denote the Banach space of reg-
ulated functions f : [a,b] — X equipped with the norm ||f||«. For ¢ € [a,b), s € (a,b] we
put A*f(t) = f(¢+) — f(¢) and A™f(s) =f(s) —f(s—). Recall that BV([a, b], X) C G([a, b], X)
¢f. e.g. the assertion contained in Section 1.5 of [9].

In what follows, by an integral we mean the Kurzweil-Stieltjes integral. Let us recall
its definition. As usual, a partition of [a,b] is a tagged system, i.e., a couple P = (D,§)
where D = {ag,011,..., )} € Dla, bl, & = (&1,...,5p)) € [a, b]*® and aj_1 <& < a; holds
for j = 1,2,...,v(D). Furthermore, any positive function § : [4,b] — (0,00) is called a
gauge on [a,b]. Given a gauge § on [a,b], the partition P is called é-fine if [aj_1,05] C
(& — 8(§),& + 6(§)) holds for all j = 1,2,...,v(D). We remark that for an arbitrary gauge
8 on [a, b] there always exists a §-fine partition of [, b]. It is stated by the Cousin lemma
(see e.g. [5, Lemma 1.4]).

For given functions F : [a,b] — L(X) and g : [a,b] — X and a partition P = (D, §) of [a, D],

where D = {ag, 1, ...,ayp)}, & = {&1,...,&,p)}, we define

o
S(dF,g,P) =) [Fley) - Fley1)]g(&)).
j

S

Il
—_

We say that ] € X is the Kurzweil-Stieltjes integral (or shortly KS-integral) of g with respect
to F on [a, b] and denote ] = f: d[F]g if for every ¢ > O there exists a gauge § on [a, b] such
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that
”S(dF,g, P) —]HX <¢ forall §-fine partitions P of [a, b].

Analogously, we define the integral f: Fd[g] using sums of the form
v(D)
S(F,dg,P) =Y F(&)[g(e) - gleyr)].

j-1

Some basic estimates for the KS-integrals are summarized in the following proposition.
For the proofs, see [12, Proposition 2.1] and [11, Lemma 2.2].

Proposition 2.1 Let F : [a,b] — L(X) and g : [a,b] — X.
(i) IfF € BV([a,b],L(X)) and g € G([a, b], X), then f: d[Flg exists and

Lﬂwm

(ii) IfF € G(la,b),L(X)) and g € BV([a, b],X), then f: d[F]g exists and

/abd[F]g

For more details concerning the abstract KS-integration and further references, see [8—
10, 14] and [11].

< (varl F) gl o-
X

= 2[|FllollgliBy-
X

3 Main result

Our main result is based on the following lemma which is an analog of the assertion for-
mulated for ODEs by Kiguradze in [15, Lemma 2.5]. Its variant was used also in the study
of FDEs by Hakl, Lomtatidze and Stavrolaukis in [16, Lemma 3.5].

Lemma 3.1 Let A,Ax € BV([a, D], L(X)) for k € N and assume that (1.2) and (1.10) hold.
Then there exist r* > 0 and ko € N such that
I

Proof Assume that (3.1) is not true, i.e. assume that for each n € N there are k, € N and
yn € G([a, b], X) such that

yw—ﬂm—/dMAy

I¥lloo < r*(”y(a) Hx + (1 + Val‘zA/() sup

tela,b)

forallye G([a, b],X) and k > k.

%m—ww—/dmm% ) (32)
a X

We will prove that (3.2) leads to a contradiction. To this aim, first, rewrite inequality (3.2)

1yulloo > n(”y,,(a) ”X + (1 + VarZAkn) sup

tela,b]

as

) (3.3)
X

Ww—ww—/dmmW

1
e ||uy,(a)“X +(1+ varZAkn) tz[lﬁl

Page 5 of 18
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where

)= 20
Il

fort € [a,b] and n € N.

(3.4)

Then, by (3.3) and (3.4) we can immediately see that |u,(a)| x < % for all # € N. Hence,

tim @] =0,
Now, denote
t
Vu(t) = u,(t) — u,(a) - / d[Ag,]u, fortela,blandneN
and
2, (t) = uu(t) —v,(t) forte [a,blandneN.

By (3.3) we have

ul0) = yula) - / d[Ay,

)

1
Valloo = —< sup
I¥nllco \tela

1

1
<—————— <~ forneN,
n(l+varb Ay) ~ n

and, in particular,
lim ||[v, ]l = 0.
n—oQ
Moreover, the equalities (3.6) and (3.7) yield
t
2,(t) = u,(a) + f d[Ax,Ju, fortea,b]and neN.

Consequently, z, € BV([a, b], X),
zy(a) =uy,(a) and |z,llgy <1+ varZAkn for n e N.

Now, let # € N be fixed. We have

2ll) = z(a@) + / "l 1z + / "l 1

:zn(a)+/ d[A]z,,+/ d[Ay, —A]zn+/ d[Ag,lv, forte[a,b],

zy(t) = z,(a) + /td[A]zn +h,(t) fortela,b],

(3.5)

(3.7)

(3.9)

(3.10)

(3.11)

Page 6 of 18


http://www.boundaryvalueproblems.com/content/2014/1/71

Monteiro and Tvrdy Boundary Value Problems 2014, 2014:71 Page 7 of 18
http://www.boundaryvalueproblems.com/content/2014/1/71

where
t t
h,(t) :/ d[Ag, — Alz, +/ d[Ag,lv, forte[a,b]. (3.12)
a a
We claim that
lim |7, ]| = O. (3.13)

Indeed, by (3.10) and Proposition 2.1(ii) we have

t
f d[As, - Alz,

sup
tela,b)

=< 2||Ak, = AllollzullBy
X

<2[|Ag, — Alloo (1 + varb Ay,),
wherefrom

=0 (3.14)
X

t
/ d[Ay, - Alz,

lim sup
1m0 te(a,b]

follows due to (1.10). Moreover, using Proposition 2.1(i) and (3.8), we get

t 1 var’Ag 1
su d[Ag, v < (var’ A v <-4 o
te[),l]fa v = (ot )l = el <
and, hence,
t
lim sup /d[Akn]V,, =0. (3.15)
=0 ¢elablll Ja X

Now, (3.13) follows immediately from (3.14) and (3.15).
Finally, having in mind Proposition 1.1 (¢f (1.3)) and (3.11), (3.5), and (3.13), we conclude
that

Tim iz, lloo < lim ca([2a(@)]  + 201Aulloc) exp(ca varg A) = 0,

lim [|2,]ls0 = O. (3.16)
n—0o0

This, together with (3.7) and (3.9), implies that lim,,_, o || %, || oo = 0, which is impossible as
llunlloo =1 for all # € N. The assertion of the lemma is true. O

Theorem 3.2 Let A, Ay € BV([a,b],L(X)), f € BV([a, b, X), fx € G(la,b],X) and %, % € X
for k € N. Assume (1.2), (1.9), (1.10), and

klirgo(l + Varz Ak) (|[fk —flloo) =0. (3.17)

Then (1.1) has a unique solution x € BV([a, b], X) on [a, b]. Moreover, for each k € N suffi-
ciently large, (1.4) has a unique solution xi € G([a, b], X) on [a, D] and (1.5) is true.
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Proof First, recall that, by Lemma 1.4 our assumption (1.10) implies that (1.7) is true, as
well. Therefore, by [12, Lemma 4.2], there is ko € N such that

[Ix - AAx(®)] " € LX) forall ¢ € (a,b] and k > ko
and (1.4) has a unique solution x; € G([a,b], X) for each k > ko (¢f Proposition 1.1). By

Lemma 3.1 we may choose kp € N and r* € (0, 00) in such way that (3.1) holds.
Put uy = x; — x for k > ko. Then uy(a) =% — % and

i (6) - / dlA i - G~ ) = f dlAx - Alx+ (i) ~£0) - (@) - F(@)
for t € [a,b] and k > ko. Using (3.1) we deduce that the inequality
Nl < 7 (1% = Fllx + (1 + varb Ag) (211 Ak = Allso % llBv + 21lf = flloc))

holds for all kK > kq. Thus, due to (1.9), (1.10) and (3.17), we have limg_, o ||k || 0o = O, where-
from (1.5) immediately follows. The proof of the theorem has been completed. d

Remark 3.3 The proof of Theorem 3.2 could be substantially simplified and also extended
to the case f € G([a, b], X) if the following assertion was true.
Let A,Ax € BV([a, b], L(X)) for k € N and

Jim (1 + var? Ag) | Ak — Allo = 0. (3.18)
—> 00
Then
t t
lim < sup / d[Ak]f—/ d[A]f ) =0 (3.19)
k=00 \¢efap] [l Ja a e

holds for each f € G([a, b], X).
Unfortunately, this is in general not true even in the scalar case as shown by the following
example that was communicated to us by Ivo Vrkoc.

Example 3.4 Let [4,b] = [0,1]. For k € N put®

1 .
ny = [k3/2] +1, Tk = S ifme{0,1,...,m},

S

2 1
aok = 7(—1)"", box = E(—l)"k_ly

znk—mﬂ 3

A = (=1)=m, byi = = (1)1 ifme (1,2,...,m — 1}
k k
and define
0 if t € [0, s
Ax(t) = iz e 10,4 (3.20)

At + by ift € [Typ Tk and m € {0,1,...,m, — 1}
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and
A(t)=0 forte][0,1].

It is easy to verify that

1 2m-1 1
LA, <+ 22 2 <= 2&
var, k_k+ k _k+ <00

and

p-1\1 1 2 1
(1+ varb A) [ Ag - Allso < <1+ 7k )

_<_+_+_
k

k= k Jk Kk

for all k € N. In particular, (3.18) is true. However, if

EVifre (27,2°¢ D] for some n €N,
o) = 7 (3.21)
0 ift=0,

then f is regulated, var} f = co and (3.19) is not valid since

ni—1

/1d[Ak]f>gzi>% nkidhi(f/(n)tl) (3.22)
o ke Ym k) Vi 3k ’ '

where the right-hand side evidently tends to oo for kK — oo.

Moreover, the functions (3.20) and (3.21) provide us with the argument explaining that
the condition f € BV([a, b], X) in Theorem 3.2 cannot be extended to f € G([a, b], X). In-
deed, consider the equations

x(t) = /t d[Alx+f(t), tel0,1] (3.23)
0
and
xk(t) = /td[Ak]xk +_ﬁ((t)r te [0; 1]rk S Nx (3.24)
0

where fi(t) = f(¢) for t € [0,1] and k € N. Obviously, x = f is a solution to (3.23) on [0,1]
and, for any k € N, (3.24) possesses a solution x; on [0, 1]. Furthermore, conditions (1.10)
and (3.17) are satisfied. However, as we will see, xx does not converge to x.

Let k € N be fixed. It is not difficult to verify that the solution to (3.24) on [0,1] is given
by

f(t) ifte [Or TO,k]x
xx(t) =
Ck eXp(amit) ift € (Tui> Tmrk] and m € {0,1,..., 1 — 1},

where

o = (1) expl—diox o) = f(riz) exp(%(—l)”k“)

Page9of 18
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Cmk = Cm-1,k CXP((dm Lk = @ k) Tm k) (f(fm+1 ) —f (T, k)) exp(—am,k T k)
for m=1,...,n; — 1. Furthermore, since
4 n, 2 n
(a0 —arp) ik = ?(—1) K and  ajxtii = —%(—1) B
we have
2 n
CLk = Cok EXP ( 1™ ) + (f(t24) — f(110)) exp %(—1) k).
Similarly, for m = 2,3,...,n — 1 we have

ng—m+1

6 2
(Am-1.k = B ) T = %(—1) and  Tyxlmi = E(—l)”k"”,

and hence
6
Cmk = Cm-1,k exp(%(_l)”k—WHl)
2 np—m+1
+ (f (Tmsrk) —f (Tim)) exp %(_1) x ‘

From these formulas we can deduce that

m+1
Cmk = eXp(%(—l)”k“) (CO,k £y (T (w))

=2
+ exp(?—((—l)”“l) Z(—l)jf(fj,k)
1

if m is even, while for m odd and m > 1 we get

Cmk = eXP(%(—l)nk ) (Co,k + Z(—l)j+lf(7—'j,k))

Jj=2

m+1

+exp( (- 1)”") Z( l)Jf(T,k)

In particular, x¢(1) = ¢, 14 exp(—4/k) for k € N. Using the above relations and the defini-
tion of f, we get

n—1
)nk —j+1
Crg 1k—exp< ><C0k+Z( 1)”1\/7
ne—j+1

2 "k ) (_1)nk—j+l
¥ eXp(%) Z(_ly =1

Jj=1
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o) (o S ) -oo(}) 2 7

if ny is even, and

2 1 4\ &1
an*Lk = exp % C(),k - % + exp E %
1

= exp 2 (cox —1) +exp| —
k k

if ny is odd.

Clearly, limy_, o cox = 0,

2 2
hm exp<k> (co,kexp(z) - 1) = hm exp( >(c0k -1)=

)
N—
N

o
>
e}
N
~
|
—_
~
S
=~

™ N

Q’H
3
+
o
<
e}
TN
| o
~
S
:)—‘
~

and

. 2\ 1 . 4\ 1 0
m ex - = 11m ex - =0V.
k—o00 P k) ¥ng k> P k) Yng

On the other hand, like in (3.22), we have

np—-1 n—1
1 2 12
exp(2/k) (exp(2/k) — 1) Z T = exp(2/k) Cxp(z//z) Z \/_
m=2
exp(2/k) - "1
> exp(2/k)% % J—
2
exp(2/k) -1 8
= exp(2/k)% g(f/ (r)3 — N 23),

where the right-hand side tends to oo when k — co. Consequently, the sequence xy(1)

cannot have a finite limit for k — oo.

Remark 3.5 Reasonable examples of sequences {fi} C G([a, b], X) that tend to a function
f of bounded variation are provided e.g. by sequences of the form fi = g + /i, where {gi} C

BV([a, b], X) tends to f € BV([a, ], X) and {h;} C G([a, b], X) tends to 0.

Remark 3.6 For F: [a,b] — L(X) and D = {ag,a1,...,0,} € Dla, b], define

m

> [Fley) - Fley)]ys

j=1

1)’/‘GX, ||yj||X§L]'=L2,~~;Wl

Vf(F,D) = sup{
X
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and
SV4(F) = sup{ V2(F,D); D € Dla, b]}.

Then SVI; (F) is said to be the semi-variation of F on [a,b] (cf e.g [17]).° It is clear that
if F € BV([a, b], L(X)) then F has bounded semi-variation on [a, b] while the reversed im-
plication is not true in general (cf. [18, Theorem 2]). By [8] and [11], the Kurzweil-Stieltjes
integral f: d[A]x is well defined when both functions, A and x, are regulated and A has
bounded semi-variation. Therefore, the study of generalized linear differential equations
has a good sense also when A is regulated and has bounded semi-variation instead of hav-
ing A € BV([a, b], X), ¢f. [9] and [10]. However, the possible extension of Theorem 3.1 to
such a case remains open.

Analogously to operator valued functions, the semi-variation of a functionf : [a, b] — X
could be defined using

VE(f,D)

= sup[

However, it may be shown that, in this case, f has a bounded semi-variation if and only
f € BV([a, b], X). Therefore, the possible replacement of the condition f € BV([a, b], X) in
Theorem 3.1 by the requirement that f has a bounded semi-variation is not interesting.

Z Fi[f () = f(ej-1) ]

j=1

(Fe LX), Fllix <Lj=L2,...,m.
X

4 Some applications
Second-order measure equations
Let Y be a Banach space,y,Z€ Y, P,Q € BV([a,b],L(Y)) and g, h € BV([a, b], Y). Consider

the following system of generalized linear differential equations:

y(E) =y + / d[P)z + g(¢) —g(a), te€la,b),
“ (4.1)

zZ(t) =Z + /td[Q]y+h(t) —h(a), tela,b)].

Put X =Y x Y and ||(y,2)lIlx = |lylly + ||zlly for (y,2) € X and define functions A : [a, b] —
L(X) and f: [a,b] - X by

A)(y,2) = (P(t)z, Q(t)y) € X and  f(2) = (g(t), h(t)) € X

fory,ze Y and t € [a, b].

(4.2)

Clearly,
||A(t)||L(X) = HP(t)”L(Y) + ||Q(t) ||L(Y) for t € [a,b], varzA < varzP + varz Q

and system (4.1) can be reformulated as (1.1), where X = (¥,%Z) and x = (3, z) is a function with
values in X. One can verify that condition (1.2) is satisfied whenever one of the following
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conditions is true:

[Iy - A= Q@®)A™P®)] " € L(Y) fort € (a,b], (4.3)
[Iy —yA P()A~Q(0)] ' € L(Y) fort € (a,b], (4.4)
where Iy stands for the identity operator on Y.

Indeed, assume e.g. that (4.3) holds and let [Iy — A~ A(¢)]x = O for some x = (y,z) € X and
t € (a,b]. Then

y—ATP(#)z=0 and z-AQ()y=0, (4.5)

y=A"P(t)z and [Iy - A Q®)AP(¥)]z=0. (4.6)

By (4.3) the latter equality can happen only if z = 0. Consequently y = 0, and hence x = 0,
as well. Similarly, we would show that [Ix — A~A(¢)]x = 0 implies x = 0 also in the case that
(4.4) is satisfied. This shows that the operator Iy — A~A(¢) is injective.

To prove its surjectivity, assume first (4.3) and let (4, v) € X be given. Put
_ _ -1 _ _
z= ([Iy - ATQ(H)A P(t)] )(v +A Q(t)u) and y=u+ A"P(t)z.
Then, y — A~P(t)z = u and

z-AQt)y=2z- A"QU)A™P(t)z— A" Q(t)u

=[Iy - A" QA P{t)]z - A" Q)u =v,

that is, [Ix — A"A(#)]x = (u,v) for x = (y,z). Similarly, we can show that for each (u,v) € X
there is x € X such that [Ixy — A"A(f)]x = (1, v) also in the case that (4.4) is satisfied. The
operator Iy — A~A(t) is surjective. To summarize, according to the Banach theorem, the
operator Iy — A"A(t) possesses a bounded [Ix — A"A(£)] ™.

Now, consider the systems

() =T + f APz + @O -gil@), telabl ke,
“ (4.7)

2 =%+ / d[Qulye + () (@), telablkeN,

whereyi,Zx € Y, Py, Qx € BV([a, b], L(Y)), gk, hk € G([a,b],Y) and k € N. Assume that (4.3)

or (4.4) is true and

lim [y =¥ly =0, lim [z, - Z]ly =0, (4.8)
k—o00 k—o00

Jim (1+varg P+ varg Q) (1P = Plloo + Qi = Qlloc) = 0 (4.9)

Page 13 0f 18
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and

Jim (1+ var? Py +var® Q¢) (Ilgk — gllo + 17k = Hll o) = 0. (4.10)
Define Ay : [a,b] — L(X) and fy : [a,b] — X for k € Nlike A and f in (4.2) (however, replace
P, Q, g, and h by Py, Q, gk and A, respectively). It is easy to see that then the assumptions
of Theorem 3.2 are satisfied. Therefore, we can state the following assertion.

Corollary 4.1 Assume that (4.3) or (4.4) holds and that (4.8)-(4.10) are satisfied. Then
system (4.1) has a unique solution (y,z) € BV([a,b],Y xY) on [a,b]. Moreover, for each
k € N sufficiently large, the system (4.7) has a unique solution (yi,zx) € G([a,b],Y xY) on
|a, b] and

Jim (I3 = ¥loo + l126 = 2loc) = 0.

In [19], Meng and Zhang investigated the continuous dependence on a parameter k for
second-order linear measure differential equations of the form

dy* +d[u(@®)]y=0, telo,1], y(0) =75, y°(0)=%, keN, (4.11)

where px are normalized measures on [0, 1] (generated by functions of bounded variation
on [0,1] and right-continuous in (0,1)), %,Z € R and »* stands for the generalized right-
derivative of y. The main result of [19] is Theorem 1.1, which states that the weak* conver-
gence i — (1 implies the uniform convergence y, =2 y of the corresponding solutions,
the weak® convergence y; — y* and the ending velocity convergence y3(1) — y*(1).
Notice that our systems (4.7) reduce to (4.11) when [a,b] = [0,1], X = R, Pi(¢) = t and
Qk(2) = pi(t) for ¢ € [0,1] and both gx and Ay are constant [19, Definition 3.1]. Similarly,
if, in addition, P(t) = ¢ and Q(t) = u(t) for t € [0,1] and both g and / are constant, then
system (4.1) reduces to the second-order linear measure differential equation of the form

dy* +d[u@®]y=0, t€[0,1],  y0)=%  »(0)=% keN, (4.12)

where p is a normalized measure on [0,1] and ¥,Z € R. Obviously, both existence con-
ditions (4.3) and (4.4) are now satisfied. In view of this, assuming that x and py have a
bounded variation on [0,1] and

lim (1 + varg ) | s = tlloo = 0,

k— 00

it follows from our Corollary 4.1 that

Jim (e =ylloo + |52 =" 0) = 0
holds for the corresponding solutions of (4.11) and (4.12).

Thus, in comparison with Theorem 1.1 in [19], our convergence assumptions are par-
tially stronger. The reason is that our result includes also the uniform convergence of the
sequence {yz}. On the other hand, the weak* convergence which appears in [19] includes
the uniform boundedness of the variations var}, 1 (cf. e.g. [20, Lemma 2.4] or [21, Sec-

tion 26]) which is not required in our case.
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Linear dynamic equations on time scales

Let us recall some basics of the theory of dynamic equations on time scales. A nonempty
closed subset T of R is called time scale. For given a,b € T, we put [a, b]t = [a,b] N T. For
t € T, we define

o(t) :=supla,t)N'T and o(¢):=inf(t,b] N 'T.

The point ¢ € T is said to be right-dense if o (t) = t, while it is left-dense if p(t) = t. A func-
tionf : [a, blr — R™ is rd-continuous in [a, b]7 if f is continuous at every right-dense point
of [a, b]T and there exists f(¢—) for every left-dense point ¢ € [a, D]t (see e.g. [22]).

Let us consider the linear dynamic equation

y2(2) = P(t)y(2) + h(t), y(a) =y, te€la,blm, (4.13)

where ¥ € R” and P : [a,b]lr — L(R"™), h : [a,b]lr — R™ are rd-continuous functions
and y* stands for the A-derivative. By a solution of (4.13) we understand a function
y: [a,b]r — R satisfying the integral equation

y(¢) =}7+/ [P(s)y(s) + h(s)]As,  t € [a,b]r,

where the integral is the Riemann A-integral defined e.g. in [22].

As noticed by Slavik (see [23, Theorem 5]), the Riemann A-integral can be regarded as
a special case of the Kurzweil-Stieltjes integral. More precisely:

Let f : [a,b]T — R™ be an rd-continuous function and

o(t):=inflt,b]N'T fort € [a,b],

R~ [ F@)as fortelablr
and

5@:L}G@mﬁ@]ﬂm6mm
Then F,(t) = F1(5 (¢)) holds for t € [a, b].

As a consequence, a relationship between the solutions of (4.13) and generalized linear
differential equations can be deduced.

Proposition 4.2 [23, Theorem 12] Ify: [a,b]r — R™ is a solution of (4.13) then
x=yo0oy:|ab] > R"

is a solution of (1.1), where

At) = /tP(E(s)) d[5(s)] fortelab] and
“ (4.14)

fm:/hﬁ@wp@]ﬁmem
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Symmetrically, if x : [a,b] — R™ is a solution of (1.1), with A and f given by (4.14), then
y: a,blr — R defined by y(t) = x(¢t) for t € [a, D] is a solution of (4.13).

It is important to mention that, thanks to the properties of & : [a, b] — [a, b]T, the func-
tions A : [a,b] — L(R") andf : [a,b] — R” given by (4.14) are well defined, left-continuous
and of bounded variation on [a, b].

Using the correspondence stated in Proposition 4.2 and Theorem 3.2 we obtain the fol-
lowing result.

Theorem 4.3 Let P, Py : [a,b]lr — L(R™), h, h : [a, bl — R™ for k € N be rd-continuous
functions in [a, blt and lety,y;, € R™, k € N, be given. Assume that

Jim 5 =5z =0, (4.15)
t
hm [1 + sup ||P/< t) ||L ] sup / (Pk(s) —P(s)) As =0,
tela, b]T tela b']l’ L(R™)
(4.16)
Iim [1+ sup |P(t) su / hi(s) — h(s))As =0.
Jim [1+ sup [PeOl ] sup | [ ()= As|
Then initial value problem (4.13) has a solution y, the initial value problems
Y () = Pe(@)ye(®) + (@), yila) =%kt € [a,bly (4.17)
have solutions yy for all k € N, and
Jim sup 30500 =0
Proof For each k € N and ¢ € 4, b], define
t t
Al = / Pe(5)d[F)] and fi() = / (7)) d[56)]. (4.18)

It is not difficult to see that, if a < ¢ <d < b, then

d
[ 44(d) = A4 gy = H f P(5(5)) d[5(5)]

5( sup | Pi() “L(RM))(Var?E)'

L(R™) te(a,b]T

and, consequently,

var® Ay < ( sup | Px(d)|, & )(varz &), keN.

telably
On the other hand,
5(0) ¢
|Ax = Alloo = sup / (Pk(s) - P(s)) As < sup f (Pk(s) - P(s)) As
tela,b)llJa L(R™)  telablrll/a L(R™)

and, analogously,

fx =flloc < sup

tela,bly

[ (hk(s) - h(s)) As

RrRmM
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These estimates, together with (4.15) and (4.16) imply that the assumptions of Theo-
rem 3.2 are satisfied. Therefore, the uniform convergence of solutions x; of equation (1.5)
to the solution x of (1.1) follows. Since by Proposition 4.2 the solutions of (4.13) and (4.17)
are, respectively, obtained as the restriction of x and x; to [a, b]t, the proof is complete.

O

Remark 4.4 It is worth to mention that Theorem 4.3 given above encompasses Theo-
rem 5.5 from [12]. This is due to the fact that the weighted convergence assumptions
in [12, Theorem 5.5] involves not only the supremum sup,c, ;. [I1P(¢)llL@m), but also

SUPye (b1 172k (@) IR
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