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Abstract

In this paper, we consider a class of p-Kirchhoff type problems with a singularity in a
bounded domain in RY. By using the variational method, the existence and
multiplicity of positive solutions are obtained.
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1 Introduction and main results
The purpose of this paper is to investigate the existence of multiple positive solutions to
the following problem:

—M([o, |Vul? dx)Apu = Af (R)u™" + glx)ut™  in Q,
u=0 ondg,

(1.1)

where A, u = div(|VulP~2Vu), Q is a smooth bounded domain in RN, 0 < r <1< p < g < p*
(p* = NN—i if N > p and p* = o0 if N < p), M(s) = as** + band a,b, 1 > 0. f,g € C(Q) are
nontrivial nonnegative functions.

Problem (1.1) is related to the stationary problem introduced by Kirchhoff in [1]. More
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where p, pg, E,L are constants, which was proposed as an extension of the classical

precisely, it is the model
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D’Alembert’s wave equation for free vibrations of elastic strings to describe transversal
oscillations of a stretched string. For more details and backgrounds, we refer to [2, 3].
The existence and multiplicity of solutions for the following problem:

~M([o, |VulP dx)Apu = h(x,u) in <,
u=0 onoS2,

(1.2)

on a smooth bounded domain © C RN has been studied in many papers. Liu and Zhao
[4] proved (1.2) has at least two nontrivial weak solutions by Morse theory under some
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restriction on M(s) and A(x, u). In [5], the authors considered the following problem:

—M([o, |Vul? dx) Apu = Af (%) )71 + g(x)|u| u  in Q,
u=0 onodf,

(1.3)

where M(s) =as+b,1 < g < p <r < p*, they proved the existence of multiplicity nontrivial
solutions by using the Nehari manifold when the weight functions f(x) and g(x) change
their signs. For more results, we refer to [6—10] and the references therein.

When p =2 and N = 3, problem (1.1) reduces to the following singular Kirchhoff type
problem:

—(a+b [o|Vul* dx)Au=rf (X)u™" + pugx)u? in Q,
u=0 onodg,

(1.4)

where 1 < g <5, the existence of solutions for problem (1.4) has been widely studied (see
[11-13]). When 3 < g <5 and A =1, Liu and Sun [11] proved that problem (1.4) has at
least two positive solutions for ¢ > 0 small enough. Liao et al. showed the multiplicity of
positive solutions by the Nehari mainfold in the case of g = 3 in [12]. When ¢ is a critical
exponents, at least two positive solutions are obtained by variational and perturbation
methods in [13].

However, the singular p-Kirchhoff type problems have few been considered, especially
p #2,N # 3. Here we focus on extending the results in [11] and [12]. In fact, the extension
is nontrivial and requires a more careful analysis. Our method is based on the Nehari
manifold; see [6, 11, 14, 15].

Before starting our main theorems, we make use of the following notations:

e Let Wé’p(Q) be the Sobolev space with norm [|u|| = ([, |Vul’ dx)ll’, the norm in L7(2)
is denoted by || . || »;

e Let S, be the best Sobolev constant for the embedding of Wé’p(SZ) in L,(2) with 0 <
z < p*. Then, for all u € WS’”(Q)\{O},

_1
lloellz < Sz (.
In general, we say that a function u € Wé’p (€2) is a weak solution of problem (1.1) if
m(1up) [ 1VuP2VuSpds—i [ fuivpds- [ guitipds=0
Q Q Q
forall p € Wé’p (€2). Thus, the functional corresponding to problem (1.1) is defined by
1~ A Iy 1 1p
J) = =M(|ul?) - —— [ flul'"dx—— | glul’dx, Vue Wy*(Q),
p 1-rJg qJa

where M(s) = [5 M(?) dt.

To obtain the existence results, we introduce the Nehari manifold:

Ny = {u € WP (@)\ {0} : M(1luel?) 1u]}” —A/Qﬂuﬂ-’dx— /ngrfdx - o},
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and we define
K(w) = (p = DM(||ul?) all? + pM' (|uall? ) (2] > +M/f|bt|14dx— (q—l)/glul"dx.
Q Q
Now we split N, into three disjoint parts as follows:

N = {ueNA : K(u) >O};
N ={ueN,:Ku)=0};

N; = {ueNx:K(u)<0}.

Let A* = max{w, w}, where A;(a) and A, are given by

e
o q
@) pSiL, p“bpfl(q—lﬂ)(%)p*l (pS; Yabr-1(p? +r_1))3p%;ﬁ
a) =
! (q+7=Dlfll (q+7-Dllglo
and
1-r 1 ptr-1
_ b8! (q-p) ( bS;(p+r-1) )W
(g+7=Dlflloo \(@+7-DI]glloo ’

then we state the main theorems.

Theorem 1.1 Assume that p? < q < p* and N < 2p. Then, for each a > 0 and 0 < A < 1*, the
problem (1.1) has at least two positive solutions uj € N; and u; € N;.

Define
A= inf{ lull?” ue Wé"’(sz),/ glul? dx = 1}, (1.5)
Q
then A > 0 is obtained by some ¢, € Wé’p(Q) with [, gléa |1”2 dx = 1. In particular,
2 2
A/g|u|1" dx < |lull? (1.6)
Q

and

—lull? Apre = pglul”’ " in R,

u=0 onads,

1.7)

where p is an eigenvalue of (1.7), u € Wé'p (€2) isnonzero and an eigenvector corresponding

to u such that

||u||p/ IVulP2VuV(up) dx = ,u/ g|u|1’2_1ug0dx, forall p € Wé’p(Q);
Q Q
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we write
I(u) = ||u||1’2, forueE = {u € Wé’p(Q) : /leuV’z dx = 1},

and all distinct eigenvalues of (1.7) denoted by 0 < p1 < pp < - -+, we have
1= Litrelligl(u) >0,

where w; is simple, isolated and can be obtained at some ¥ € E and ¢ > 0 in 2 (see [16]).

Theorem 1.2 Assume that p* = q < p* and N < 2p. Then
(i) foreacha > % and X > 0, the problem (1.1) has at least one positive solution;

(ii) foreach a < % and 0 < A < %5\, where

1oy .
bSlp,(pz—p)( bA(p +r—1) )’,iz,f

A @D\ T—an) @+ r—1)

the problem (1.1) has at least two positive solutions u; € Ny, u; € N; and

lim inf J(u) =

1~ ueN,;
a—x 2

This paper is organized as follows: In Section 2, we present some lemmas which will be
used to prove our main results. In Section 3 and Section 4, we will prove Theorems 1.1
and 1.2, respectively.

2 Preliminaries
Lemma 2.1 (i) If q > p?, then the energy functional ] (u) is coercive and bounded below in
Ny

(i) if g < p?, then the energy functional ] (u) is coercive and bounded below in Wé’p (€2).

Proof (i) For u € N,, we have

M(Ilullp)llullp—?»/flull"dx—/glulquz0,
Q Q

By the Sobolev inequality,

1~ A 1
Jw) = R () - = / Fludx=1 / glul? dx
)4 1-rJq qJa

~ 1 qg+r-1
=M([[ull”) = —M(llul”) l[u]” - 2 f |l dx
() q (1) q(1-7) Qf

[lze]|? ﬂ(q—Pz) 2 g+r-1 r=1 .,
z Y lull” + b(q - p) —Airufuooslf,nunl

pq ql-r)
> PP e L S g,
rq q( )

Thus, J(u) is coercive and bounded below in Nj.
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(ii) For u € W/é’P(Q), we have

J() = —M(||ul”) ——/flul1 ’dx——/ |u|? dx

r=1

|[f||ooS1pr

1-
lluell ™"~

q
lgllooS
glooS, ™ flae)|
q

a b
—||u||p + —[lullf -
P* b

_4 r-1
a 2. lglleS,” b s M leS,
=(—2||u||1” el | 171 KA I (171 e o).
p q p 1-r

Thus, J(u) is coercive and bounded below in Wé'p (). a

Lemma 2.2 Ifg > p* and 0 < A < max{A(a), A2}, then, for all a > 0,
(i) the submanifold N? = @;
(i) the submanifold N;* # .

Proof (i) Suppose N # . Then, for u € N}, we have
_4
(@ 7= DlglaSy” Il = g+ 7=1) [ gluttd
Q

=a(p* +r=1)ul” + bp +r—1)|ul?
pabt(p* +r—1)|ul*,

(2.1)
bp +r—1)||ull?,
and
M+ =Dl looSi? Il 2 g+ 7= 1) /Qf ul'™ dx
=a(g-p)lul” + blg - p)lul”
pylabr(q - p) (5P lulP, 2.2)

b(g - p)|ull”.

By (2.1) and (2.2), for all u € N, we have

1 L =
(61+r )”g”oo Pslfydﬂbp_l(q—l’z)(% _

1
St a7 =1\ Mg +r=Dlf s L
(p v ) snuns( 1 f )
)

and

bSp(p+r 1) = Mg +7=D|f oo =
(7> < lull < (—1 " ) .
(q+r—1)"g”oo bSp (q P)

Hence, if Nf is nonempty, then the inequality A > max{A;(a), 22} must hold.
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(i) Fix u € Wp? (). Let

By (8) = at? = | w)|P* + b?=0)|| || — £4-0") f glulldx fora,t>0.
Q

We see that /,(0) = 0 and /,(t) — —o00 as t — oo. Since g > p* and

H(8) = 2 (a(p2 Fr =) Pull” + b(p +r—1)|ul?

—(g+r-1T”? / g|u|qu>,
Q

there is a unique £, max > 0 such that /,(¢) reaches its maximum at £, .y, increasing for

t € [0, £5,max) and decreasing for ¢ € (£,max, 00) With lim,_, o #1,(¢) = —00. Clearly, if tu € N;,
then tu € N; (or Ny) if and only if //,(¢£) > 0 (or < 0). Moreover,

1

o berr-Dlup T
o=\ (g +r—1) [, glulddx

and
hO(tO,max)
. 1 pir-1 1 q+r=1 plg+r=1)
+r— — q-p — q-p q-p
() () T
qg+r-1 qg+r—1 (fﬂgwqu)ﬁ
1 ptr-1
- b(q—p)( bS;(p+r-1) ) 7P [
= u .
g+r-1\(g+r-1lglle

On the other hand, since

1-r

1a(0) = 0 < & / Flul' " dx < Al loeSi? Nl
Q

q o
bg-p) [ bSLp+r-D)\'T7
. : lul

g+r=1\(g+r-1glw

< hO (tO,max) < ha(ta,max): (23)

there exist unique ¢ and ¢~ such that 0 < £ < fgmax < £,
ha(t") = )\/Qf|u|” dx=ha(t")

and
W, (£7) > 0> H,(¢7).

Thatis, t*u € N; and t"u € N;.
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Lemma 2.3 (i) Ifq = p* and a > %, then, for all > > 0, N = N, #);
(ii) if g = p*,a < + and 0 < 1 < &, then N, = N} UN; and N # .

Proof First, we show that N, = N,.
Indeed, for all # € N,, we have

a(p2 +r—1)||u||‘”2 +bp+r-1)|ull? - (p2 +r—1) / g|u|‘”2 dx
Q

- (aA -1)(p? +r-1)

> n P + bp + r =Dl > 0.

Therefore, u € N;.
Next, we declare N} # 0.
Fix u € W,*(Q). Let

h(f) = 7+ <a||u||1’2 - / gluf”’ dx> + b ul? fora,t> 0.
Q
Obviously, 1(0) = 0 and lim;_, o 4(£) = 0. Since

H () = (P> +r- l)tpz”_2 (allullf”2 - / glulf”2 dx)
Q

+b(p+r =172 ||u|l?,

Page 7 of 17

we can deduce that /(¢) is increasing for ¢ € [0, 00). Thus, there is a unique ¢* > 0 such that

h(t") = & [ flul'" dx and /' (¢*) > 0. That is, t*u € Ny
(ii) The proof is similar to Lemma 2.2, we omit it here.

We write N, = N;” UN] and define

o = inf J(u); o~ = inf J(u),
MEN}T ueN;

then we have the following lemma.

Lemma 2.4 Suppose that q > p* and 0 < A < \*, then we have
(i) a*<0;
(i) @™ > Cy, for some Cy > 0.

In particular a* = inf,en, J(1).

Proof (i) Let u € N7, it follows that

M(||u||1”)||u||"—A/f|u|1"dx—/g|u|qu:0
Q Q
and

x(q+r—1)/f|u|1-’dx>a(q—p2)||u||”2 + blq - p)lull.
Q

O
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Substituting this into J(u), we have
1~ A 1
J(u) = —M(||ul” ——/ |M|1_rdx——/ |u|? dx
5 (Ie?) == | S .)€

-1
arr / Flul™ d
q(l-r)

a(q—pZ)(l—r—pZ)”u”pz blg-p)1-r-p)
p*q1-7) pq(l - )

1~ 1
= —M(llul?) = =M(lull®) ]| — A
» (llul?) 7 (zelt?)fl

llull” <0,

and then a* < 0.
(ii) Let u € N . \X/e divide the proof into two cases.
Case (A): A* = p A=k Since u e Nj;, and by the Sobolev inequality,

b(p +r=D)ull” < a@® +r=1)|ull” +bp+r-1)|ul”

-4
<(g+r-1S7gllsollul?,

which implies

1
bS” 1) \7»
||u||><w) 7 forallue Ny

(q+7 =Dl
Hence,
alg-pIul”  blg-plulr  q+r- ,
Jw = F1E PNl a6 -
P*q pq q(l r)
(blg-p) e +7r— r
> Jlull! (ﬂnunp Y kit nfnoo 1,)
pq q(1-

. ( bS? (p+r—1) )é—:i[b(q-p)< bS? (p+r—1) )’”qpl
(g+r-Dlgl rq (@+7r-Dlgl

g+r-1 Lr
A flleoS.” | = Co.
q(l ”f” 1-r ] 0

Thus, if 0 < A < (1_;)“ thena™ > Cy > 0.

Case (B): A* = M . By (2.1), one has
P p

_4
pyabrt(p? + r =) ul® < (g +r=1)lglleeS” lul,

which implies

q
pSy Y abr1(p? +r-1)
flull >

e
) forallu e N;.
(g+r-1)lgllco

(1- r)

Repeating the argument of case (A), we conclude if A < 1) then a~ > Cp for some

pT
Co > 0. O
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Lemma 2.5 Suppose that q = p*,a < % and 0 < A < 1;7’):, then we have
(i) a*<o;
(i) & > Co, for some Cp > 0.

In particular &* = inf,,en, J(u).

Proof (i) Repeating the same argument of Lemma 2.4(i), we conclude that @* < 0.
(ii) Let u € N; . By (1.6), one has

bp +r=Dull’ < (p* +r-1) (/ g|u|p2 dx—a||u||p2)
Q

1-al)@P*+r-1)
< (i’ lul?”,
which implies that
1
bA(p+r-1) P _
”u”>((1—a1£p)(p2+r—1)>p g forallu e Ny (2.4)

Then we have
1~ A 1
J(u) = —M(||ul” ——/ IUII"dx——/ lu|? dx
5 (") - 1= S R

L((-1b oy prr-1 _Lr
> Jlul! <1942||u||er I—Amﬂfﬂwsl_f

>( bA(p +7 1) )ﬁ[(p-l)b( bA(p +7—1) )pz—;

1-aN)Pp?*+r-1) P? 1-aN)Pp?*+r-1)
2 1-r
p +r-1 -Lr
— A S 7. 2.5
iy WS } 25)
Thus, if A < %):, then &~ > Cy for some Cy > 0. O

Lemma 2.6 For each u € N (resp. u € Ny ), there exist € > 0 and a continuous function
f:B(0s¢) C Wé’p(Q) — R* such that

f(0)=1,f(w) > 0,f(w)(u + w) €Ny (resp. uc NA_), for all w € B(0; ¢),
where B(0;¢) = {w € W, () : lo]| < &}.
Proof For u € Ny, define F: Wé’p(Q) X R — R as follows:

) P
F(w,t) = at’ ! (/ |V(u + a))|pdx> + bt””‘lf |V(u + w)|p dx
Q Q
— gt / glul?dx - )L/flu|1_’dx.
Q Q

Since u € Ny, it is easily seen that F(0,1) = 0 and F;(0,1) > 0. Then by the implicit function
theorem at the point (0,1), we can see that there exist ¢ > 0 and a continuous function
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f:B(0;¢) C Wé’p(Q) — R* such that
f(0)=1,f(w)>0,f(w)(m +w) €N, forallwe B(0;¢).
In the same way, we can prove the case u € N . 0
Remark 2.1 The proof of Lemma 2.6 is inspired by [11].

3 Proof of Theorem 1.1
By Lemma 2.1 and the Ekeland variational principle [17], there exists a minimizing se-
quence {u,} C N, such that

W) Jun) <o + 5
n
1
(11) ](u)>](un)_z||u—un”1 VMGN)T.

Note that J(|u,|) = J(#,). We may assume that #,, > 0 in Q. Using Lemma 2.1 again, we can
see that there is a constant C; > 0 such that, for all # € N*, ||u,|| < C;. Thus, there exist a
subsequence (still denoted by {u,}) and u] in Wé’p (£2) such that

uy — u} weakly in W, (Q),
u, — u; strongly in L' (),
u, — u; strongly in LY(2),
u, — uj a.e. in Q.
Now we conclude that #] € N is a positive solution of (1.1). The proof is inspired by Liu
and Sun [11]. In order to prove the claim, we divide the arguments into six steps.
Step 1: u; is not identically zero.
Indeed, it is an immediate conclusion of the following inequalities:
J(45) < lim J(u,) =a* <0.

n—00

Step 2: There exists C, such that up to a subsequence we have
2
a(p2 +7r— 1)||u,,||1’ +bp+r-Dullf —(g+r-1) / g|u{|qu > C,. (3.1)
Q
In order to prove (3.1), it suffices to verify
a(p2 +r— 1) lim ||un||‘”2 +b(p+r—1) lim ||u,|? >(q+r- 1)f g|u{|qu. (3.2)
n—o0 n—00 Q
Since u, € Ny,

a(p2 + r—l)||uy,||1’2 +b(p+r-1)|u,|? > (q+r—1)/ g|u{|qu. (3.3)
Q
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It follows that

a(p? +r—-1) Tm [lu,]”" +b(p +r—1) Tim ||un||Pz(q+r—1)/g|u;|"dx.
Hn— 00 n—0o0 Q

Suppose by contradiction that

a(p* +r=1) Tm llus|”" +b(p+r—~1) Tm flu,|” = (q+ r—l)/Qg|uZ|qu-
Then, from (3.3) and (3.4), one has

a(p® +r- 1) 11m Nl + bp+r-1) hm llw,)l? = (g +r—1) / glui|" dx.

Thus ||u,||” converges to a positive number A that satisfies

a(p* +r-1)A’ +b(p+r-1)A= (q+r—1)/9g|u{|qu
and

a(q —pZ)Ap +blg-pA=rg+r-1) /Qf|uz |1_r dx

On the other hand, by (2.3), we have

- 1) /Qf|u,,|l”dx

+r1

<bq+1— <p+r 1) < q—-p ) ”Mn” — _}L/‘flu |1 " dy
qg+r-1 qg+r-1 fglu |qu)qp

—1 +r—1
ol (pHr— 1 q-p AT
- b +r—1
qg+r-1 qg+r-1 (a(p2+r—1)AP+b(p+r—1)A)pq_p
g+r-1
_alg-p*)A? + b(q - p)A
qg+r-1
prr-l qrr-1
q+r1(p+r—1) q—p( q—p ) AQ*P
< b g +r—1
qg+r—1 qg+r-1 (b(p+r—1)A)pq7p
gq+r-1
_alg—p*)A? + b(g - p)A
qg+r—1
2
__Ma-r) 4 o,

qg+r-1

which is impossible. Hence, (3.1) and (3.2) must hold.

Page 11 of 17

(3.4)

Step 3: For nonnegative ¢ € Wl’p( Q) and ¢ > 0 small, we can find f;(£) ':f,,(tgo) such

that £,(0) = 1 and f,,(t)(u, + te) € N; for each u, € N by Lemma 2.6. f,, (0) € [

—00,00] is

denoted by the right derivative of f,,(¢) at zero. We claim that there exists C3 > 0 such that
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" .(0) > —C; for all n € N*. Since u,, f,,(t)(u, + to) € N, we deduce that

0 = afju, | +b||un||f’—x/f|un|1*'dx—/gmmdx
Q Q
and
0= af?* (O)lln + 0117 + b2 (D) 10n + 0P = 270 / Flitn + bl dx
Q
-1, / gluy + to|? dx.
Q

Thus

2 2 2 2
0=a(fl" () —1)llu, + toll”” +a(llu, + toll”” — llu,]|””)

+b(f2 () = 1) ||y + t@ |1 + b(l|ttn + t )P = |t |¥)

—)L(ﬂql_r(t)—l)/gflun+t<p|”a’x—k/ﬂf(|un+t(p|1—r_|un|1-r)dx

—(ﬂf(t)—l)/glun+t<plqu—/g(|un+t<plq—Iunl")dx
Q Q
<a(f?" () = 1)l + 1" + a(llsty + tolP” = [1,]17")

+b(f2 () = 1) |t + t@|l” + b(|la + tlP = |4 ]|7)
-A(f7 (0 -1) Lﬂun + o dx — (f1(t) - 1) Lglun +to|?dx.
Then, dividing by ¢ > 0 and letting ¢ — 0, we have
0 < ap 175,00+ g 17 [ 193,720, 9
+ bp||u,|IPf,, (0) + bp/Q |Vu, P2 Vu, Vo dx
“30 =1 0) [ flnl' v af, 0) [ gl
:mm(apznunnﬂ bpllnl? = 20=0) [ flu s [ g|un|qu)
+dp2||un||p2_p/;2 |VL£,,|"_2VM,,V(/)a’x+bp/g2 Vi, P2Vu, Vo dx
:fn/+(0)(a(p2 w1 =V [[unll” + b +r—1)llu, | - (q + r—1)/Qg|un|qu)
+ ap?||un |7 P /Q |V, |P2Vu,Vodx + bp /Q Vi, P2V u, Vo dx.

One deduces from (3.1)

2
£.00) > _ap2l|un|ll’ -p fQ |Vu,|P2Vu,Vodx + bpr Vit P>V, Vo dix
ST A =Dl + blp + = Dlluall? = (g +r—1) o gl dx’

Page 12 of 17
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Therefore, by the boundedness of {u,}, we conclude that {f;, (0)} is bounded from below.

Step 4: Choose n* large enough such that 1=~ C1 < C2 for all # > n*. Then we claim that
there exists C, such that f], (0) < C, for each n>n*. \X/ithout loss of generality, we may
suppose f,, (0) > 0. Then from condition (ii), we have

= |Lfn(t)(un + 1) — hy ||

= ](un) _](fn(t)(un + th))

2 _1) 2 2
z(;(%(f’ﬂ (&) = 1)l + o]l +%(uun+wnp = lwall”)
, _
%(fﬂm 1) + tll? + (ﬁdf r)l) (Il + 117 = 14 1”)
6(11(+1r Lo - 1)/ Iunlqu—z:li;)lﬂq(t)/szg(luwwlq—Iun|q)d"

Then, dividing by ¢ > 0 and letting ¢ — 0, we deduce

£.00) leenll lill

n n

ap® +r-1) 2 apt+r-1)
> ————/, O, + —————
1-r 1-r

b -1 b -1
+ %ﬂxomunnp ) % / Vit P2V, Vo d

g+r-1,
T o1-r f’”(o)/g;

From (3.5) and the choice of n*, we have

2 -2
77 f (Vita P2V, Vg dx
Q

-1
"2 glunl g dx, (35)
Q

24r-1
M fn+(0) w”un”fﬁ/ \Vu,P2Vu, Ve dx
n 1-r
b 1
(p” )/ Vit P2 Vu, Vo d luy| " g dx.
Q
Namely,

2 pa—
L o< Lo

2_ —
= P [ 19,20, d

~1
/glunlq‘lw dx.
Q

Therefore, by the boundedness of {u,}, we conclude {f;, (0)},5,+ is bounded from above.
Step 5: uj >0 a.e. in Q and for nonnegative ¢ € Wé’p(Q), we have

bp+r-1
y[ |Vu,|P~ 2Vu,,V¢dx+

2 _ _r L1g-
(a]ui|” p+b)/Q|Vu,{|p ZVu{Vgadx—)L/Qﬂuﬂ wdx—/gg|u,\|q ‘o dx

> 0. (3.6)
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Similar to the argument in Step 4, one can obtain

luall Nl
+ _
n

£.(0)
> —f,;+(0)(a||un||f’2 + bl - f gl dz— 1 f f|un|“sodx)
Q Q

—alu, " f Vi, P2Vu,Vodx—b / Vi, P2V u, Vo dx
Q Q

A t 1-r _ 1-r
/f(|un+ oI =)
1-r Q

+/g|un|"’1¢dx+ lim
Q t

t—0%

:—allunllpz_p/ IVunlp‘ZVuanodx—b/ |V, P2 Vu,Vodx
Q Q

A L+t 1-r _ ” 1-r
+/g|un|q‘1¢dx+ lim /f(|” + to| |24, )dx. (3.7)
Q 1-rJa

t—0* 11

Since f(|u, + to|"™" — |u,|*™") > 0,V¢ > 0, by Fatou’s lemma, we obtain

1 ” t 1-r _ » 1-r
/flunl'rwdxf lim _/f(|u +tol it )dx. (3.8)
Q Q

t—0+ 1-r t

It follows from (3.7) and (3.8) that
A / Sl ¢ dx
Q
1, _ _
< ;(ﬁH(O)HMnH + ||§0||) ‘rﬂ”blnllp2 p/ |Vt P>V 1, Vo dix
Q

+b/ IVunlp‘ZVuanodx—/glunlq‘lgodx
Q Q

C; -max{Cs, Cs) +
< 1 {C5, G} + ol +a”un”p2—p/ |Vun|P‘2VunV¢dx
n Q

+b/ IVunlp‘ZVuanodx—/glunlq‘lgodx,
Q Q

for all m > n*.
Passing to the limit as # — 00, one has

lim A / flual " pdx < a lim [|u,||”" 7 / Vi Vi Ve dx
Q Q

n—00 n— 00

+ b/ |V |P_2Vu:{V<pdx— / g|u,’{|q_l<pdx.
Q Q
Then using Fatou’s lemma again, we infer that
)\/f‘uﬂfrwdx
Q

<a tim Ju, 77 [ |Vt Vit Vg d
Q

n—00

+b/’Vuﬂp_ZVu{Vgodx—/g!uﬂq_lgodx. (3.9)
Q Q
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Since u, — uj a.e.in 2, we get u] > 0 a.e. in Q. Thus, one infers from (3.9) that
A / Flu | dx < a tim NP2 it [P + b us | - / gut | dx. (3.10)
Q n—o00 Q
On the other hand
a im w77} | + bt | < @ Tim a7 + b Tim (1, |17
n—00 n—o0 n—00
:A/f|u;|1"dx+fg|u;|qu. (3.11)
Q Q
Combining (3.10) and (3.11), we have

lim [lu, 7 = Tim el = [ |- (3.12)
n— 00

n—00

Thus, (3.6) can be obtained by inserting (3.12) into (3.9). Moreover, from (3.6), one has
f Vil P2 Vui Vodx >0, Vg e W,P(Q),¢ > 0.
Q
Therefore, using the strong maximum principle for weak solutions (see [18]), we obtain
u; >0a.e. in Q.
Step 6: uj is a weak solution of (1.1), and u} € N; . By (3.12), we have u, — u} strongly

in Wo?(Q), and so u} € N;'. Assume ¢ € W, () and ¢ > 0, define W € W,”(R) by W :=
(u +ep)*. Then from Step 5 it follows

0= [ (el + DIV V9w - aflut| 0 - glus ] a
< [ el D o)
~f 1] (uf + ) — gl | (1] + )] dx
(L e e )
= f ] (4 + ) —gluup | (1 + )]
T Y e W e A
ve [ [(alin ] +8) Vs 2V 90 =i 0 - et 9] s
[l DIV )
a7 (s + e0) — glusf [ (1] + )] dx
~c [ (el ) Vs Vw0 -] 6 - s g s

) /[ $+00<0] [(a]; sz—p +b) [V [P ViV (u) + )
uy+ep<
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—af|ug |7 (45 + eg) —g|uj{|q_1(u{ +e¢)|dx
<o [ Ll + D9V %031t -l

—e(al|u; ||"2"’ +b) / Vi P2 Vul Ve dx.

[u] +6¢<0]

Since the measure of the domain of integration [u] + £¢ < 0] tends to zero as ¢ — 0, it
follows f[u;mpso] |Vus |P~2Vu; V¢ dx — 0. Dividing by ¢ and letting ¢ — 0, we have

(alu; | +b) /Q Vi Vi Vo dx -2 /Q | pdx— /Q glui| T pdx = 0.

Notice that ¢ is arbitrary, the inequality also holds for —¢, so it follows that u; is a weak
solution of (1.1). Moreover, from (3.2) and (3.12), we deduce that ] € N;.
A similar argument shows that there exists another solution u; € N .

4 Proof of Theorem 1.2
(i) By Lemma 2.3(i), we write N, = N, and define

0 = inf J(u).

”
ueNy

Similar to Lemma 2.5(i), we have 6* < 0. Applying Lemma 2.2(i) and the Ekeland varia-
tional principle, we see that there exists a minimizing sequence {u,} for J(x) in N} such
that

W) Jw) <6+~
n
1
(i) J () > J (o) = Ml =l Vou € N

Repeating the same argument as Theorem 1.1, we can see that #, € N, isa positive solution
of the problem (1.1).

(ii) Similar to the proof of Theorem 1.1, we know that the problem (1.1) has at least two
positive solutions u; € N, and u; € N, . Moreover, combining (2.4) with (2.5), we have

lim Hu; || =00
a—>%_

and

lim inf J(u) = oc.
1~ ueN,

a— 4
This completes the proof of Theorem 1.2.

Remark 4.1 The results of Theorems 1.1 and 1.2 extend the results of [11, 12]. The results
from the cited work correspond to our results for the case p =2 and N = 3. From these
two references, we obtained the motivation for this paper.
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