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Abstract

Hermitian Clifford analysis has emerged as a new and successful branch of Clifford
analysis, offering yet a refinement of the Euclidean case; it focuses on the
simultaneous null solutions of two Hermitian Dirac operators. Using a circulant matrix
approach, we will study the Ry Riemann type problems in Hermitian Clifford analysis.
We prove a mean value formula for the Hermitian monogenic function. We obtain a
Liouville-type theorem and a maximum module for the function above. Applying the
Plemelj formula, integral representation formulas, and a Liouville-type theorem, we
prove that the Ry Riemann type problems for Hermitian monogenic and
Hermitian-2-monogenic functions are solvable. Explicit representation formulas of the
solutions are also given.

Keywords: Hermitian Clifford analysis; Riemann type problems; Hermitian
monogenic function

1 Introduction

The classical Riemann boundary value problem (BVP for short) theory in the complex
plane has been systematically developed, see [1] and [2]. It is natural to generalize the
classical Riemann BVP theory to higher dimensions. Euclidean Clifford analysis is a higher
dimensional function theory offering a refinement of classical harmonic analysis and a
generation of complex in plane analysis. The theory is centered around the concept of
monogenic functions, see [3—6], etc. Under the framework, in [7-12], many interesting
results about BVP for monogenic functions in Clifford analysis were presented. In [13] and
[14], Riemann BVP for harmonic functions (i.e., 2-monogenic functions) and biharmonic
functions were studied, the solutions are given in an explicit way.

More recently, Hermitian Clifford analysis has emerged as a new and successful branch
of Clifford analysis, offering yet a refinement of the Euclidean case; it focuses on the simul-
taneous null solutions of two Hermitian Dirac operators invariant under the action of the
unitary group. This function theory can be found in [15] and [16], etc. In [17], based on the
complex Clifford algebra C,,, the Hermitian Cauchy integral formulas were constructed
in the framework of circulant (2 x 2) matrix functions, and the intimate relationship with
holomorphic function theory of several complex variables was considered. For details,
we refer to [17-20]. In [18] and [21], a matrix Hilbert transform in Hermitian Clifford
analysis was studied, and analogs of characteristic properties of the matrix Hilbert trans-
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form in classical analysis and orthogonal Clifford analysis were given, for example by the
usual Plemelj-Sokhotski formula. Under this setting it is natural to consider the Riemann
BVP. In [22], the Riemann BVP for (left) Helmholtz H-monogenic functions (i.e., null so-
lutions of perturbed Hermitian Dirac operators in the framework of Hermitian Clifford
analysis). If the perturbed value vanishes, D(’; 7 is Dy i) then the R_; Riemann BVP for
H-monogenic circulant (2 x 2) matrix functions was solved. Also, we naturally consider
Ry Riemann BVP for H-monogenic circulant (2 x 2) matrix functions (i.e., null solutions
to D(Z,Z")) and H-2-monogenic circulant (2 x 2) matrix functions (i.e., null solutions to
D?LZ*))' Roughly speaking Ry Riemann BVP means that we prescribe that the solutions
are bounded at infinity. Up to present, as far as we know, it is a new problem. In this paper,
motivated by [8, 9, 13, 14, 17, 18], we will consider Ry Riemann BVP for H-2-monogenic
circulant (2 x 2) matrix functions in Hermitian Clifford analysis. Applying the integral
representation formulas of H-monogenic circulant (2 x 2) matrix functions and H-2-
monogenic circulant (2 x 2) matrix functions, we get mean values formulas. Furthermore
we prove a maximum modulus theorem and a Liouville theorem in Hermitian Clifford
analysis. Finally we get explicit solutions for Ry Riemann BVP for H-2-monogenic circu-
lant (2 x 2) matrix functions in Hermitian Clifford analysis. Some results of [14] and [22]

are generalized in our paper.

2 Preliminaries

In this section we recall some basic facts about Clifford algebras and Hermitian Clifford

analysis which will be needed in the sequel. More details can also be found in [4] and [5].
Let V5,0 be an 2n-dimensional (n > 1) real linear space with basis {ej,e;,...,€,},

Cl(Va,,0) be the 227-dimensional real linear space with basis

{eA,A ={hy,....,.n}ePN,1<hy<--- <h,§2n},

where N stands for the set {1,...,2n} and let PN denote the family of all order-preserving
subsets of N in the above way. Now denote ey by ey and ey, ..., by e4 for A = {hy,...,h,} €
PN. The product on Cl(V3,,) is defined by

ejqép = (—1)#(AmB)(—l)P(A’B)eAAB, lfA,B S PN,

. (2.1)
A= ZA,BEPN Aalpeaes, ifA=)  cpnraea =2 gepn MBEB

where #(A) is the cardinal number of the set A, the number P(A, B) = Z]’EB P(A,)), P(A,)) =
#{i,i € A,i > j}, the symmetric difference set A A B is also order-preserving in the above
way, and A4 € R is the coefficient of the e4-component of the Clifford number . Also,
denote [A]4 by A4. It follows at once from the multiplication rule (2.1) that e is the identity
element written now as 1 and, in particular,

e =-1, ifi=1,...,2n,

ee; = —eje;, ifl<i<j<2n, (2.2)

€nehy .. Chy =€y iy H1<h<hy<---<h, <2n.

Thus C1(Va,0) is a real linear, associative, but non-commutative algebra and it is called
the Clifford algebra over V5, 0. An involution is defined by

_ #(A)(#H(A)+1) .
eq = (—1) 2 eq, ifAe PN,

e, ) . (2.3)
A=) qcpnPaea ifr =3 cpyraea
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From (2.1) and (2.3), we have

Ei=—€i, ifi=1,...,2i’l,

IS (2.4)

A =mh, forany i, u € Cl(Vy,,0).

The Euclidean space R?* is embedded in CI(V4,,0) by identifying (Xj, ..., X,,) with the
Clifford vector X given by

2n

X=) ¢X,.

j-1

Note that the square of X is scalar valued and equals the norm squared up to a minus sign:
X% = —(X,X) = —|X|%. The dual of X is the vector-valued first order differential operator

2n
0=
j=1

called a Dirac operator. It is precisely this Dirac operator which underlies the notion of
monogenicity of a function, a notion which is the higher dimensional counterpart of holo-
morphy in the complex plane. A function f defined and differentiable in an open region 2
of R*" and taking values in C1(V5,,0) is called (left) monogenic in Q if dx [f] = 0. As the Dirac
operator factorizes the Laplacian, A,, = —9%, monogenicity can be regarded as a refine-
ment of harmonicity. We refer to this setting;s the orthogonal case, since the fundamental
group leaving the Dirac operator dy invariant is the special orthogonal group SO(2x,R),
which is doubly covered by the Spin () group of the Clifford algebra C1(V5,,). For this rea-
son, the Dirac operator is also called rotation invariant. When allowing for complex con-
stants, the set of generators {ey, ..., es,} produces the complex Clifford algebra Cy,,, being
the complexification of the real Clifford algebra Cl(V5,,0), i.e. Cy,;, = C1(Va,,0) @ i C1(Vay0).
Any complex Clifford number A € C,, may be written as X = a + ib, a,b € Cl(V>,0), an
observation leading to the definition of the Hermitian conjugation A" = (a + ib)" = @ — ib,
where the bar notation stands for the usual Clifford conjugation in Cl(V5,,), i.e. the main
anti-involution for which ¢; = —e;, j = 1,...,2n. This Hermitian conjugation also leads to a
Hermitian inner product and its associated norm on C,, is given by (A, 1) = [ATu]o and
2= VDo = (g 1)

The above will be the framework for the so-called Hermitian Clifford analysis, yet a
refinement of orthogonal Clifford analysis. An elegant way for introducing this setting
consists in considering a so-called complex structure, i.e. a specific SO(2#; R)-element J
for which J? = —1 (see [15—17]). Here, ] is chosen to act upon the generators ey, ..., ey, of
the Clifford algebra as

][ei] = ~Cnyj and ][en+j] =e¢, j=1...,n
With J one may associate two projection operators %(1 =+ iJ) which will produce the main

protagonists of the Hermitian setting by acting upon the corresponding objects in the
orthogonal framework. First of all, the so-called Witt basis elements {f;, ];T [j=12,...,n}
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for the complex Clifford algebra C,, are obtained through the action of :l:%(l +iJ) on the
orthogonal basis elements e;:

1 1
fi= 5(1 +if)[e] = E(e/ —leny), j=1,...,n,
; 1 . 1 . .
]; :—E(l—l])[e,'] =—§(e,»+le,,+j), j=1...,n.

These Witt basis elements satisfy the Grassmann identities,

S+ ffi=f i+ £ =0, jik=1,....n,

and the duality identities,

fifkT +f/jﬁ:8/k: jok=1,...,n.

Next we identify a vector X = (X,...,X,,) in R*" with the Clifford vector X = Z;il(e,»x,- +
e.+;y;) and we denote by X| the action of the complex structure / on X, i.e.
n
X|=JIX] =) (9 — ensy))-

j-1

Note that the vectors X and X| are orthogonal, the Clifford vectors X and X| anti-
commute. The actions of the projection operators on the Clifford vector X then produce
the Hermitian Clifford variables Z and its Hermitian conjugate Z:

Z= 04Xl = S0+ iX)),
2= - =~ (X - X)),

which can be rewritten in terms of the Witt basis elements as

n n
Z=) fz and Z'=@'=) f'7
j=1 j=1

where # complex variables z; = x; + iy; have been introduced, with complex conjugates
z]? =%; —1yj,j = 1,...,n. Finally, the Hermitian Dirac operators dz and 9, are derived from

the orthogonal Dirac operator dy:
1 , 1 ,
Ozt = Z(l +i)[0x] = 1(81 +10x)),
i = (1~ ) [o) = (3 i)
2 = =5 A= i)lox] = =2(9x - iox),

where we have introduced

Oy =J10x] = ) _(ejdy; — ensj).

j-1
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In view of the Witt basis, the Hermitian Dirac operators are expressed as

dz=) [z, and By =(3)" =) fids
j=1 j=1

involving the classical Cauchy-Riemann operators 9, = %(8xj —idy,) and their complex con-
jugates 82; = %(Bx/. +i0y;) in the complex z;-planes, j=1,..., 1.

Finally observe that the Hermitian vector variables and Dirac operators are isotropic,
since the Witt basis elements are, i.e.

27%=(2")"=0 and (32’ =(9,)*=0,

whence the Laplacian A,, = —2& = —Bil allows for the decomposition
Ay = 432351 + B, 07),

while also

zzt+ Z'z =z = |Z'[

= |1X] = X%

For further use, we introduce the Hermitian oriented surface elements doz and do,+ as
follows:

1 n(n+ id T
doy = _Z(_l)% (2))"(do x — ido x)),

1 nin+ ~ ~
doy) = -2 (-)" " Qi) (dox + idox),

where do x denotes the vector-valued oriented surface element and do x1=J [do x]J. They
are explicitly given by means of the following differential forms of order 2n —1:

E&K = Zej(—l)j_l (2‘9;] + Zen+j(—1)n+j_l (z)\/j;

j=1 j=1

doy =) ei(-1)"" " dy; = enj(-1) du,

Jj=1 Jj=1

here

jazjzdxl/\"'/\dx,-_l/\dx,+1/\~-~/\dx,,/\dy1/\~~~/\dy,,,

L?)\/jzdxl/\-u/\dx,,/\dyl/\u-/\dyj_l /\dy]‘+1 /\"'/\d_)/n,
and the corresponding oriented volume elements then read

ﬁ/()_():dx1A~~~/\dx,,/\dyl/\---Adyn,
AVX)) =dy A -+ Adyn A (=dxy) A -+ A (~dx,).
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We also consider the associated volume element dW(Z, Z"), defined as
AW (2,Z7) = (dz A dZ5) A (dza NAZS) A -+ A (dzy A d25),
reflecting integration over the respective complex z;-planes, j = 1,...,s. One has

n(n-1)

dV(X)=(-1)"> (é)ndW(z,Z)-

We still introduce the matrix

—dOZT dO’é

dUZ —do
A gz = ( - z )

which will play the role of the differential form.

Definition 2.1 A continuously differentiable function f on an open region Q of R*” with
values in C,, is called a (left) Z-monogenic function in €2, iff it satisfies in Q the system

dxf =0 = oy/f

or, equivalently, the system

8zf =0 = df.

The respective fundamental solutions of dx and 9y, are given by

X 1 X )
— =, EX)=——10-, XeR™\{0},
W2y |)_(|2n |(_) Wy |)_(|2n - \{ }

E(X) =

where w,, denotes the area of the unit sphere S**~! in R?". The transition from Hermi-
tian Clifford analysis to a circulant matrix approach is essentially based on the following
observation. Introducing the particular circulant (2 x 2) matrices

dz Oy E &
D(Z:ZT) = (82% BZ> and E= (ST 5 )

where £ = —(E + iE|) and £T = (E — iE|). Then Dy zE = 83, where § is the diagonal matrix
with the Dirac delta distribution § on the diagonal, may be considered as a fundamental
solution of the matrix operator Dy ;). This has also led to a theory of H-monogenic (2 x 2)
circulant matrix functions, the framework for this theory being as follows. Let g, g» be
continuously differentiable functions defined in €2 and taking values in C,,, and consider
the corresponding (2 x 2) circulant matrix function

GL(Y) - aX) @) '
£X) alX)

The ring of such matrix functions over Cy, is denoted by C!M?*2. In what follows, O will
be denoting the matrix in C!M?*? with zero entries.

Page 6 of 19
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Definition 2.2 The matrix function G} € C'M?*? is called (left) H-monogenic in € if and
only if it satisfies in Q the system D(Z,Z*) [Gé] =0.

The notions of continuity, differentiability, and integrability of G} € C'M?*? have the
usual component-wise meaning. In particular, we will need to defined in this way the
classes C*(2), r € N\ {0}, of r times continuously differentiable functions over some suit-
able subset Q of R?", C%*(Q) stands for Hélder continuous circulant matrix functions

over 2. We introduce the non-negative function

1
2 2
CRETRE
i=1
where | - | denotes the Clifford norm.

Definition 2.3 The matrix function G} € C"M?*? (r > 2) is called (left) H-2-monogenic
in © if and only if it satisfies in  the system (D@'Z;-))Q[Gi] =0.

In what follows we suppose

B'(Y,R) = {X € R :|X - Y| <R},
B (Y,R)={XeR":|X-Y|>R},

0B(Y,R)={X eR”:|X-Y|=R},
with R > 0.

3 Some properties for H-monogenic circulant (2 x 2) matrix functions

Theorem 3.1 If the matrix functions G5(X) = ( gg(; 22(%) ) is H-monogenic in Q then

2n

Wy R2n

[ awdw-ew (31)
B(Y,R)

for each R > 0 such that B(Y,R) C Q.

Proof Take R > 0 such that B(Y, R) C Q. Apply Hermitian Cauchy’s integral formula I (in
[17]). On the ball B(Y, R), we have

n(n+1) l "
GY () = (-)"5" (—5) [ Ez-vaz,6w
9B(Y,R)

2 n(n+1) l "
1)z (—= Gzyd2,, G X),
wan2”( ) ( 2) ./33(1,10 2-v 3%z 2 G (X)



http://www.boundaryvalueproblems.com/content/2014/1/81

Gu and Fu Boundary Value Problems 2014, 2014:81 Page 8 of 19
http://www.boundaryvalueproblems.com/content/2014/1/81

As [Gzyv]Dz 41y = (g’ S), we apply the Hermitian Clifford-Stokes theorem (in [17]),

1 _ 2 n 1 ~
W= — f [ (0 n) G0 AV (X).

The result follows. O

The notions of continuity, differentiability, and integrability of G}(X) have the usual

Component-w1se meanlng.

Theorem 3.2 (Liouville theorem) If the matrix function Gy € C'M>*? is H-monogenic in
R?" and satisfies |GL(X)|| < M for all X € R*" then GL(X) must be a constant circulant
matrix in R*".

Proof By Theorem 3.1, we have

2 —~ ~
2l ewdw- [ awd)
@2, R || Jp(y,R) B(O,R)

- V(Dg) ’
~  V(B(O,R))

|G - G| -

(3.2)

where Dy denotes the symmetric difference of B(Y, R) and B(0, R), V(-) is Lebesgue volume
measure on R?", so that Dy = [B(Y,R) UB(0,R)] \ [B(Y,R) N B(0,R)]. The last expression
above tends to 0 as R — oo. Thus GL(Y) = G4(0) and so G}(Y) is a constant circulant

matrix. O

Theorem 3.3 (Maximum modulus theorem) Let the matrix functions G(X) be a
H-monogenic in the open and connected set Q. If there exists a point A € Q such that

|G = |G|
forall X € Q, then Gé must be constant circulant matrix in Q.

Proof Put ||GL(A)|| = A and consider the subset 2, of Q given by
Q. ={XeQ||GX)| =1}

Since A € Q;, then Q; # @. So let Y € Q\ Q;; this implies that [|GL(Y)| < A. As [|GL(X)|
is continuous in €, there exists an R’ > 0 such that B(Y,R’) C Q \ ;.. This means that ;
is relatively closed in Q.
Now take ¥’ € ©; and R > 0 such that B(Y',R) C Q. By Theorem 3.1, we have
Gy (Y) =

2n /‘ 1 ~
—— G,(X)dV(X), (3.3)
W2, R2" gy ?

gl(X/) gz(Z’) _ 2n fB Y’R)gl )dV(X) fg(y/ g2 )dV( )
gZ(X/) gl(X/) W2, R fB(X/‘R)gZ()_()dV()_() fB(X/,R)gI(X)dV()_()
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we then have

2

/ g, X dvX)| .
B(Y',R)

(3.4)

-2 ( ) T

Applying Holder’s inequality,

)~
7 R4n ZZ( / dV(X)) ( / CY dvo_o)

=1 A

WM 9 ~
< i X dV X
S [, latof Ve

}“2 < 22}1

2n 9 ~
= G| dV(X).
ol W LI ZES
Hence
2n ~
0<—7HH- G (X -»*)dvx) <o,
= o [, (1600 =) 8700 <

which yields |G} || = A for all X € E(X’,R), this means that IOS(Z,R) C Q; and hence that
Q;, is relatively open in Q. As Q2 is supposed to be connected it follows that 2 = ;.

Now if A = 0 then clearly G} (X) = O forall X € Q. For A # 0, since G} (X) is H-monogenic
in 2, we have

) . aX) X
0= LHD(Z:ZT)) (D(Z,ZT)) (gZ(K) gl()_()>

_ A2n 0 gl()_() gZ()_() (3 5)
0 Ay \aX aX)’ '

then for all X € Q, Ay,g1(X) = 0 and Ay, (X) = 0. Hence we obtain Ay,g1, (X) = 0 and
A2ugr, (X) =0 forall X € Q. For all X € Q we have

2
2D le 0 =22 (3.6)

i=1 A

22”ZZg1A )gi, (X) = 22 (3.7)

i=1 A

and by (3.7), differentiating twice, we get

Z D958, (208, 00 + Z > g, (00 8 9,61, () +2 Z Y |og, X7 =0.  (3.8)

i=1 A i=1 A i=1 A
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Summing up overj=1,2,...,

2n yields

ZZ Aongiy (X)) (g1, 20) ZZglA (0 (A2ngi, (X))

2
+2) Y |ayg, M| =0, (3.9)

=1 jA

we have ;i X)=0(@{=1,2)inQforallj=1,2,...,2n all A € PN. Thus g1(X), £2(X) are
constants in Q. The result follows. O

Corollary 3.4 Let Q be a bounded open set in R*" and suppose that g1(X), g,(X) are func-
tions in CY(2, Cy,) and GL(X) = (g1 &) ﬁf(())(())) is H-monogenic in Q. Then

sup G0 = sup G0,
XeQ

4 Higher order Hermitian Borel-Pompeiu formula in Hermitian Clifford analysis
Integral representation formulas in Clifford analysis have been well developed in [3, 23—
25], etc. These integral representation formulas are powerful tools. In this section, we get
the explicit expression of the kernel function for (D(ZZ"'))z and then get the explicit inte-
gral representation formulas for functions in Hermitian Clifford analysis. These explicit
integral representation formulas play an important role in studying the further properties
of the functions in Hermitian Clifford analysis.

In what follows, we denote

1 0
1:(0 ) )
~ (0 1
1:(1 0), (4.2)

z-v Z'-V
Gzv = (ZT vy ) : (43)
0 IX-YP?
G()_(,L) = X Y|2 0 , (4.4)
1 0 e o
E(Z-V)= W 4 "0 , XeR7\{Y}, (4.5)
Wan\& = 21) \ xyprz

where w,, denotes the area of the unit sphere in R*".
Lemma 4.1 Let E{(Z - V) be as in (4.5). Then [E{(Z - Z)]D(Z,Z‘) =E(Z-YV).

Proof The identity is obtained by straightforward calculation. g

Lemma 4.2 Denote dx = Z;;(e,-ax]. + €4jy;), Dx| = Z;;(e,-ayl. — €,4j0y,), then

Page 10 of 19
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(X-YP)=2(X-Y), (4.6)

A (1X - YP?) = 2(X] - Y)). (4.7)

Lemma 4.3 Let G y) and Gz_y be as in (4.4) and (4.3). Then
GunDyzzi)=Gzv. (4.8)
Proof In view of Lemma 4.2, the identity is obtained by straightforward calculation. O

Theorem 4.4 (Higher order Hermitian Borel-Pompeiu formula) Suppose I' C Q is a
2n-dimensional compact differentiable and oriented manifold with C* smooth boundary
aT, g1 and g, are functions in C*(Q, Cy,) and G3(X) = (ZE ;;2(( ) is the matrix function. It
then follows that

| Bz-1dz, @0 [ BE-1)d5,Pun6w
ar ar
+ f E\(Z — V)[(Dy0)2GL0] AW 11
r

i O, frer (4.9)

(1 ifYel*.

Proof First let Y = V — V' e ' It then follows from the Stokes formula, which can be
found in [17], that we have

/F E\(Z - V)[(Dgz1)’G(X)] AW 51,
= /BF Ei(Z-V)dZ 71 Dzz1GyX)
/F [Er(Z - V)Dy 21 ][Diz 2 G (X)] AWz 1)
= /8 ) Ei(Z-V)d% 1Dz G X) - /F E(Z - V)[Dy21Gy(X) ]| dW 5 1)
- far E\(Z-V)d% ;71 DigznGr0) - / E(Z - V)dZ ;1 Gh(X), (4.10)

ar

then the left-hand side of the stated formula apparently equals zero.
Now, let Y = V — V' e I'* and take R > 0 such that B(Y,R) C I'*. Invoking the previous
case, we may then write

/ E(Z-V)dX 4 Gy(X) - / El(Z—Z)dZ(Z,ZT)D(g,j)G’;()_{)
d(M\B(Y,R)) (C\B(Y,R))

+ / Ei(Z - V)[(Dgz1)*Gy(X)]dW,, 4+ = O. (4.11)
I'\B(Y,R)

Page 11 of 19
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Here we take the limits for R — 0. In view of the weak singularity of m m the
third term of (4.11) yields

lim El(Z—K) [(D(zsz))2G%()_()] dW(zsz)

k=0 Jr\B.R) - -

- /F E\(Z— V)[(Dyy ) 2GL0] AWy 11, (4.12)

since the integrand only contains functions which are integrable on I'. Furthermore we

may write
f E(Z-V)dT ;)G
(M\B(Y,R)) =
- / E\(Z - V)d% ;7 Diz,z1Gy(X)
A(M\B(Y.R)) 2z zz
) / PE- V) 8260 - / E\(Z - V) d% 51Dz znGo )
ar o
- [/ E(Z-V)dZ71Gy(X)
AB(Y,R)
- / E@Z-V) dZ(Z,ZUD(,z*)G%()_()} (4.13)
dB(Y,R)
we denote
re= / E(Z-V)d% 441Gy (X)
dB(Y,R) ==

[ E@-VdE DG, (414)
dB(Y,R)

Combining the Stokes formula in Hermitian Clifford analysis with

z-v z-vi\, _(n o
zi-v' z-v 7" \o n)’

we get

2n
Y =
w2nR2n

/ Gy (X) dW 41, + / Gzv[Dzz1 G0 ]dW iy 41,
B(Y.R) T B(Y,R) T o

4

t o e (D)’ G X)] AW 5z, (4.15)
(21— 2)wauR B(Y,R)

where T is defined as in (4.2).
It is clear that

lim T = (1" 2iy"GL(Y). (4.16)

Then the result follows. g
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Theorem 4.5 If the matrix function G} is H-2-monogenic in Q2 then
[ Bz-vdz, G0~ [ BEZ-1)d5, P 6w
ar ar

_ i 0. frer, (4.17)

n(n+1)

(D727 (2)'Gy(Y), ifY el

Proof Since G% is H-2-monogenic in €2, in view of Theorem 4.4, the result follows. O

Theorem 4.6 Let B(a,R) be an open ball centered at a with radius R in R*, G} €
C2(B(a,R)) N CY(B(a,R)) and the matrix function Gb is H-2-monogenic in B(a,R), then
forall Y € B(a,R)

| Ee-»dz,@0- [ EE-VdZ D6
0B(a,R) 0B(a,R)
= (D" 2 G (), (4.18)

Theorem 4.7 (Mean value theorem for H-2-monogenic matrix function) If the matrix

Sunction Gy(X) = ( 2%{(; 512(%) ) is H-2-monogenic in  then

2n ~
— Gl dV(X)=GL(Y) (4.19)
wo, R /f:%(Y,R) S - S
for each R > 0 such that B(Y,R) C Q.

Proof Take R > 0 such that B(Y,R) C 2, by Theorem 4.5 we get

n(n+l)

(-1)"2 (2)"GL(Y)

/ E(Z - V)dS 1 Gh(X)
9B(Y,R) T

- f E\(Z - V)dZ ;71D yzHGyX)
dB(Y,R)

i)
GzvdZ, ;+Gy(X)
wanZVl BYR (2,27)2

4 T 1
* (21 = 2) o, R212 /;B(Y R) 1422 Pizzh GX)

= Tl. (420)

Combining with the Stokes formula in Hermitian Clifford analysis, G} is H-2-monogenic
in Q, Lemma 4.3 with (=2i)"(-1)"5" dV(X) = dW(Z, Z"), we have

2 .
n- [ Glwaw(zz)
B(Y,R)

CU2,,R 2n
2
+
Wy, R2n

2 nin—. ~
Y / G0 dV(X)
B(Y,R)

a)z,,R"

/ Gz-y[DzzGX)]dW (2, Z)
BY.R)
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ol
+ (G Dz 2 [PizzyG (X dW (2, 2}
0B J5v ) wnPizz))[PeznGX0]dW(2.27)
2 nin— ~
- )" [ Geodve)
wnR" BY,R)
2R? / ~
+ 143, ;D 1 G5(X)
O RP Jomy 2N @z
2n n(n-1) ~
- oy / G0 AV (X). (4.21)
W2 R?" B
The proof is done. 0

Corollary 4.8 If the matrix function G} = ( g&(; “éz(%) ) is H-2-monogenic in R*" and satis-

fies |GL(X)|| < M for all X € R*", then G5(X) must be a constant circulant matrix in R*".
Proof The proof is similar to the method in Theorem 3.2. O

Suppose Q is an open bounded non-empty subset of R*” with a Liapunov boundary 9<2,
we usually write Q* = Q and Q™ = R*" \ Q. The notations Y and Y| will be reserved for
Clifford vectors associated to points %, while their Hermitian counterparts are denoted
V= %(Z +iY|)and VT = —%(Z —iY|). By means of the matrix approach sketched above,
the following Hermitian Plemelj-Sokhotski formula.

We shall introduce the following matrix operators:

clG]) - f E(Z-V)dE, G0, YeQt, (4.22)
Q -
Haa[GH](Y) = (-1)"" (—g) | Bz-vidz G, rew a2

where G3(X) € C**(39).

Lemma 4.9 [18, 21] Let GL(X) € C**(0Q). Then the boundary values of the Hermitian
Cauchy integral C|G}] are given by

clGfw = lim C[GW

Y—>UeIQYeQ®

n(n+l)

=(-1)" 2 (2)" <i%G§(Q) + ’Hag[Gi](Q))'

Theorem 4.10 Let B(a,R) be an open ball centered at a, with radius R in R*", g,g, €
C'(R*"\ 3B(a, R), Cy,), Dy 4Gy = 0 in R*" \ B(a, R), [G3]*(Y) = [G3]7(Y) € C**(B(a,
R)), 0 <a <1. Then Dy Gy = 0 in R*".

Proof We only need to prove that for any Y, € 9B(a, R), Dy ;+/G5(Y,) = 0. Define G3(Y) =
[GA"(Y) = [Gi]"(Y), Y € 9B(a, R). Forany Y, € 3B(a, R), taking constants § > 0, B(Y,, ) is
a ball with the center at Y, and radius § such that B(a, R) C B(Y,),8). Obviously, dB(a, R) U
0B(Y,,8) is a Liapunov boundary. Using the Hermitian Borel-Pompeiu formula, we have

n(n+l) n
(-1)72 (2)"Gy(Yy) = /BB( R)E(z—zl)dz(g,z-)ea()_o, Y, € B(a,R), (4.24)
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n(n+l) wn
(-1)"27 (2i)"GL(Y,) = / E(Z-V,)d% 421G ),
0B(a,R)J0B(Y,5)

Y, € B(¥,,8)\ B@R). (4.25)

Using Lemma 4.9, for Y, € 9B(a, R), we obtain
Gy (Y,) = [G3]" (Yy) = G (Y,) + Hoswr)[ G (Xy)s (4.26)
GL(Y,) = [GL] (¥y) = (%Gi(g,) + Hopamnntres) [G;](x0>). (4.27)

Combining (4.26) with (4.27), we get

n(n+1) n
(1) (20y'GL(,) = f E(Z~ V) dS 5 Gh(X).
9B(Y(,8)

Therefore D ;Z)Gé(zo) =0, and the result follows. O

Theorem 4.11 Let B(a,R) be an open ball centered at a, with radius R in R*", g, g, €
CZ(B(Q) R), CZn) N Cl (B(Q’ R); CZH) gng [S CZ(B_ (Q: R)) (CZYI) N CI(B_(Q) R)1 CZn)r (D(Z,ZT))Z X
Gl =0in R*\ 9B(a,R), and G}, satisfies the following conditions:

[GL]*(Y) = [GA]~(Y) € C*(3B(a, R)),
[Diyz1Gal* (Y) = [Dy £+ Gh]~(Y) € C*#(3B(a, R)),

where 0 < «, 8 <1, then (D; ;+)*Gj = 0 in R*".

Proof In view of the weak singularity of m W, combining Theorem 4.6 with
Lemma 4.9, the theorem can be similarly proved similarly to Theorem 4.10. O

Theorem 4.12 Let gi,g, € C*(B™(a,R), Cy,,) N CY(B~(a,R), Cy,), (D(ZZ+))2G§ =0 in B (a,
R),

[GY]* (1) = [GY](Y) € C*(3B(a, R),
[y, GH* (V) = [Dyy 1, G~ (¥) € C4 (9B(a, R)),

where 0 <o, B <1, |GL(X)|| <M (|X| — 00), then for Y € B™(a,R)

n(n+l)
2

(1)"5 iy GL(Y) = - / E(Z -~ V)dZ G0

ar

+/ Ei(Z-V) dE(Z»Zf)ID(Z,ZT)Gé()—() +Céoo; (4.28)
ar’

where C}_ be a constant circulant matrix.

5 Riemann boundary value problem for H-monogenic functions
An Ry Riemann boundary value problem for H-monogenic functions is denoted as fol-
lows:

Dy v1)Gy =0, in R¥*\ 3B(a, R),

[G3]*(Y) = [G}]"(V)A} + Fy(Y), Y € dB(a,R), (5.1)
G} (c0) || <M,
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where A} is any invertible constant circulant matrix, we denote by [A}]™! an invertible
element for Al. Here F} is a given circulant matrix function in C**(dB(a,R)), 0 <& < 1.

Theorem 5.1 The Riemann boundary value problem (5.1) is solvable and the solution can
be written as

Sosar EZ - V) dZ 5 20 Fy(X)

n(n+ 1 ) Y B+ ) )
)" P aram=] O Lo LeBeR g
faB(g,R) E(Z - Z) dE(Z,Z*)FZ()_() [AQ]
+Cy [A3]7, Y eB (aR).
Proof Let
n(n+l) .
XI(Y) _ (_1) 2 (_%)nL Ye B+(Q¢ R)r (5 3)
2" iyAY, Y eB @R
Furthermore, we denote
n(n+l) “n "
[Xl]fl(Y) _ (_1) 2 (2l) I XGB (L_LR): (5 4)
PO "t Al YeB @R),

and we then have Dy, ) [X3]17(Y) = 0, ¥ € R*" \ 8B(a, R). The transmission condition
(G () = [G5] WA} +E, (V)
can be changed into
G O[] TW=[6] WX T®+Em[[¥]" ] w, (5.5)
and if we denote

WO - [ EZ-1)dE, B0, LR\ (5.6)
3B(@R) =

then D(z,z*)‘l’%@) =0, Y e R*\ 3B(a, R), and W(c0) = O. Using Lemma 4.9, we have
(W] O -[¥] O =BO[[%]"]'®, YeciBanr). (5.7)
From (5.5) and (5.7) we have
(G ] Wi @ =[G ] - W] (¥, YedB@R). (5.8)
Combining Theorem 3.2 with Theorem 4.10, there exists a constant (2 x 2) circulant ma-
trix C such that [G[X;]™ — Wi](Y) =C} ..
On the other hand, it can be directly proved that (5.2) is the solution of (5.1), and the

proof is done. O

Remark 5.2 If (5.1) is solved in R_j, i.e. ||G}(c0)|| = O is required, then the problem has
the unique solution (5.2) (taking C;OO =0).
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6 Riemann boundary value problem for H-2-monogenic function in Hermitian
Clifford analysis
In this section, we shall consider the following Ry Riemann boundary value problem:

(Dy,v1))*G) =0, in R2"\ 3B(a, R),

[GLI*(Y) = [G-(V)A} + EX(Y), Y € 9B(@R), o
[Diy Gy *(¥) = [Dy 1G] (Y)BS + US(Y), Y € 0B(a,R), :
G} (c0)|| <M,

where A}, B} are invertible constant circulant matrices and F}(Y), U}(Y) are given circu-
lant matrix functions in C*¥(3B(a, R)), 0 < a < 1. We shall give the explicit expression of
solutions for (6.1).

Theorem 6.1 The Riemann boundary value problem (6.1) is solvable and the solution is

given by
faB(g,R) E(Z - Z) dE(Z,ZT)T% ()_()
- fBB (a.R) EI(Z - Z) dE(Z,ZT)Ua()—()
roor Y € B*(a,R),
cmayy =] T - B YeB'@R) 6.2)
faB a,R) E(Z-V)dx z,zh F (X)[A I~
fBB (a.R) EI(Z Z) dx Z,ZT Ua()_()[B%]_l
+Ch [AS]7, Y € B(a,R),
where
(n+1) .
C(n)=(-1)" = (29", (6.3)
T 1 utmen) (0" 1
EY)=FX)-(-1) 5 B E\(Z-V)dE 4 Uy (X)
n(n+l) i " —
(=177 <—5) fd son ET V)d% g, UsX)[BY] A},
Y € 0B(a, R). (6.4)

Proof Let G5(Y) be the solution of (6.1) for ¥ € R*" \ dB(a,R). We denote W(Y) =
Dy, v1)Gy(Y). Then

[(W3]"(¥) = [W3] (V)B} + Uy(Y), Y €0B(a,R). (6.5)

By D(V,V»r)Gé(oo) = O and Theorem 5.1, we have

1 "
C(n)W(Y) = faB E(Z-V)dX ;4 Uf(X) N Ye B_(Q,R), 66
Jystar EZ -~ V) S, UsXO[BY™, Y € B (a,R).
We denote
_ _ 1 N
ConTA(Y) = Jrsan BIZ V) dz(g@ufo_c), . Y € B*(a,R), .
~ Joparn 1€ = V) dZ 5 7 U, X)[B3] ™, Y € B*(4,R).
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Combining (6.6) with (6.7) we then get
DGy -15]¥) =0, Y eR\3B(aR). (6.8)
If we denote G} — J} := ®}(Y), where Y € R\ 3B(a, R) and use
[G]' W) =[G WA, + F(Y), Y €dB(aR),
then we obtain
[0 ) = [®:] WA, +F,(), Y e€dB@R), (6.9)
where FL(Y) is denoted as in (6.4).

It is obvious that E(Z) € C*(3B(a,R)), 0 < a < 1. Since ||(I>§(oo)|| < M, using Theo-

rem 5.1 we get the following representation:

ybtan EZ - V) dZ 2 B (X)

1 ) Y B+ ) )
comayv -] O o, LereR (6.10)
faB(g,R) E(Z - K) dE(Z,Z"L)FZ()_() [Az]
+ Ch AL, YeB @R

Combining (6.7) with (6.10) we arrive at the proposed result.
On the other hand, it can be directly proved that (6.2) are the solution of (6.1) and the
proof is done. d

Remark 6.2 If (6.1) is solved in R_j, i.e. ||GL(00)|| = O is required, then the problem has
the unique solution (6.2) (taking C}__ = 0).
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