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Abstract

This paper deals with the large time behavior of non-negative solutions for the
porous medium equation with a nonlinear gradient source u; = Au™ + | V'[9,

(x,t) € 2 x (0,00), where | > m>1and 1 < g < 2. When Ig=m, we prove that the
global solution converges to the separate variable solution T f(x). While

m < lg <m+ 1, we note that the global solution converges to the separate variable
solution t’%fo(x). Moreover, when g > m + 1, we show that the global solution also
converges to the separate variable solution r’mlw fo(x) for the small initial data ug(x),
and we find that the solution u(x, t) blows up in finite time for the large initial data
Uo(X).
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1 Introduction
In this paper, we investigate the large time behavior of non-negative solutions for the fol-

lowing initial-boundary value problem:

u = Au" + |[Vulll, (x,1) € Q x (0,00),
u(x,t) =0, (x,2) € 902 x (0, 00), (1.1)
u(x,0) = uo(x), xeQ,

where [ > m >1,1< g <2, Qis abounded domain of RN (N > 2) with smooth boundary
02, and the initial function is
uo(x) € Co(Q) = {z €eC(Q):z=0o0n 852}, uo(x) > 0, ug(x) #£ 0. (1.2)
Equation (1.1) arises in the study of the growth of surfaces and it has been considered as a
mathematical model for a variety of physical problems (see [1, 2]). For instance, in ballistic
deposition processes, the evolution of the profile of a growing interface is described by the
diffusive Hamilton-Jacobi type equation (1.1) with m = [ =1 (see [3]).
One of the particular feature of problem (1.1) is that the equation is a slow diffusion
equation with nonlinear source term depending on the gradient of a power of the solution.
©2014 Li et al; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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In general, there is no classical solution. Therefore, it turns out that a suitable framework
for the well-posedness of the initial-boundary value problem (1.1) is the theory of viscosity
solutions (see [4—6]), so we first define the notion of solutions.

Definition 1.1 A non-negative function u(x, £) € C(Q x (0, 00)) is called a solution of (1.1),
if u(x, t) is a viscosity solution to (1.1) in € x (0, 00) and satisfies

ulx,t) =0, (x,8)€dQ x(0,00) and u(x,0)=uo(x) € Co(Q), xecQ. (1.3)

Under some assumptions, the global (local) existence in time, uniqueness and regular-
ity of solutions to reaction-diffusion equations with gradient terms have been extensively
investigated by many authors (see [7-12] and the references therein). In particular, in [1],
Andreucci proved the existence of solutions for the following degenerate parabolic equa-
tion with initial data measures:

u, = Au" + |[Vulld, (x,t) € RN x (0,00),

1.4
u(x, 0) =W, X € RN; ( )

wherem>1,ql>m,0<q<2,and N > 1.

The main purpose of this paper is to further study the large time behavior of non-
negative solutions u(x, £) to (1.4) with homogeneous Dirichlet boundary conditions. In
recent years, many authors have investigated the asymptotic behavior of solutions to the
viscous Hamilton-Jacobi equations (see [3, 4, 7, 8, 10, 13—21] and the references therein).
For example, for the special case m = [ = 1, Gilding [22] studied the large time behavior of
solutions to the following Cauchy problem:

ur=Au+|Vuli, (x,t) e RN x (0,00),

u(x,0) = uo(x), xRN, (1.5)

and he gave the temporal decay estimates.
In [23], Stinner investigated the asymptotic behavior of solutions for the following one

space dimensional viscous Hamilton-Jacobi equation:

ur = (|ueP2u)s + luxl?,  (x,8) € (R, R) x (0,00),
u(£R,t) =0, t € (0,00), (1.6)
u(x, 0) = ugp(x), x € (-R,R),

where R >0, p>2,and 1 < g < p -1, and he proved that these solutions converge to the
steady states by Lyapunov functional.

In higher dimensional case, Barles et al. [24] studied the large time behavior of solutions
for the following initial-boundary value problem:

u = div(|VulP~2Vu) + |Vul?, (xt) € B(0,1) x (0, 00),
u(x, t) =0, (x,2) € 0B(0,1) x (0, 00), 1.7)
u(x,0) = ug(x), x € B(0,1),

where p > 2, 0 < g < p — 1, and they showed that the non-negative radially symmetric
solutions converge to the stationary solution.
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Recently, in [25], Laurencot et al. extended the case 0 < g < p — 1 of the problem (1.7)
to the case g > p — 1, and derived that these solutions converge to two different separate
variables solutions according to the cases ¢ = p — 1 and g > p — 1 in the general bounded
domain © C RY, respectively.

Motivated by the above work, by using the modified comparison argument, the self-
similar transformation method, and the half-relaxed limits technique used in [6, 25, 26],
we investigate the asymptotic behavior of non-negative solutions to (1.1). Our main results

in this paper are stated as follows.

Theorem 1.1 Letl>m>1,1< g <2, and lq = m. Assume that uo(x) € W'>(Q) satisfies
(1.2). Then there exists a unique solution u(x,t) to (1.1) in the sense of Definition 1.1 such
that

Jim |emtue)-£], =0, (1.8)
where f (x) € Co(RQ) is the unique positive solution to

—Af’”—|Vfl|q—%:O inQ,  f>0 inQ,  f=0 oniQ. (1.9)
Moreover, we have |Vu(t)| € L(Q) for all t > 0 and

Llug] := sup{ ||Vu(t) ||OO} < 00. (1.10)

t>0

Theorem 1.2 Let[>m>1,1<q<2,and m<lg < m + 1. Assume that uy(x) € W'>(Q)
satisfies (1.2). Then there exists a unique solution u(x, t) to (1.1) in the sense of Definition 1.1
such that

Jim 71 u(®) - £ , = 0, (111)

where fy(x) € Co(R) is the unique positive solution to

0

—_AfM _
ﬁ) m—1

=0 inQ, fo>0 inQ, fo=0 ondQ. (1.12)

Theorem 1.3 Letl>m>1,1<q<2,andlqg>m + 1. Assume that uy(x) € W (Q) satis-
fies (1.2) and suppose further that there exists Gy € WY>(Q) satisfying (1.2) such that
Go(x) =
=< o~ 1? S Q; 1.13
uo(x) < Gy ° (1.13)

where £[Gy] is defined in (1.10). Then there exists a unique solution u(x,t) to (1.1) in the
sense of Definition 1.1 such that

1

lim ||t7Tu(t) - fo| , =0, (1.14)

—0o0

where fy(x) € Co(R) is defined in (1.12).
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Theorem 1.4 Let[>m>1,1<q<2,and lqg>m + 1. Assume that there exists a positive
constant K, depending only on m, 1, q, s, and ¢ such that fQ ufy(x)p. (x) dx > Ko, where
s€(0,2), & € (0,1), and ¢, (x) = A.e*™ with A, = W. Then the solution u(x,t) of
the problem (1.1) blows up in finite time in the sense of weak solution. Moreover, the upper
bound of blow-up time is given as follows:

q(m-1)

2 ! = gt
T<— (=L )" (me?)in. (L15)
qgl-1\gl+s-1

Remark1.1 Compared to the resultsin [25], we extend the results of p-Laplacian equation
to the porous medium equation (1.1) with a nonlinear gradient source.

Remark 1.2 In Theorem 1.4, we only give an upper estimate of the blow-up time. But the

lower estimate of the blow-up time is an open problem.

This paper is organized as follows. In Section 2, we establish the comparison lemmas
to prove the uniqueness of the positive solution to (1.9) and the identification of the half-
relaxed limits. In Section 3, using the comparison principle, we construct the global so-
lutions to obtain the upper bound and Hoélder estimate of solutions to (1.1), and we prove
Theorems 1.1 and 1.2 by the half-relaxed limits method. Moreover, we give the large time
behavior of solutions to (1.1) with the small initial data uo(x) for lg > m + 1, and we prove
Theorem 1.3 in Section 4. Finally, we obtain the blow-up case, and we prove Theorem 1.4

in Section 5.

2 Comparison lemmas

In this section, we establish the following comparison lemma between positive supersolu-
tions and non-negative subsolutions to the elliptic equation in (1.9): which is an important
tool for the uniqueness of the positive solution to (1.9) and the identification of the half-
relaxed limits later.

Lemma 2.1 Let [ > m>1,1< g <2, and lg = m. Assume that w € USC(Q) and W e
LSC(RQ) are respectively a bounded upper semicontinuous (usc) viscosity subsolution and a

bounded lower semicontinuous (Isc) viscosity supersolution to

¢

A" -V ——=0 inQ, (2.1)
m-—1
such that
wx) = W(x)=0 forxed, (2.2)
and
W(x)>0 forxeQ. (2.3)
Then

w(x) < W(x) forxeQ. (2.4)
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Proof The proof is based on the idea as in [25, 27], but with different auxiliary functions.
For i > Ny large enough, it is easy to see that @; = {x € Q: d(x, Q) > %} is a non-empty
open subset of RV,
Since €; is compact and W is lower semicontinuous, the function W has a minimum
in Q;. By the positivity (2.3) of W in Q;, we have

i =min{ W(x)} > 0. (2.5)

x€Q;

Similarly, the compactness of Q \ €, the upper semicontinuity and boundedness of w
imply that w has at least one point of maximum x; in € \ €; and we set

ni=w(x;) = max {w(x)}. (2.6)
*eQ\Q;

It follows from 922 C  \ ©; and w vanishes on 92 by (2.2) that », > 0.
Next, we claim that

lim 7, =0. 2.7)

I—> 00

Indeed, owing to the compactness of Q and the definition of ©;, there exist y € 9 and
a subsequence of {x;};>y, (not relabeled) such that x; — y as i — oo. Since w(y) = 0, we
deduce from the upper semicontinuity of w that

liII(l) sup{w(x) :x€B(y,e)N ﬁ} <0.

E—>
Given ¢ > 0 small enough, there exists i, large enough such that

x;€B(y,e)NQ  fori>i,.
Therefore, we have

0<n=wk)< sup{w(x) :x € B(y,¢) ﬂﬁ}, i> .
Thus

0 < lim supn; < sup{w(x) :x € B(y,¢) ﬂﬁ}.

=00
Letting & — 0, we conclude that zero is a cluster point of {1;};>x, as i — o0c. The claim
(2.7) follows from the monotonicity of {1;};>n,-
Now, fix s € (0,00). For § > 0 and i > Ny, we define
2i(t,%) = (E+9) 7 Tw@) = s 7T, (6%) € [0,00) x @

and

Zs(t,x) = (£+8) T TW(x), (%) € [0,00) x Q.
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It follows from the assumptions on w and W that z; and Z; are, respectively, a bounded

usc viscosity subsolution and a bounded Isc viscosity supersolution to
9 - A" =V T=0 in(0,00) x Q,

and satisfy
Zs(t,%) = 0> —s 1y = zi(6,%), (%) € (0,00) x IQ.

Moreover, if

m-1
0<d< [L] s, (2.8)
L+ [Wloo

then it follows from (2.5) and (2.8) that, for x € ©;,
Z5(0,) = 8751 W(x) > 8777 1y > 5777 [[Wlloo > 20, ).
For x € Q \ ;, we deduce from (2.6) that
Z5(0,%) > 0> 577 (w(®) — ;) = 2:(0,).
By the comparison principle [6], we have
zi(t,x) < Zs(t,x), (t,x) € [0,00) x Q, (2.9)
for i > Ny and § > O satisfying (2.8).
According to (2.8), the parameter § can be taken to be arbitrarily small in (2.9). There-
fore, we deduce that

(t+s) Tw(x) - sy, < £ W(x),  (64) € (0,00) x 2,

for i > Np.

Passing to the limit as i — oo, it follows from (2.7) that
(t+8) " Tw(x) <EmIW(x), (4x) € (0,00) x Q.
Finally, let s — 0 and take ¢ = 1; then we obtain
wx) < W), (tx) e (0,00) x Q.
The proof of Lemma 2.1 is complete. O

A straightforward consequence of Lemma 2.1 is the uniqueness of the solution to (1.9).

Corollary 2.1 There is at most one positive viscosity solution to (1.9).
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By the similar argument, we have the following result to (1.12).

Lemma 2.2 Let w € USC(Q2) and W € LSC(S) be respectively a bounded upper semi-
continuous (usc) viscosity subsolution and a bounded lower semicontinuous (Isc) viscosity
supersolution to

—A(m — mL— =0 in Q, (2.10)

—_

satisfying (2.2) and (2.3). Then
w(x) < W(x) forxeQ. (2.11)
Proof The proof is similar as in Lemma 2.1, so we omit it here. 0

3 Proofs of Theorems 1.1 and 1.2

In this section, we obtain the well-posedness and large time behavior of solutions to (1.1)
for lg € [m, m + 1], and we prove Theorems 1.1-1.2. To do this, we first obtain the well-
posedness to (1.1) by the following proposition.

Proposition 3.1 Assume thatl>m>1,1<q<2, lg e [m,m +1)], and uy(x) € Co(Q) sat-
isfies (1.2). Then there exists a unique solution u(x, t) to (1.1) in the sense of Definition 1.1.

Proof The idea of the proof is same as in [25, 28], so we omit here. O

Next, in order to prove the large time behavior of the solution to (1.1), we shall need
several steps: Step 1, we will find that the temporal decay rate of ||u() || is indeed =y
Step 2, we prove the boundary estimates for the large time which guarantee that no loss
of boundary condition occurs throughout the time evolution. Step 3, the half-relaxed lim-
its technique is applied to show the expected convergence after introducing self-similar
variables. The approach is developed by Laurencgot and Stinner in [25, 27]. To do this, we
need the following lemmas.

Lemma 3.1 (Upper bound) Assume thatl>m>1,1<q<2,lq=m, and the initial data
uo(x) € Wh(Q) satisfies (1.2). Then there exists C| > 0 depending only on m, 1, q, Q, and
4ol oo SUch that

wt,x) < CL(L+2) 71,  (t%) € (0,00) x . (3.1)

Proof Assume that xq ¢ Q and Ry > 0 such that  C B(xo, Ry). For (t,%) € (0,00) x , we
define the function

Si(t,x) =A1(1 + t)_ﬁgo(r), o(r) = |:m—+(eT —e m )] " with 7 = |x — xg|,

where R > Ry and A; > 0 satisfies the following condition:

1

R(m+1) \ m—-1

A zmax{(ie m? ) , Msolleo } (3.2)
m—1 ¢(Ro)
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Since xy ¢ R, the function S (¢,x) is C*-smooth in [0,00) x Q. Moreover, according the
condition [ > m >1,1 < g <2, and lg = m, we have [ = m > 1 and ¢ = 1. Therefore, for
(t,x) € (0,00) x Q and r = [x —xg| < Rp < R, it follows from (3.2) that

_m_

1L+ 8)m1{8,S; - ASY — | VS| "}t x)

A N-1 No1g
=00 —Ai”[—r ("), + (40”’)”} - A7|(),|
A N -1 rm+) m+1 rm+) r(m+1)
=L o +A{”[ e+ eTl] —A{”eTl
m-1 r m
N-1 1 r(m+1) 1 R(m+1)
2A1|:A{”1< +—>e Tl e m? ]
r m m—1
1 1 R(m+1)
zAl(—A{”‘l— e m )
m m—1
>0. (3.3)

Hence, the condition (3.2) guarantees that S; (¢, x) is a supersolution to (1.1) in (0, 00) x €.
In addition, since r = |x —xg| < Ry < R for x € , for (£,x) € (0,00) x 9£2, we deduce from
(3.2) that

ul(t,x) = 0 < A1+ )71 9(Ro) < Si (%),
and
uo(x) < [luo ()|, < A19(Ro) < 51(0,%), xeQ.
By the comparison principle, we have
u(t,x) < Si(t,x), (t,x)€[0,00) x Q.
The proof of Lemma 3.1 is complete. O

Lemma 3.2 (Upper bound) Assume thatl>m >1,1<gq<2,lg € (m,m + 1], and the
initial data uo(x) € WY*(Q) satisfies (1.2). Then there exists Cy > 0 depending only on m,
I, q, Q, and ||ug|| o such that

ut,x) < Co(L+ )77, (£%) € (0,00) x . (3.4)

Proof Assume that x ¢ Q and R, > 0 such that  C B(xo, Ro). For (t,x) € (0,00) x Q, we

define the function

1
Sa(t,x) = A (1 + St)"ﬁo(r), o(r)= |: R m —rT)] with r = |x — xo],

m+1
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where the positive constants A, R, and § satisfy the following condition:

a-1(1 N —1)) V@ msl 1 m 7 s
m? (1 + m( ))):|‘7 , R:|: (m + )||M0||w] > Ro

Ay = R, +
Nl T o9
—1)(1 + m(N - 1Az '
and 6= G —1)( +m<l+m2 DAZ .
2mR m?

Since xo ¢ S, the function S,(¢,%) is C*®-smooth in [0,00) x €. Moreover, for (¢,x) €
(0,00) x Q and r = |x —x9| < Ry < R, it follows from (3.5) and lg > m that

(1 +88)m1{8,S, — ASy — |VSL| "} (£, %)
Ar8 [N -1

lg—-m
:—m_la(r)—qu r (Um)r+ (Gm)rr:| _Alzq(1+8t)7%|(0'l)r|q
=T ) v Ay %w_l}r“ - AL+ 50 5 (o)), I
—- 4 (m+1)(l-m)q+m.
A l+N_1}—mm1 _A§q<i) ey
m—1 L7 "

m+1

1 m= D\ GmeDmgimg SR m2
AP (N-14 = )&% Al () r e - 2
m m (m - DAY~

94 (m+l)(l-m)g+mq )
2

> 0. (3.6)
Therefore, the condition (3.5) guarantees that S»(f,x) is a supersolution to (1.1) in
(0,00) x Q. In addition, since r = |x — xg| < Ry < R for x € @, for (t,x) € (0,00) x 9%,
we deduce from (3.5) that

u(t,x) = 0 < Ay (1 + £) 770 (Ro) < S5 (8, %),
and
uo(%) < |uo()| , <Ar0(Ro) <5(0,%), xeQ.
By the comparison principle, we have
ut,x) < Sy(t,%), (%) €[0,00) x Q.
The proof of Lemma 3.2 is complete. O

Lemma 3.3 (Holder estimate) Assume that|>m >1,1<¢q <2, lq € [m,m + 1], and the
initial data uo(x) € WY(Q) satisfies (1.2). Then there exists Ly > 0 depending only on m,

Page 9 of 20
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I, q, 2, and |ug || w00 (q) Such that

L 1
(ﬁ|x_x0|m,

’u(t,x)’ = |u(t,x) - u(t,xo)’ <
1+¢)m1

(¢, %,%0) € [0,00) X 2 x Q. (3.7)
Proof Since the boundary 92 of Q is smooth, there exists Rg > 0 such that for each xy €
0%, there exists yo € RN satisfying |xo — yo| = Rq and B(yo, Rq) N Q2 = @. It follows from the
initial data condition u(x) € W () that uo(x) is Lipschitz continuous, i.e., there exists
Ly > 0 such that
o (%) —uo ()| < Lolx—yl, (%,y) € Q2 x Q. (3.8)
Next, we define the open subset U, ., of RN by

L[K,xo:{er:RQ<|x—yo|<RQ+K},

where 0 < k <1 satisfies Q, = {x € Q:d(x,0R) > k} # ¥, and denote the function

3=

Sem(t:0) = As(L+ 77 TY(r),  Y()=(1—e %)™  withr=|x—yo| - Re,

for (¢,x) € (0,00) x ﬁmo and A3 > 0.
Moreover, we assume that

enC 3e =
A3z > maxJeL, T (39)
(e-1)m \m—1
and
. RQ m1 2—q
0<K<m1n{1, 3(N—1)’(3l’1A1‘1‘”‘> }, (3.10)

where C = max{C;, C;} > 0, C;, and C, are defined in Lemmas 3.1 and 3.2, respectively.

Since yp ¢ UWO, the function S, 4, (¢,x) is C*°-smooth in [0, c0) x Umo. For (t,x) €
(0,00) X Uy x,, we have r = |x — y9| — Rq € (0,«). By a direct computation, we infer from
(3.9)-(3.10) that

1+ g)maT
%{at&(,xo - ASI}ZTxo - |VS/l(,x0 |q}(t,x)
o1 [N-1 w1 g P
- (m_l)Ag”‘lw(r) [HRQ(W ), + (¥ )W] AS Lty () |
= ;(1 ‘L)% 1, N-1 .
T (m-1)Ag! e v _(V+RQ)Ke
. N
AL ) (),
>_;+ie*§ _N_1€7£ _Alq—m|((wm)%)r|q

T (m-DAF k2 kR
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1 - N-1 _ 1\1?

> _—er|l- K —Aéq =) k21— %
K2 Rq m (m-1)AY
1
2

A GG ) (i)
K 3  Rq 3 m 3 (m-1)AY

>0.

Therefore, S, , (¢, %) is a supersolution to (1.1) in (0, 00) x U, ,. In addition, it follows from
(3.8)-(3.10) and the mean value theorem that

_ lx=y0l-Rg _ lx=y0l-Rg
) )

1
Seo(0,x) = As(1-€ " >As(l-e

—%|-Rq A
> 4,220l Re A3 i 0BG, Ra)
ex ex

A _
> o3 dist(x, 0R2) > Lo dist(x, 02) > up(x), x € Usy,.
ex

Moreover, for (t,x) € (0,00) x 9l ,, we have either x € 0Q or r = [x — yo| — Rq = 6. If
x € 012, then we have

3=

Seo(t,%) = As(L+ £y 7T (1= e %)™ =0 =ulx,1), (£%) € (0,00) x IX.
Ifr = |x — yo| — Rg = §, by Lemmas 3.1-3.2 and (3.9), we have
1
Seo(t,%) = As(L+ £y 71 (1= ™)™ > C(1+ £) 71 > u(t,x).

By the comparison principle [6] we have

u(t, ) < Sexo(6,%),  (£,%) € [0,00) X Uz

Consequently,
lx-y0l-Rg | 1
0 < ult,x) - ult, %) = u(t,x) < As(L+ o) m T (1—e % )7,
for (¢,x) € [0,00) x ﬂmo.
Since |xg — 9| — Rq = 0, we have
As 1 —
0 < |u(t,x) — u(t,xo)| < —lx—xo|m, x€Usy. (3.11)

km(l+t)mT

K

5 it follows from Lemmas 3.1-3.2 that

Finally, we consider x € 2 and xp € 9. If |x — x| >

1
2mC 1
1 1 |x_x0|m,

|u(t,x) - u(t,x0)| =u(t,x) <
km(1+g)mT

where C = max{C;, C,} > 0, and C; and C, are defined in Lemmas 3.1 and 3.2, respectively.
If |x —x0| < 5, let yo € RN satisfy |xo — yo| = Rq and B(yg, Rq) N Q2 = @. Since x € , we
have

lx—y0l >Rq and |x—yo| <|x—xo| + |x0 — ¥o| < Rq + &,
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which implies x € U, x,. Therefore, we deduce from (3.11) that

As 1
1 |x—x0|m.

’u(t,x) - u(t,xo)‘ =ult,x) < ———
im (1 + t)mT

1
, mCc A
Choosing L; = max{sz, -}, we have

KM K m

L —
’M(t;x)’ = |M(t,x) —M(f,xo)’ = 711|x_x0|%¢ (t,x,xo) € [O’OO) X £ x 9€2.
(1 +¢)ymT

The proof of Lemma 3.3 is complete. O

We next proceed as in [29] to deduce the Holder continuity of #(x, £) from Lemma 3.3.

Therefore, we obtain the following corollary.

Corollary 3.1 Assume that | > m>1,1<¢q <2, lq € [mm + 1], and the initial data
ug(x) € Wh(Q) satisfies (1.2). Then there exists Ly > 0 depending only on m, 1, q, Q, and

|0 |l wioo(q) such that

L —  —
|u(t,x) - u(t,y)| < %lx—ylﬁ, (t,x,9) € [0,00) x Q2 x Q. (3.12)
1+t)ymt
Proof The proof is similar to the argument in [25, 29], so we omit here. d

Proofs of Theorems 1.1 and 1.2 The proofs are based on the ideas in [25], but we give the
details of the argument for the reader’s convenience. Let U(x,t) be the solution to the
porous medium equation with homogeneous Dirichlet boundary conditions
ool —AU" =0, (t,x) e (0,00) x L,
U(t,x) =0, (t,x) € (0,00) x 0%2, (3.13)
U(0,x) = ug(x), xe.
According to the nonnegativity of | V#|7, it follows from the comparison principle [6] that

0 <U(t,x) <ultx), (tx)e(0,00)x Q. (3.14)

We introduce the scaling variable s = In¢ for ¢ > 0 and denote the new unknown function
vand V by

ut,x) = 7 Tv(Ing,x),  (£,%) € (0,00) x Q
and

U(t,x) = 71 V(Ingx), (&%) € (0,00) x 2.
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Then v is a viscosity solution to the following problem:

(lg—m)s

v — AV" — e~ w1 |V — —5 =0, (s,x)€(0,00) x Q,
v(s,x) =0, (s,%) € (0,00) x 92, (3.15)
v(0,x) = u(l,x), x € Q.

In addition, owing to Lemmas 3.1-3.3 and (3.14), we have

V(s,x) <v(s,x) <C, (s,%)€[0,00) x Q, (3.16)
and

|v(s,x) - v(s,y)| < L1|x—y|%, (s,%,9) € [0,00) x Q2 x IQ. (3.17)

Next, for ¢ € (0,1), we define
We(s,x) = v(ix), (s,x) € [0,00) x ©,
e
and the half-relaxed limits

Wy (x) = lim infwg(o,y) and w*(x)= lim  supw.(o,y),
(0,3,6)— (s,%,0) (0,9,6)—(s,%,0)

for (s,%) € (0,00) x Q.

By (3.16), it is easy to see that w,(x) and w*(x) are well-defined and do not depend on
s> 0. Moreover, it readily follows from (3.15) and (3.17) that

we(x) =w*(x) =0, x€dQ. (3.18)
By a direct computation, w,(s,x) is a solution to the following initial-boundary problem:

(lg-m)s
0wy — AW —e” G-Tle AL ~2 =0, (s,%)€(0,00) x ,
We(s,%) = 0, (s,%) € (0,00) x 9%, (3.19)
Ws(oyx) = u(l,x)y x € Q.

Next, we shall give proofs of Theorems 1.1 and 1.2. To do this, we distinguish the two
cases lg = m and lg € (m,m + 1].

Case 1. [g = m. We use the stability of semicontinuous viscosity solutions [6] to deduce
from (3.19) that

w,(x) is a supersolution to (2.1) in 2 (3.20)
and

w*(x) is a subsolution to (2.1) in Q. (3.21)

Page 13 of 20
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In addition, by [30], V(s) — f, in L*°(2) as s — 0o. Moreover, it follows from (3.16) and
the definition of w, (x) and w*(x) that

So&) <w.(x) <w'(x) <C, xeQ. (3.22)

Since fy > 0 in Q by [30], we deduce from (3.22) that w,(x) and w*(x) are positive and
bounded in €2 and vanish on 92 by (3.18). Owing to (3.20) and (3.21), we infer from
Lemma 2.1 that

wh(x) < wy(x), x€ €.

By (3.22), we have

wh(x) = wi(x), x€Q.

Setting f(x) = w,(x) = w*(x), we deduce from (3.18), (3.20), (3.21), and (3.22) that f(x) €
Co(R) is a positive viscosity solution to (2.1) and solves (1.9). Therefore, the existence of a
positive solution to (1.9) is proved. Moreover, by Corollary 2.1, we obtain the uniqueness
of solution to (1.9).

Furthermore, it follows from the equality w,(x) = w*(x) that

||w5(1) —f“oo—> 0 ase— 0,

Slirgo |v(s)-f] ., =0. (3.23)

Therefore, we infer from the scaling transformation that

lim ||¢mTu(e) - £, = 0. (3.24)

t—0o0

Finally, Corollary 3.1 gives the last statement of Theorem 1.1. The proof of Theorem 1.1 is
complete.
Case 2. g € (m,m + 1]. We use once more the stability of semicontinuous viscosity so-
lutions [6] to deduce from (3.19) that
W, (x) is a supersolution to (2.10) in (3.25)
and

w*(x) is a subsolution to (2.10) in Q. (3.26)

In addition, by [30], V(s) — fo in L*>(2) as s — co. Moreover, it follows from (3.16) and
the definition of w, (x) and w*(x) that

Sow) wi(¥) <w'(x) <C, x€Q. (3.27)
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Since fy > 0 in © by [30] and is a solution to (2.10), we can apply Lemma 2.2 to conclude
that w, (x) <f; in Q. Owing to (3.27), we have

we(x) = w*(x) =fo(x), xeQ.
Therefore, we deduce from (3.19) that

||wg(1) —ﬂ)||oo—> 0 ase—0,

lim [[v(s) - fo] =0 (3.28)

Thus, we infer from the scaling transformation that

. 1
tl_lglo [tm1ut) - fo ., =0. (3.29)
The proof of Theorem 1.2 is complete. d

4 Proof of Theorem 1.3
In this section, we shall consider the well-posedness and the large time behavior of solu-
tions to (1.1) with the small initial data u(x) for lg > m + 1 by the method used in [25]. To

do this, we need the following lemma.

Lemma 4.1 Let > m>1and 1 < q < 2. Assume that G is the corresponding solution to
(1.1) with the initial data Gy € WY>(Q) satisfying (1.2) for the case lq = m, and denote

1 t _
Fl(t,x) = 7Go] G(E[Go]m—l’x>’ (t,x) € [0,00) x €, (4.1)

where the parameter £[Go] is defined in (1.10). Then F(t,x) is a solution to (1.1) with the
initial data Go/L[Gy] and lq = m such that |VF'| <1 for (t,x) € [0,00) x Q. Moreover,
F(t,x) is a supersolution to (1.1) for lq > m.

Proof According to the definition of £[Go] in (1.10), it is easy to see that [VF!| <1 for
(¢, %) € [0,00) x Q.

Next, let ¢(t,x) € C%((0,00) x Q) and F — ¢ has a local minimum at (£y, %) € (0, 00) x Q.
Since F is smooth with respect to the time variable and Holder continuous with respect

to the space variable, we obtain
V! (to,%0)| < 1. 4.2)

Moreover, introducing v (t, ) := £[Gole(£[Go]"'t,x) for (t,x) € [0,00) x &, the function
G - has a local minimum at (£5£[Go]'™, x,) such that

m
I

O (t0L[Gol" ™", %0) — AY™ (tol[Go]™, x0) — | V¥ (t0€[Go) ™, %0)| T >0,
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dep(to, %0) — Ap™ (to,%0) — | V! (t0,%0)| T > 0. (4.3)

Therefore, F (¢, ) is a supersolution to (1.1) with lg = m. In a similar way, it can be shown
that F(¢,x) is also a subsolution. Hence, F (¢, x) is a solution to (1.1) with lg = m.
Furthermore, we deduce from (4.2), (4.3), and /g > m that
3ep(to,%0) — A@™ (t0,%0) — | V! (£0,%0) |

> |V (to, x0)| (1= | V' (to,20)| " ) = 0. (4.4)
The proof of Lemma 4.1 is complete. O

Proposition 4.1 Let [ >m >1,1<q <2, and lqg > m + 1. Assume that the initial data
ug(x) € Wh(Q) satisfies (1.2), moreover, there exists Gy € W (Q) satisfying (1.2) such
that

G g, (4.5)

uo(x) < )

= (Gl
where the parameter £|Gy] is defined in (1.10). Then there exists a unique solution u to (1.1)
in the sense of Definition 1.1 and it satisfies

u(t,x) < Ft,x), (tx) €[0,00) x 2, (4.6)
where F(t,x) is defined in (4.1).

Proof On the one hand, the solution U to the porous medium equation (3.13) is clearly a
subsolution to (1.1) in (0,00) x €.

On the other hand, it follows from Lemma 4.1 that the function F (¢, x) is a supersolution
to (1.1) in (0, 00) x 2. Therefore, F (¢, ) is a supersolution to (3.13).

Since U = F = 0 on (0,00) x 32 and U(0,x) = uo(x) < F(0,x) for x € Q by (4.5), we infer
from the comparison principle [6] that

U(t,x) < Ft,x), (tx)e[0,00) x Q.

This property and the simultaneous vanishing of I/ and F on (0, 00) x 92 allow us to use
the classical Perron method to establish the existence of a solution u(x, £) to (1.1) in the
sense of Definition 1.1 which satisfies (4.6). The uniqueness next follows from the com-
parison principle [6]. The proof of Proposition 4.1 is complete. d

Proof of Theorem 1.3 We notice that Lemma 3.2 is also valid in that case. It readily follows
from Lemma 3.3 and Proposition 4.1 that

L
0 < ult,x) = u(t,x) — u(t, x0) < F(t,x) < ———|x — xo| ",
+t)m-1

(&, %,%9) € [0,00) x Q x 9K
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The convergence proof is similar to that performed in the proof of Theorem 1.2 for lg €
(m, m + 1]. The proof of Theorem 1.3 is complete. d

5 Proof of Theorem 1.4
In this section, when [g > m + 1, we shall prove that the solution u(x, ¢) of (1.1) blows up in
finite time for the large initial data uo(x) in the sense of weak solution by the method used
in [26].

In order to obtain a blow-up condition corresponding to (1.1), we have to modify the

function e~**” used in [31-33], and introduce a test function ¢, (x) as follows:

1

— —¢lx| ; —
P (x) =Age with A, = fg .

Proof of Theorem 1.4 Suppose that u(x, ) is the solution of the problem (1.1) and T is the
blow-up time of the solution. For s € (0, %), we denote

1
Wi(t) = —/ wo.(x)dx, te(0,T). (5.1)
SJa
By a direct calculation, we have
W'(t) = / u T pou, dx
Q
= / g, Au" dx + / us_1¢€|Vul|qu
Q

Q
x

> —(S—l)/ u 2P V" - Vudx+8/ wle Vu™ - = dx

Q Q x|
+/ us_1¢5|Vul|qu
Q

Zm(l—s)/ um“‘:’;d)gquIzdx—ms/ W2, | Vu| dx

Q Q

+ / u .| Vil d. (5.2)
Q
By Young’s inequality, we obtain
m+s—2 1 m+s—3 2 82 m+s—1
el u ¢\ Vulde < - | u ¢ |\Vul“dx+ — | u ¢, dx. (5.3)
Q 2 Ja 2 Ja
Since 0 < s < %, it follows from (5.2), (5.3), and Poincaré’s inequality that

W/(t) > s—1 149 m€2 m+s—1
> | u ¢>8|Vu| dx—T u ¢ dx
Q Q

l q l+s—1 2
- (%) /¢£|qu q |qu— %/ W, dx
qi+s— Q Q

I \* 2
> (q—) / bt dy = 15 / w7, dx. (5.4)
gl+s-1/) Jq 2 Ja
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Accordingtogl>m+1,0<s< %, fQ ¢ (x) dx = 1 and Holder’s inequality, we have

m+s—1

rr;+s—1 qllfm ql+s-1

_ — —1 —1 _

/ ias 1¢8 dx:/ P ias] 1¢Eq +s ¢Eq +s dxf (/ uql+s l(p‘9 dx) .
Q Q

Q

Thus, by (5.4) and (5.5), we obtain

m+s—1 ql-m 9
aw / g dx)" (=) / wits g, dx )" 2|
dt Q qgl+s-1 Q 2

Owingtogl>m+1,0<s< %, fQ ¢ (x) dx =1, and Jensen’s inequality, we have
ql-m

ql+s—1 % s o
u R dx = uao, dx .
Q Q

Therefore, it follows from (5.6) and (5.7) that

l+s—1
aw 1 l a s 1 I T grs 5=
(1 /”sdkdx (L)W
dt — 2\gl+s-1 Q 2\ql+s-1

as long as

1/ql+s—1\a@n ‘
W) > - <%> ! (mgz) a-m  forallt €0, 7).
S q

Taking

qs

l+s—1\a-m s

Ky = (%) (msz)m.
q

Since the initial data uq(x) satisfies

/%m@WWzm,
Q

we have

qs

1 1/qgl+s-1\am s

W(0) > -K, = _(u)q (mez) =7
s s ql

Therefore, w(t) increases and remains above %I(O forall £ € [0, T].
By (5.8), integrating over (0, £) yields

- s -1 l T g
W) > (WS (0) - Kit) 71 with K; = q—<q4> 5
2 \gl+s-1

(5.6)

(5.7)

(5.9)

(5.10)

(5.11)

Hence, it follows from (5.10) and (5.11) that the solution u(x, t) of (1.1) blows up in finite

. 1 1-ql
time, T = EW s (0).
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Moreover, by (5.10), we obtain the upper estimate on the blow-up time T of the solution
u(x, t) as follows:

2 l “qlm 1l
T< 2 (— L )" (me?)irm. (5.12)
qgl-1\gl+s-1
The proof of Theorem 1.4 is complete. O
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