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Abstract

The second order of accuracy stable difference scheme for the numerical solution of
the mixed problem for the fractional parabolic equation are presented using by
r-modified Crank-Nicholson difference scheme. Stability estimate for the solution of
this difference scheme is obtained. A procedure of modified Gauss elimination
method is used for solving this difference scheme in the case of one-dimensional
fractional parabolic partial differential equations. Numerical results for this scheme
and the Crank-Nicholson scheme are compared in test examples.

1 Introduction
At present, there is a huge number of theoretical and applied works devoted to the study
of fractional differential equations. Solutions of various problems for fractional differ-
ential equations can be found, for example, in the monographs of Podlubny [1], Kilbas,
Srivastava, and Trujillo [2], Diethelm [3], and in [4-11]. These problems were studied in
various directions: qualitative properties of solutions, spectral problems, various state-
ments of boundary value problems, and numerical investigations.
Many problems in fluid flow, dynamical and diffusion processes, control theory, me-
chanics, and other areas of physics can be reduced fractional partial differential equations.
In [12] the simple connection of fractional derivatives with fractional powers of first
order differential operator was presented. This approach is important to obtain the for-
mula for the fractional difference derivative. Presently, many mathematicians apply this
approach and operator tools to investigate various problems for fractional partial differ-
ential equations which appear in applied problems (see, e.g., [13—20] and the references
therein).
In previous paper [17] authors investigated stability estimates for Crank-Nicholson
schemes for the Dirichlet problem for the fractional parabolic equation
W) 4 DY2ult,x) — Yoo (@p (%)t ), + O 1t(t, %) = f(2,5),
x=%1,...,%,) €R2,0<t<T,
u(t,x) =0, x€8,
w(0,x)=0, xe€.

11)

Here D}? = D}/* is the standard Riemann-Liouville’s derivative of order 1/2 and € is the

open cube in the m-dimensional Euclidean space

R’”:{er:x:(xl,...,xm);O <xp<1,1 Spfm}
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with boundary S, Q = QU S, a,(x) (x € Q) and f(t,%) (t € (0, T), x € Q) are given smooth
functions and a,(x) > a >0, 0 > 0.

In [18] the authors investigated stability estimates for Crank-Nicholson schemes for the
Neumann problem for the fractional parabolic equation

tx) Dl/zu(t x) — Z;nzl(ap(x)uxp)xp +ou(t,x) :f(t:x)¢
x=x1..,%,) €Q,0<t<T,
u(t,x) =0, xe€8§,

du(tx) _ ~
o0 - 0, xe Q.

(1.2)

The role played by stability inequalities (well posedness) in the study of boundary-value
problems for parabolic partial differential equations is well known (see, e.g., [21-26]).

In the present paper, we consider an r-modified Crank-Nicholson difference scheme
of the above mentioned two problems (1.1), (1.2). This r-modified scheme is of the sec-
ond order of accuracy in ¢ and in space variables difference schemes for the approximate
solution of problems. The stability estimate for the solution of this difference scheme is
established. We use a procedure of a modified Gauss elimination method for solving this
difference scheme in the case of one-dimensional fractional parabolic partial differential

equations.

2 Stability of difference scheme
Let us define the grid space

Qh = {x:xp = (hlpl:nwhmpm)!p: (plr“"pm):
0 fijMj,h/Mj=1,j=1,...,m},
Qh:QhﬂQ, Shzf_zhﬂS.

We introduce the Hilbert space Ly, = L (2;,) of the grid function ¢” (x) = {¢(hj1, . .., Hnjm)}
defined on Q, equipped with the norm

1/2
16"y = ( Z 0 )
xeQy

To the differential operator A* generated by problem (1.1) or (1.2), respectively, we assign
the difference operator A}, by the formula

m
A = - Z(ap(x)ué’p)xp’ip +ou” (2.1)
p=1
h (s — dultx) _
acting in the space of grid functions u"(x), satisfying the conditions " (x) = 0 or 5% = 0

(Vx € Sp). It is known that A7, is a self-adjoint positive definite operator in L,(2). Here,

1
<Pxp,jp = E ((p(hljlr ooy hj(]] + 1)1 ceey hm}m) - (P(hljl: ey h]]y veey hm}m));

1
(pfcp,jp = h—p((p(hljl,,hlj,,hm]m) —(/)(hljl,.. . (] —1) m}m))
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With the help of A7, we arrive at the initial boundary value problem

)
% + DYV (t, x) + AiVi(t, x) = f"(t,x), O0<t<T,x€Qy,

Z 2.2
V(0,x) =0, xeQ 22
for a finite system of ordinary fractional differential equations.
We denote
2 1
d= . Mg = 1/2-/q-1/2, =—=((g +1/2)** - (g -1/2)*"?).
N (@=vVa+12-/q wa@) =3 (@ + 12" - (q-1/2?)
Applying the second order of the approximation formula
k
DY wi=d> apu; 2.3
g k ; ki (2.3)
for
DYt —12) = — / T — -9 ) d
u(ty —7/2) = —T/2=s)"""U/(s)ds
g K T, F

(see [16]) and the Crank-Nicholson difference scheme for parabolic equations, one can
present the second order of accuracy difference scheme with respect to ¢ and to x. Here,
a0 =—v2/3,  an=+2/3, k=1,
a0 = -2/6/5, 1 = V6/5, Qoo = Ve6/5, k=2,
ako = (k= 2)A(k —2) + u(k -2),
agy = (k=3)A(k=3) + ulk=3)+ (3 =2k)A(k—2) —2u(k - 2),
agi=tk=i=-2)Ak—i-=2)+ptk—i-2)
+ (2= 2k + DAk —i—1)—2u(k—i—1)

+k—i+DAk-0)+utk=1), 2<i<k-3,

iz = —31(1) = 2u(1) + 3A(2) + p(2) — ——

6+/2
NG)

g k-1 = 20(1) + p(l) - 3 3<k<N.
Now, we introduce the second order accuracy r-modified Crank-Nicholson difference
scheme in the following form:
g (x)-uf (%) 1/2., 1 x, 0 i S
== +Dy wi(x) + Ajul(x) =f' (), xeQyl<k<r,

uh(x)—uh (x)
i D}]fzu,f(x) + %A’hc[uﬁ(x) +ul_ (x)]

=fl(x), x€Qr+1<k<N,
fkh(x) :f(tk—%,x), Nt=T,ty=kt,1<k <N,
“g(x) =0, x¢ S_Zh

(2.4)

for the approximate solution of problem (2.2).
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Theorem 2.1 Let t and |h| be sufficiently small positive numbers. Then the solutions of
the difference scheme (2.4) satisfy the following stability estimate:

h h
max o], =€ max [f7]],,,. 25)
where C does not depend on t, h, andfkh, 1<k<N.
Proof Consider the difference scheme (2.4). We have
SN R [ (x) - DY2ul(v), 1<k<r,
up(x) = { SN BETR  [f(x) - DYul ()] (2.6)
+ Y0 B IR [ () - DYk ()], r+1<k <N,
where
R' = (I +71A}),
R = <1 ¥ EA;),
2
B= R(I - %A’,;).
We obtain
12 h h
max [ Dy, =M max [£],,- 27)

Let us write z; = IID},fzuﬁ ll,,- Using (2.6), we have

dY Yl R (fl () - DY2ul (6)), 1<k <r,
DYPu(0) = { d Yk g (X B R (7 (x) - DYul (x))
+ Y B IRT(F! (0) - DYl (x))], r+l<k<N.

r+l

1/2

b uz ly,» 1 < k < N. From the triangle inequality, it follows

Now, let us estimate z; = | D
that

z1 < ||051,1R1”L2h—>L2h(|lf1h(x) ”Lzh + ”Dyzu1 ”Lzh)ﬁ

< MVT(|F@],,, +=2). (2.8)

Applying the triangle inequality and the estimates [24]

M

LA

M

1
* ||L2h_>L2h E E’ (2.9)

Jo-rxg

<M, 1<k<N,

|B=RI,,, -1, <
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we have

o < ZZIIak R oy, Iy, + 1D W], )V

i=0 s=1
k-1 )
h
<M, ;[ﬁr(ﬂfs @, +zs)]
+Ms ([ @] ,,, +2)vT, 2<ks<r, (2.10)

k i-r
=) ewB R, L, (@), + D8 @), VT

i=0 s=1

+ZZH%B‘ R PR (Gl P Lt Ol P

i=0 [=1
k-1

= Y| g el )

=1

+ M (@) ||L2h +a)VT

k-1
1 # )
. -1 [mrﬁlf“l(x) ||L2h + Zr+l)i|

+ My (@), +2)v/T rel<k=N. 211)

Hence, applying the difference analog of the integral inequality and inequalities (2.8),
(2.10), and (2.11), we get

1
[l = HDF w1,

<M, 212)

The proof of estimate (2.5) for the solution of (2.4) follows from (2.6), (2.9), and (2.12).
Note that M,, M, are independent from t, /4, and fkh, 1<k <N. Theorem 2.1 is proved.
O

3 Numerical analysis

We consider two examples for numerical results.

Example 3.1 We consider the following initial boundary value problem with Dirichlet

condition for the one-dimensional fractional parabolic partial differential equation:

02) 4 DYt x) — (1 + %) 42) = £ (¢, ),
flt,%) = [3f 3ft + (1 + 27232 sinmx

—ntmcosnx, 0<t<1,0<x<]1, 3D
u(t,0)=u(t,1)=0, 0<t<1,

u(0,x)=0, 0<x<l1.
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It is clear that the exact solution of problem (3.1) is

u(t,x) = % sinmx.

Applying the r-modified Crank-Nicholson difference scheme (2.4), we get

k

k k., .k k
1/2 U, = 2uy i, g u
+ Dtk_%un = [(1 +x,,) L=l 4

n

“1_g k-1, k-1 k-1 k-1

us=ub; =0, 0<k<N,

=0, 0<n<M,

k k. k k k
1/2 k_ 1 Uy =28y i1~ Uy-1
+Dtk_%u 5L +x,) 3 +

k- _
u - u -u
+ (14 x,) 2= 5—2=t + ”*12h”’1]=g0],f, r+1<k<N,

@lrf:f(tk—%,xn), tk:kt,x,,:nh,lSkSN,ISVISM—L

k
—-Uu
mlnl] = f 1<k<r,

where Dik/ 3% uk is defined by (2.3) for any 1, 1 < n < M — 1. We can rewrite it in the system

of equations with matrix coefficients

AU, +BU,+CU, 1 =D¢,, 1<n<M-1,

=Y

Uy
Uy =0.

Here and in the sequel 0 is the (N + 1) x 1 zero matrix,

o 0 O o 0 0 O 0 O
0 a, O o 0 0 O 0 O
0 0 a, o 0 0 O 0 O
o 0 O a 0 0 O 0 O
A=]10 0 O 0O a, 0 O 0 O
0o 0 O 0 z, z, O 0 O
o 0 O 0 0 2z, z, 0 O
0o 0 O o 0 0 O Zn  Zn
|10 0 O o 0 0 O 0 z,
B= 31 + Bz,
[ by 0 0 0 0o
by by 0 0 0
b3 bz bz - 0 0
Bi=
byi bny  bys -0 ban 0
| bnir bnsz bz o bnan  bneina |

(e

Zn

(N+1)x (N +1)

(N+1)x (N+1)

’

(3.2)

(3.3)

(3.4)
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! 0 0 0 0 0 o0 0 0 0
-1/t n, O 0 0 0 o0 0 0 0
0 -1t n, 0 0 0 o0 0 0 0
0 0 0 m 0 0 0 0 0 0
By=| 0 0 0 -1/t n, 0 0 0 0 0
0 0 0 0 v, w, O 0 0 0
0 0 0 0 0 v, w, 0 0 0
0 0 0 0 0O 0 O Ve w, O
| 0 0 0 0 0 0 0 0 v, w,
) 0 0 0 O 0 0 O]
0 ¢, O 0 0 0 O 0 0 0
0 0 ¢ 0 0 0 0 0 0 0
0 0 0 e 0 0 0 0 0 0
C=|0 0 0 0 ¢, 0 O 0 0 0
0 0 0 0O % yu O 0 0 0
0 0 0 0 0 ¥ yu 0 0 0
0 0 0 0 0 0 O In In O
[0 0 0 0 0 0 0 O In Indwaywinan
[ 00 ] [ ug ]
¢l thy
@2 0y
©On = . ’ Uq_ . ’ q:n:l:l,n,
o uy !
N N
L Yn (N+1)x1 L M‘I = (N+1)x1
1+x, 1 1+x, 1
Ay = — 7 Cp=— a1’
K 2K m 2k
1/1+x, 1 1/1+x, 1
Z, —_— + — 1, - -~
=\ Tl T on In==5\ T2 "o
1 21+wx,)
nn:;+ hz ’
1 1+x,, 1 1+xn
V,,——; 2 Wy ? 2’
24/2 242
by =1, by = ———, 22 = ——,
3T 3T
b 46 boo - 276 o - 2v6
31 — 5 ,_JT‘L" 32 = 5 ,_7T‘L', 33 — 5 ,_7'['(,

by = d[10(1) + n(1)],

bay = d[-30(1) - 2(1)] - d/6V/2,

Page 7 of 12
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bas = 5d/63/2,

bsy = d[-54(2) - 2u(2) + 1A (1) + n(D)],

baz = d[20(1) + p(1)] - 4d/6+/2,
bsi = d[22(2) + u(2)],
) -

bs3 = d[31(2) + 1(2) - 30(1) - 214 (1)] - d/6V/2,
bsa = d[20.(1) + n(1)] - 4d/6v/2,  bss = 5d/6+/2,
dl(i = 3)A(i - 3) + (i - 3)], j=1,

d[(5 - 2i)A(i —3) — 20— 3) + (i — 4)A(i —
dl(i—j+ A

A+pi-4), j=2,
=)+ i =j) + (2 =2+ DA —j - 1)

ol 2D G- DAY+ -2, B=j=i-3,
T dI3A(2) + 1(2) = 30(1) = 2(1)] - d/61/2, j=i-2,
d22(1) + Q)] - 4d/6+/2, j=i-1,
5d/6+/2, j=1i,
0, i<j<r+1
fori=6,7,...,N +1,and
3 3
wlyf = |: \QIZ + \/Zkr + 2 (kT)*? (1 + nh):| sin(zwnh) — 7 (kt)*? cos(mnh). (3.6)

For solving (3.2) we use a modified Gauss elimination method [27]. Hence, we seek a

solution of the matrix equation in the following form:

L[/=()lj+1l,[j+1+/3j+1, j=M—1,...,2,1, (37)
where o (j =1,2,...,M) are (N + 1) x (N + 1) square matrices and g; (j=1,2,...,M) are
(N +1) x 1 column matrices defined by

a1 = —(B+ Cay)'A, (3.8)

Bis1=(B+Ca) (D -~ CB), j=12,....,M~-1, (3.9)

where j=1,2,...,M -1, o; is the (N + 1) X

zero matrix and Uy, = 0.

(N +1) zero matrix and B; is the (N +1) x 1

Example 3.2 We consider the following initial boundary value problem with Neumann

condition for the one-dimensional fractional parabolic partial differential equation:

autx) + Dut,x) - (1+x)d”(tx))+utx) =f(t,x),

f(t,x) = (3+t+?§£+n t+x))t2cosx+mt3sinrx, 0<t<1,0<x<l, (3.10)
Mx(t;o)zux(tvl)_ » 0=t=<l,

u(0,x)=0, 0<x<I1.
It is clear that the exact solution of problem (3.10) is

u(t,x) = 3 cos x.

Page 8 of 12
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Applying the r-modified Crank-Nicholson difference scheme (2.4), we get

k_ k-1 k kK _k
Uy~ 12k 1 2”n+” -1, Hpe17 %1 k1 _ ok
St D run—[(1+x)"* 2 + +ufl=¢y, 1<k<r,
k_ k-1 k Kk k
Uy—Uy 1/2 k 1 n+172un+un—1 Yp1~Uy1 k
D =5 [(T+x,) 7 + L vy

k-1 yk-1_ k-1

)
+(1+x,,) el L;"Z LR ”*12hu”1+uk =¢X r+1<k<N,
_f(tk »xn) tk:k‘C:xn:nh:lkaerfnfM_l,
u8—0, k=0,
ok h kel _ 1 h
Lugt + [+ 2D + ]u’(§+ ug™h = Juf + Bgf, 1<k<N-1,
hNZhN— hthNlNhN
Ly + Lyl [+ ADy* + 2uy = ;ul + 59, k=N,

SuM—4u§,I_l+u§,I_2=0, 0<k<N,
ul=0, 0<n<M,

where D” 2 : uk is defined by (2.3). We can rewrite it in the form of a system of equations
with matrlx coefficients

AU, +BU,+CU,.,=D¢,, 1<n<M-1,
EU, = FU; + Ry, 3Uy — 4Up + Upio =0

Here, A, B, C are defined by (3.3), (3.4), and (3.5):

0 0 o --- 0 0
o 1 0 --- 0 0
0 o 1h --- O 0
F= / ,
0 0 0 1/h 0
| 0 0 0o -+ 0 1/h] N+ (N41)
[0 0 o0 0 0]
0 Hh2 O 0 0
0 0 h/2 0 0
R= s
0 0 0 - h/2 0
L0 0 0 - 0 A2] (N+1)x (N+1)
[ en 0 0 0 0o
e e 0 0 0
0 0
E= €31 €32 €33 )
ent ena eNs '+ enn 0
| EN+1,1  EN+12 €EN+1,3 ' EN+1LN EN+1,N+1_| (N+1)x (N+1)
1 h 4h 1 h 4h h
en=1, ey=—— ——, ep=—+—+ s e =—,
1 2 4t 3wt S ) 3JmT S
232k 162k  h 1 h 14V2h h
e3 = ——, epp=——r———, exn=—+—+ ——, =—,
ST 2T 5 /mt 4t BTh T2 15y M7y

eq = %[(1 +1/2)A(1) + ()], ew = dz—h[—zu(l) —2u(1) +1/2A(0) + (0)],

Page 9 of 12


http://www.boundaryvalueproblems.com/content/2014/1/76

Ashyralyev and Cakir Boundary Value Problems 2014, 2014:76 Page 10 of 12
http://www.boundaryvalueproblems.com/content/2014/1/76

e43 = —:—T W [(2+1/2)2(1) + (1) - 2 - 2(-1/3)],

€4s = 114 + g + d—[(l +1/2)A(0) + u(0)],  ess = %,
dh
es1 = - [(2+1/2)4(2) + u(2)],
dh
esy = 7[—2 30(2) —2u(2) + 1+ 1/2)A(1) + n(1)],
es3 = %[(2 +1+1/2)A(2) + pu(2) — 2 - 22(1) = 2(1) + 1/22(0) + u(0)],

h dh
esy = i + > [(1 +1+1/2)AQ1) + u(1) —22(0) - 2,u(0)],

h dh h
e5= 75+ S [AF UM +uO)]  eso= o,
D [(i -3 +1/2)A3 - 3) + ui - 3)], j=1,
%[ 20 -2)Mi-3)=2u(i-3)+ (-4 +1/2)A(i—4)+ u(i-4)], j=2,
LG —j+ 1+ 12— ) + puli— ) =2 - A —j - 1)
2u(i—j-D+G~j-2+12)A0~j-2) + ni—j-2)], 3<j<i-2,
—ﬁ + 22 +1/2)21) + 1(1) - 24(0) — 2(0)], j=i-1,
% + 2+ —[(1 +1/2)1(0) + n(0)], j=i
€= L, j=i+1,
41+— (-N+2+1/2)Ai-N+1)+pu(i—-N+1)
—2(i—-N+1A(i—-N)-2u(i—N)
+ (=N -1+1/2A(i-N-1)+ pu(i - N -1)], j=N-1,
—2+ 2+ U/2)2(1) + (1) - 24(0) - 21(0)], j=N,
%+%+—+—[(1+1/2)()+M(0)}, j=N+1
0, j>i+1

fori=6,7,...,N +1, and

164/
= (3 + kT + : ke +7'L’2/(‘L')(kt)2,
T

K lg. g 16 kr+
=|3+kt+
(pn Sﬁ

For solving this matrix equation we will use the same method as for Example 3.1. Namely,
we use (3.7), (3.8), (3.9), and

72 (kT)(1 + nh)] (k7)? cos(mnh) + 7 (kt)? sin(w nh). (3.11)

= [31 — 4oy + o100 ] ™ [(41 — 1) By — Bu-1)s
=E'F, B = E™'Ry.

Finally, we give the results of the numerical analysis. The numerical solutions are recorded
for different values of the modification parameter r, and discretization parameters N
and M. Besides uX represents the numerical solutions of these difference schemes at
(2x,%4). The error is computed by the following formula:

EN = max ulte, x,) — u*|.
M 1<k<N,1<n<M—1| (b1 %) = 1,
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Table 1 Error analysis for Dirichlet problem

Method N=M=40 N=M=80
Rothe 0.019436847  0.009569477
Crank-Nicholson 0.000525352  0.000149122

One-modified Crank-Nicholson 0.000525046  0.000149050
Two-modified Crank-Nicholson 0.000503791  0.000144560
Three-modified Crank-Nicholson ~ 0.001309365  0.000260588

Table 2 Error analysis for Neumann problem

Method N=M=40 N=M=80
Rothe 0.038312769  0.018981758
Crank-Nicholson 0.009051376  0.002281280

One-modified Crank-Nicholson 0.011770581  0.002979532
Two-modified Crank-Nicholson 0.011770790  0.002979547
Three-modified Crank-Nicholson ~ 0.011770831  0.002979551

Table 1 and Table 2 are constructed for N = M = 40 and 80, respectively. As can be seen
from Table 1, the r-modified Crank-Nicholson difference scheme is more accurate than the
Crank-Nicholson and Rothe difference schemes. Table 2 shows that the r-modified Crank-
Nicholson difference scheme has the same order error as the Crank-Nicholson difference

scheme.

4 Conclusion

In this study, the second order of accuracy stable difference scheme for the numerical
solution of the mixed problem for the fractional parabolic equation is investigated. We
have obtained a stability estimate for the solution of this difference scheme. The theoret-
ical statements for the solution of this difference scheme for one-dimensional parabolic

equations are supported by numerical examples obtained by computer.
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