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Abstract

We shall study the existence of solutions for a (k,n — k) conjugate boundary-value
problem at resonance with dimkerL = 2 in this paper. The boundary-value problem is
shown as follows:

1" M) = F(x, ), 0 (X), ..., 0" (x)),
00 =¢"(1)=0,

1 1
0(0) = / PdAK, (1) = / 0(X) dB(X).
0 0

x €[0,1],

1<i<k-1,1<j<n-k-1,

We can obtain that this boundary-value problem has at least one solution under the
conditions we provided through Mawhin’s continuation theorem, and an example is
also provided for our new results.

Keywords: boundary value problem; resonance; Fredholm operator; Mawhin
continuation theorem

1 Introduction

Conjugate boundary-value problems at non-resonance have aroused considerable atten-
tion in recent years (see [1-11]), and there is also much research on boundary-value prob-
lems at resonance (see [12—21]). However, there are very few papers involving (k,n — k)
conjugate boundary-value problems at resonance, especially with dimkerL = 2. For ex-
ample, Jiang [13] investigated the following boundary-value problem at resonance with
dimkerL = 2:

)" Y8 = £ (£, 50,5 @), ....y" V@®) + (), ae te[0,1],

y20)=y"1)=0, 0<i<k-1,0<j<n-k-3,

YI@) = "),

i=1

!
Y2 =" By Py,
j=1

wherel <k<n-3,0<& <& < <&,<,0<y<np<---<y <.

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13661-017-0760-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-017-0760-6&domain=pdf
http://orcid.org/0000-0002-6688-4748
mailto:cyj720201@163.com

Sun and Cui Boundary Value Problems (2017) 2017:29 Page 2 of 14

Motivated by [11-13], we shall study the following (k,n — k) conjugate boundary-value
problem in the situation of resonance with dimker L = 2:

(1)) = £ (5,00, ¢/ ()., " D), x € [0,1], )

020)=¢"1) =0, 1<i<k-11<j<n-k-1, 2)
1 1

0) = dA(x), 1= dB(x), 3

0(0) /0 o)A, o) /0 o (x) dB(x) 3)

wherel <k <n-1,n> 2, A(x), B(x) are left continuous at x = 1, right continuous on [0, 1);
fol u(x) dA(x) and fol u(x) dB(x) denote the Riemann-Stieltjes integrals of u with respect to
A and B, respectively.

However, there are great differences between this article and the above results, the
boundary conditions we study are ¢(0) = fol o(x)dA(x) and (1) = fol ¢(x) dB(x). As is well
known, it is an original case to study conjugate boundary-value problems with integral
boundary conditions in the situation of resonance.

The organization of this paper is as follows. In Section 2, we provide a definition and
a theorem which will be used to prove the main results. In Section 3, we will give some
lemmas and prove the solvability of problem (1)-(3).

2 Preliminaries
For the convenience of the reader, we recall some definitions and a theorem to be used
later.

Definition 2.1 ([22]) Suppose that X and Y are real Banach spaces, L:domL C X - Y
is a Fredholm operator of index zero if: (1) ImL is a closed subspace of Y; (2) dimkerL =
codimImLZ < oo.

If X, Y are real Banach spaces, L : dom L C X — Y is a Fredholm operator of index zero,
and P: X — X, Q: Y — Y are continuous projectors such that

ImP =kerl, kerQ=1ImlL, X =kerL @ kerP, Y=ImL®ImQ,
then we can conclude that
Ll|gominkerp :domL Nker P — ImL

is invertible. We denote the inverse of the mapping by Kp (generalized inverse operator
of L). Let €2 be an open bounded subset of X and dom L N Q # @, then we say the mapping
N :X — Y is L-compact on Q if Kp(I - Q)N : @ — X is compact and QN () is bounded.

Theorem 2.1 ([22]; Mawhin continuation theorem) L :domL C X — Y is a Fredholm
operator of index zero, and N is L-compact on Q. The equation Ly = N has at least one
solution in dom L N Q if the following conditions are satisfied:
(1) Lo #ANg for every (¢, ) € [(dom L\ ker L) N 32] x (0,1);
(2) No ¢ ImL for every ¢ € kerL N 9;
(3) deg(QNkerr, 2NkerL,0) #0, where Q:Y — Y is a projection such that
ImL =kerQ.
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Let X = C"1[0,1] with norm ||u| = max{||#|lcc, & llsc, - -» |4V ||o}, in which ||z¢] 00 =
maxye[o1 |#(x)|, and Y = L'[0,1] with norm ||x|; = fol |x(¢)| dt. We define an operator L as
follows:

(L) (x) = (-1)"F " (x)
with
domZ = {q) eX:990)=9p"1)=0,1<i<k-11<j<n-k-1,
1 1
#(0) = / o) dAG), (1) = / ) dB(x)}.
0 0
An operator N : X — Y is defined as

(N)@®) =f (% 9(x), @' (x),..., 0" D ().
So problem (1)-(3) becomes Ly = N¢.

3 Main results
Assume that the following conditions hold in this paper:

1 1
(H1) /o D1(x)dAx) =1, ./o Dy (x)dB(x) =1,

1 1
/ ®;(x) dB(x) =0, / O, (x)dA(x) =0,
0 0

where
P1l) = % /x 1 £ -0,
P2)= % /0 " = g gy,
o o2 2]

where

1 pl 1 el
el:/o /(; k(x, y)®1(x) dy dA(x), eZ:/O /0 k(x,y)®1(x) dy dB(x),

1 1 1 1
33=/0 /0 k(x,y)®@a(x) dy dA(x), e4=f0 /0 k(x,y)®s(x) dy dB(x),

1 x(1-y) k-1 —k-1 .

K(x,y) = | T Jo Tty -0 AL, 0<x<y<1;
4 (1~%) ,p—k— _

oo T ra -y tdy 0=y=ast

(H3) f:[0,1] x R” — R satisfies Carathdodory conditions.
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(H4) There exist functions r(x), g;(x) € L'[0,1] with ", l|lg;/l1 <1 such that

lf(xt§011§02’---1§0n)| =< qu(x)|§01| + r(x),

i=1

where x € [0,1], ¢; € R.
(H5) There exists a constant M > 0 such that if |¢(x)| + |V (x)| > M for all x € [0,1],
then

1 1
/0 /0 k) (000 @' ) @ O . 0" 3)) dydA(x) #0,

or

1 1
/o /0 k) (000 @01 9" O)r-.cr 9" ) dy dB(x) 70.

(H6) There are constants a, b > 0 such that one of the following two conditions holds:

1 p1
a / / /<(x,y)N(c1<I>1(y) + @y (y)) dydA(x) <0, (4)
o Jo
1,1
cz/ / k(x,y)N(c1d>1 ) +c CI>2(y)) dydB(x) <0 (5)
o Jo

if |c1] > a and |cy| > b, or

1 pl
a / / k(x,y)N(cl D1(y) + 2P, (y)) dydA(x) > 0, (6)
o Jo
1,1
czf / k(x,y)N(clcbl(y) +cy @2()/)) dydB(x) >0 (7)
0o Jo

if |c1] > a and |¢y| > b.
Then we can present the following theorem.

Theorem 3.1 Suppose (H1)-(H6) are satisfied, then there must be at least one solution of
problem (1)-(3) in X.

To prove the theorem, we need the following lemmas.

Lemma 3.1 Assume that (H1) and (H2) hold, then L : domL C X — Y is a Fredholm op-
erator with index zero. And a linear continuous projector Q:Y — Y can be defined by

(Qu)(x) = (Quut) D1 (%) + (Qa20) P2 (),
where

1 1
Quu = ;(€4T1M —e3Thu), Quu = ;(—62 Tvu + e Tou),

1,1 1 p1
Tlu:./o /o k(x, y)u(y) dy dA(x), Tzuzfo /o k(x, y)u(y) dy dB(x).
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Furthermore, define a linear operator Kp : Im L — dom L N ker P as follows:

1
(Kpu)(x) = / k(x, y)u(y) dy + ®1(x) T1u + Po(x) Tou
0
such that Kp = (leomLﬂkerP)_l'
Proof 1t follows from (H1) that

D" o) =0, ()" F@Px)=0, xe[0,1],
o0 =01 =0, oY0)=0V1)=0, 1<i<k-1L,1<j<n-k-1,

®:1(00=1, d(1)=0, D(0)=0, P,(1)=1

It is obvious that

1

1
20 [ oA, o= [ eadse,
0 0
1 1
®,(1) = / ®,(x)dB(x) =0, ®4(0) = / @y (x)dA(x) = 0.
0 0
Thus we have
kerL = {c1d>1(x) + Py (x),c1,00 € R}.
Moreover, we can obtain that
1 pl 1 pl
ImL = {u ey :/ / k(x, y)u(y) dy dA(x) = / / k(x,y)u(y) dy dB(x) = 0}.
o Jo o Jo
On the one hand, suppose u € Im L, then there exists ¢ € dom L such that
u=LpeY.
Then we have
1
o) = [ s ) dy + o010 + p1)2a(),
0
Furthermore, for ¢ € dom L, then
1
00)= [ o dacs)
0
1r pl
- [ [ Kty + 00010+ 90(1)‘1)2(96)} dAW)
o LJo

1,1 1 1
:/ / k(x, y)u(y) dy dA(x) + (p(O)/ Dy (x) dA(x) + @(1)[ Dy () dA(x).
o Jo 0 0
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Using this together with (H1), we can get

1 1
0(0) = /0 fo k(x,)u(y) dy dA(x) + (0),

it means fol fol k(x,y)u(y) dy dA(x) = 0. And

1
1= dB
o(1) /0 o (x) dB(x)
1 1
- /0 [ /O k(x,y)u(y)dyw(omn(x)+<p(1>d>2<x>]d3<x>
1 1 1 1
- / / k(x,)u(y) dy dB(x) + 9(0) / ®1(x) dB(x) + (1) [ P, (x) dB(x).
0 0 0 0
So we obtain that
1 1
/ / k(x, y)u(y) dy dB(x) = 0.
0 0
Thus
1 1 1 1
ImL C {u:/o /0 k(x,y)u(y)dydA(x):/O /0 k(x,y)u(y)dydB(x):O}.
On the other hand, if u# € Y satisfies

1 pl 1 pl
) = / ) =Y
/o /0 (o, y)u(y) dy dA () /0 /0 (e, y)uly) dy dB() = 0
we let
1
@(x) :/0 k(x, y)u(y) dy + @1(x) + P2 (x),
then we conclude that

(L)) = (1) 9" (%) = u(),

920)=¢"1)=0, 1<i<k-L1<j<n-k-1,

and
1
0(0) = /0 K(0,9)u(y) dy + ®1(0) + B2(0) = 1,
1
o(1) - fo k(L y)uy) dy + By (1) + (L) = 1.
Besides,

1 1 p1 1 1
‘/Ogo(x)dA(x):/‘O /0 k(x,y)u(y)dyafA(x)+/0 d>1(x)dA(x)+/ Dy(x)dA(x) =1,

0
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and

1 1 p1 1 1
fogo(x)dB(x):/(; /(; k(x,y)u(y)dydB(x)+f0 <Dﬂx)dB(x)+f0 @, (x)dB(x) = 1.

Therefore

1

1
0(0) = /0 o) AW,  ¢(1) = /O o (x) dB(x).

That is, ¢ € domL, hence, u € Im L. In conclusion,

1,1 1,1
ImL = {u € Y:/ / k(x, y)u(y) dy dA(x) =/ / k(x, y)u(y) dy dB(x) = 0}.
o Jo o Jo
We define a linear operator P: X — X as

(Po)(x) = P1(x)@(0) + P2 (x)(1),
then

(P*¢)(x) = (P(Pp)) (x)
= @1 (x)[(Pp)(0)] + P2(x)[(Pe)(1)]
= &1 (1) [ P1(0)¢(0) + P2(0)p(1)] + P2(x)[ P1(1)e(0) + P2 (1)e(1)]

= ©1(x)p(0) + P2(x)p(1).

Itis obvious that P2¢ = Pp and Im P = ker L. For any ¢ € X, together with ¢ = (p — Pg) + Pg,
we have X = ker P + ker L. It is easy to obtain that ker L N ker P = {0}, which implies

X =kerP @ kerlL.
Next, an operator Q: Y — Y is defined as follows:
(Qu)(x) = (Quut)P1(x) + (Quu) P2 (%),
where

1 1
Quu = E(e4T1u —e3Thu), Quu = ;(—ez Tiu + ey Tou),

1,1 1,1
Tiu :‘/0 /0 k(x, y)u(y) dy dA(x), Tou :/0 /0 k(x, y)u(y) dy dB(x).
Obviously, e; = T1(P1(x)), e = To(P1(x)), e3 = T1(P2(x)), es = To(P2(x)). Noting that

(Q%u)(x) = (Qu(Qu)) ()1 (%) + (Q2(Qu)) (x) P2 (x)
[Q1((Quu)®1(x) + (Qoue) Do (%)) | P ()
+ [ Q2 ((Quu) @1 (x) + (Quit) P2 (%)) | P2 (),
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since
Q((Qu)1) = - (eaTo (@10) ~ &5 T(@1)) Qo
1
= ;(6481 - 6392)Q1u = Qlu’
Q((Qo1)9:() = - (es o (20 - e To (@) Qe
= 2(6463 —e3e4)Qu =0,
Q((QuIPIW) = - (e T3 (#16) + @ T(#1(3)) Que
1
= (—3(—6261 +e1e)Quu =0,
Q((Qu)®,(x)) = é(‘@Tl(%(x)) + Ty (P2(x))) Qo
1
= ;(—ezeg +e1eq) Qo = Qos,
SO

(Qu)(x) = (Qup) D1(x) + (Quu) P2 (x) = (Qu) ().
And since u € ker Q, we have e, T1u — e3Tou = 0, —e; T1u + €, Tou = 0, it follows from (H2)
that Thu = Tou = 0, so u € ImL, that is, kerQ C ImL, and obviously, InL C ker Q. So
kerQ =ImL.Forany u € Y, because u = (u— Qu) + Qu, we have Y = Im L + Im Q. Moreover,
together with Q%>u = Qu, we can get InQ N ImL = {0}. Above all, Y = ImL & Im Q.
To sum up, we can get that Im L is a closed subspace of ¥; dimker L = codimIm L < +00;

that is, L is a Fredholm operator of index zero.
We now define an operator Kp: Y — X as follows:

1
(Kpu)(x) = / k(x, y)u(y) dy + ©1(x) T1u + Oy (x) T u.
0
For any u € ImL, we have T1u = 0, Thu = 0. Consequently,
1
(Kpu)(x) = / k(x, y)u(y) dy, (Kpu)(0) = 0, (Kpu)(1) = 0.
0
So
1
(Kpu)(x) € ker P, (Kpu)(0) = / (Kpu)(x) dA(x),
0
1
(Kp)(0) = [ (o)) dB()
0
In addition, it is easy to know that

Kpu)?(0)=0, 1<i<k-1; Kpw)?(1)=0, 1<j<n-k-1,
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then (Kpu)(x) € dom L. Therefore
KpuedomLNnkerP, uelmlL.

Next we will prove that Kp is the inverse of L|gom znkerp- It is clear that
(LKpu)(x) = u(x), uelmlL.

For each v € dom L Nker P, we have
1 1 1
(KpLv)(x) = / k() (1) () dy + 1 (x) / / k() (-1 () dy dA(x)
0 0 0
1 1
@ k(x,y)(=1)" " (y) dy dB
. 2(x>f0 [0 (5, 9) (1) (y) dy dB(x)
1
= v(x) = v(0) D1 (x) — v(1) D (x) + D1 (x) / (v(x) = v(0) D1 (x)
0
1
- V(1) D2 (x)) dA(x) + D () f (v(x) = v(0) P4 (x) — V(1) D2(x)) dB(x)
0

1 1
=v(x) + d>1(x)/ v(x) dA(x) + <D2(x)/ v(x) dB(x)
0 0
= (%) + v(0) D1 (x) + V(1) D2 (x)
= v(x).
It implies that KpLv = v. So Kp = (L|gomzrkerr) "} Thus the lemma holds. O

Lemma 3.2 N is L-compact on Q ifdom LN Q # 0, where 2 is a bounded open subset of X.

Proof We can get easily that QN is bounded. From (H3) we know that there exists
My(x) € L such that |(I — QNg¢| < My(x), a.e. x € [0,1], ¢ € Q. Hence Kp(I — QN(Q)
is bounded. By the Lebesgue dominated convergence theorem and condition (H3), we
can obtain that Kp(I — QIN(R) is continuous. In addition, for { fol k(x,y) (I — Q) No(y) dy +
®1(x) [y [y k(x,9)(I - QNo(y) dy dA(x) + ®2(x) [, [y k(x,9)(I — QNe(y) dydB(x)} is equi-
continuous, by the Ascoli-Arzela theorem, we get Kp(I — Q)N : Q@ — X is compact. Thus,
N is L-compact. The proof is completed. d

Lemma 3.3 Theset Q1 = {¢p € domL\kerL: Ly = AN, x € [0,1]} is bounded if (H1)-(H5)
are satisfied.

Proof Take ¢ € €24, then Ny € ImL, thus we have

1 1
/o /0 k) (000 @' O)r-.r 9" 0)) dydA(x) = 0 (®)

and

1 1
/0 /0 k) (000 @' O)r-.r 9" 0)) dydB() = 0. ©)
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By this together with (H5) we know that there exists xo € [0,1] such that
|@o)| + | Do) | < M.

And go(i)(O) = <p(7)(1) =0,1<i<k-1,1<j<n-k-1, hence there exists at least a point
6; € [0,1] such that ¢?(8;) =0, i =1,2,...,n — 2. Thus, we get ¢ (x) = fefw(”l)(t) dt, i =
1,2,...,n-2.So,

(i+1

B L i=1,2,..,n-2. (10)

I e T R 12

o]

From
[¢" P = max [¢" )]
and

X
o) = ")+ [ o0

*0

= " (o) + / )" (Lo, ¢ ). 0" ")) dt,

Xi

it follows from (H4) and (10) that

[ e dr‘
X0

n
<M+ lgil]e"| . + 7l
i=1

" V@) < [P xo)| +

<M+ llglloo + " (11)

where ¢ = ||q1ll1, ¢ = Y7L, 1gill, My = M + |71
In addition, for

(%) = o(x0) + / () dt,

X0

from (10) we have

gl <M+ [ (12)

00°

Besides, ||@]l = max{[[¢llso, 19" Vlloc}. If l@lloo = 19" I, by (11) and (12) we have

(n=1) ” - M+ ¢l

”¢ oo — 1-¢"
and
M+ ol
lelloc <M+ T”oo’

SO ”(p”oo f ﬁ[(l - C//)M+M1].
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If 0" V|00 > [|@]l0o, then by (11) and (12) we have
lo® P =die M+ 0P| )+ "]

<M +IM+ (' + c”) ||<p(”’1) ||

oo’

50 [l9" V| < =—7 (M + ¢ M). Above all, [|¢|| < My, where

My = max{ [(1-¢")M + M), (M + M) }

1-c - 1-c -

Above all, we know €2; is bounded. The proof of the lemma is completed. 0

Lemma 3.4 The set Q3 = {¢: ¢ € kerL,Ny € Im L} is bounded if (H1)-(H3), (H6) hold.

Proof Let ¢ € 2, then ¢(x) = c;P1(x) + c2P2(x), and Ny € Im L, so we can get

1 1
a / / k(x,y)f(y, a®1(y) + 2 ®2(y), ..., cldD(I"_l)(y) +Cy <I>(2"_1)(y)) dydA(x) =0
o Jo

and

1 1
c / / kx,9)f (7, 1 D1(9) + 2 ®2(9), .., 1DV (9) + 205V (3)) dy dB(x) = 0.
0 0

According to (H6), we have |c1| < a, |c3| < b, that is to say, 2, is bounded. We complete
the proof. d

Lemma 3.5 The set Q3 ={p € kerL: A Jo + «(1-A)QNg = 0,1 € [0,1]} is bounded if con-
ditions (H1)-(H3), (H6) are satisfied, where ] : ker L — Im L is a linear isomorphism given
by J(c1®1(x) + c2P2(x)) = L(eact — e302) P1(x) + L(—eacy + €102) P2 (%), and

1, if (4)-(5) hold;
L if(6)-(7) hold.

Proof Suppose that ¢ € Q3, we have ¢(x) = ¢; 1 (x) + c2P2(x), and
)\,Cl = —Ol(l - )»)TlNgl), )\02 = —Ol(l - )\)TZN(/J

If A = 0, by condition (H6) we have |c1| < a, |ca| <b.If A =1, then¢; =¢; =0.If 1 € (0,1),
we suppose |c1| > a or |c;| > b, then

Acf =—a(l-A)aTiNe <0
or
)\cg =—a(l-XA)c;ToNy <0,

which contradicts with Ac} > 0, Ac3 > 0. So the lemma holds. O
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Then Theorem 3.1 can be proved now.

Proof of Theorem 3.1 Suppose that Q2 D Uil ;U {0} is a bounded open subset of X. From
Lemma 3.2 we know that N is L-compact on Q. In view of Lemmas 3.3 and 3.4, we can
get

(1) Ly # ANg, for every (¢, 1) € [(dom L\ ker L) N 3€2] x (0,1);

(2) No ¢ ImL, for every ¢ € kerL N 3.

Set H(p, 1) = Mo + (1 — L)QNg. It follows from Lemma 3.5 that H(¢,A) # 0 for any ¢ €
9 NkerL. So, by the homotopy of degree, we have

deg(QN |kerz, 2 NkerL,0) = deg(eJ, 2 Nker L, 0) #O0.

All the conditions of Theorem 2.1 are satisfied. So there must be at least one solution of
problem (1)-(3) in X. The proof of Theorem 3.1 is completed. O

4 Example

We now present an example to illustrate our main theorem. Consider the following
boundary-value problem:

@ () = |<p(x)| + l sm(p '(x) + 1 s1ng0 "(x) + éga”’(x) arctan(%go’”(x)) + X,

x € [0,1],

6
¢'(0)=¢'(1) =0, (p(O):-% (;) 11*"(%)’

40 (1\ 27 (1
e(1) = 1390<2> —Ew<3>

Obviously, n =4, k =2, and

0, x<%; 0, x=<%
_J1is 1 1 _ 27 1 1,
Ax) = 7z <X¥=73; B(x) = -3 3<X¥=3;
1, %<x§1, 1, %<x§1.

Let ®;(x) = 24% — 342 + 1, ®5(x) = —242 + 3x2, then
/ldD()dA() So (1), (L)1
= —— — )+ — —]=1,
R TR OY A TR
1 40 1 27 1
®y(x) dB(x) = — @ e, 2) =1,
/ () dB) = 2(2> - 2(3)
and
1 40 1 27 1
®,(x) dB(x) = — @ - 2o, (=)=0,
]0 () dB) = 2 1(2) - 1(3)

1 5 1\ 16 1
/ d>2(x)dA<x>=—ﬁd>z(2>+Hq>2<1):o,
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thus (H1) is satisfied. By calculation, we can obtain that e = | o e | #0, so (H2) holds. Let

€3 €4

T 1 1 1 1
x%0,¢0,¢",¢") = —|p| + —sing’ + —sing” + —¢" arctan| =" | + x,
fx0.0,0"¢") = 7lel+ sing' + 2sing” + =g <5<p )

then

1 1
If (%00, 9" ¢")| < 2”—4I<p| +lel+ gl + f—zw +1,

where

T

1
h=—" 9> == q3 =

i () =1
) =T r =1
24 12 % *

1
4 12

Taking M =11, we have |¢"(x)| + |@(x)| > 11,

fxe.¢,¢"¢") = 5 -5-1-5>0, if [p(x)| > 5;
fo0.0, 0" ¢") > -5 -1+1.5.250, if|p"(x)| =5,

for k(x,y) >0,

1 1
/0 /0 k(e 9)f (000,000, 0" (), 0" () dy dA(x) #0

and
1 1
/0 /0 kw2 (0 00) @' (), @ ), 0" 9)) dy dB(x) #0.

Hence (H5) holds. Finally, takinga = £, b = %, when |c1| > a, |c2] > b,

T’

fo,0,0",¢") > 57 - (%tbl(x) + %dDQ(x) - ﬁ - i =0, ifc; - ¢y >0;

f(x)§0r§0/’(/)//1 g0///) > _% — % + % . 12(1;6) . arctan(é .12 171_6) >0, ifc; ¢ <0,
then we obtain
1 pl
Cl/ / k(x,y)f(y, a®1(y) + 2 ®2(9), ..., 9" () + CZCD’Z”()/)) dydA(x) >0
o Jo

and

1 1
cy f f k@, )f (5, c1P1() + 2 P2(9); ..., 1 @Y () + 2 ®3 () dy dB(x) > 0,
o Jo

then condition (H6) is satisfied. It follows from Theorem 3.1 that there must be at least
one solution in C3[0,1].
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