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Abstract

In this paper, we address an inverse problem for the Korteweg-de Vries equation
posed on a bounded domain with boundary conditions proposed by Colin and
Ghidaglia. More precisely, we retrieve the principal coefficient from the
measurements of the solution on a part of the boundary and also at some positive
time in the whole space domain. The Lipschitz stability of this inverse problem relies
on a Carleman estimate for the linearized Korteweg-de Vries equation and the
Bukhgeim-Klibanov method.
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1 Introduction
This paper is concerned with the Korteweg-de Vries (KdV) equation with a non-constant
coefficient posed on a finite interval

Vi + A(X)Yxxx + Yx +¥¥x = 0, inQ,
¥(0,2) = yx(L, 2) = yxx(L, ) = 0, in (0, T), (1.1)
y(x,0) = yo(x), in (0,L),

where L, T > 0, Q = (0,L) x (0, T), the initial data y, is known and the unknown coefficient
a = a(x) is assumed to be time independent.
The KdV equation,

Vet Yut Yurx + Y2 =0,

was first derived by Korteweg and de Vries [1] in 1895 (or by Boussinesq [2] in 1876) as a
model for the propagation of some surface water waves along a channel. In applications to
physical problems, the independent variable x is often a coordinate representing position
in the medium of propagation, ¢ is proportional to elapsed time, and y(x, £) is a velocity or
an amplitude at point x at time ¢. Based on the results in [3—6], if & = /i(x) is the function
describing the variations in depth of the channel, then the KdV equation becomes (after
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scaling)

1
Ve + (VIY)x + By + ﬁyyx =0.
Later, in [7], the main coefficient 42y,,, was corrected by W’ ysxx- Therefore, it is mean-
ingful to consider the inverse problem of retrieving the principal coefficient in the KdV
equation.

The KdV equation on a finite domain has been extensively studied in the past. Most of

this work has been focused on the following system:

Vi + Vaxx +Yx + VY5 =0, in Q,
9(0,8) = y(L,t) = y,(L,t) =0, in (0,7T), 1.2)
¥(x,0) = yo (), in (0,L),

which possesses a different set of boundary conditions than those of system (1.1). In re-
cent years, system (1.1) (¢ = 1) has attracted many authors’ attention. The well-posedness,
controllability and stabilization of (1.1) (2 = 1) have been studied in [8-13].

In this paper we intend to retrieve the principal coefficient a = a(x) of system (1.1) from
the measurement of y(L,t) on (0, T) and the measurement of y(x, T/2) on (0, L). Stability
estimates play a special role in the theory of inverse problems of mathematical physics
that are ill-posed in the classical sense. They determine the choice of regularization pa-
rameters and the rate at which solutions of regularized problems converge to an exact
solution. The results concerning the determination of coefficients for parabolic equations
and hyperbolic equations are relatively rich (see [14—16] and the references therein). Con-
cerning a dispersive equation, the results focused on the Schrodinger equation ([17-19]).
However, to the best of our knowledge, the only result in the literature concerning the de-
termination of coefficients for the KdV equation is in [20], where the author considered
the KdV equation with boundary conditions as in (1.2).

Let us introduce the following notations for functional spaces appearing in this paper:

X* = C([0, T1,H*(0,L)) N L*(0, T; H*(0, L)),

Y={yeX®|y, €X’andy, € X}.
To precisely state the results in this article, we introduce the sets

S(ao,a) = {a € W>®(0,L) | Vx € (0,L),a(x) > ao > 0 and [|all sy < o},

W = {we H®0,L) | w(0) =w/(L) = w"(L) = 0}.
The following theorem is the main result of this article.

Theorem 1.1 Let ag, @ and K be given positive constants, yo € W and a,a € X(agp, o).

Assume that there exists n > 0 such that inf{|y,.(x, §)|,x € (0,L)} > n. Then there exists a
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positive constant C = C(T,a, n, ag, K, L) such that

(5

Clla-all 2 < |yL.6) - 3Lt

T
+ J—
2

)

)”HI(O,T) H30.0)

for all y and y satisfying max{||y|ly, Y|y} < K.

Remark 1.1 Compared with [20], Theorem 1.1, the symmetry hypothesis on the initial
data is replaced by a condition on the trajectory.

Remark 1.2 To prove Theorem 1.1, we need to establish a Carleman estimate for a lin-
earized KdV equation with boundary conditions in (1.2). To the best of our knowledge, it
is the first attempt to establish the Carleman estimate for a third order operator with these
boundary conditions.

The rest of this paper is organized as follows. Section 2 is devoted to a Carleman estimate
for the linearized KdV equation with non-constant main coefficient. In Section 3, we prove
Theorem 1.1 following the Bukhgeim-Klibanov method.

2 Carleman estimate
In this section, we provide the suitable Carleman estimate for the study of the stability of
our inverse problem.

Let us consider the operator
P =03 + a(x)0gux + D(x,£) 0, + d(x, £)
defined on

V={vel?(0,T;H*0,L)) | v(0,£) = (L, t) = via(L,£) = 0,£ € (0, T),

and Pv € Lz(Q)}.

Here b e L®(0, T; WY*(0,1)), d € L>°(Q) and a € X (ay, ).
Consider g € C3([0,L]) such that for some r > 0 we have

O0<r<pBx and O0<r<p'(x), Vxe(0,L).

We define, for each A > 0, the functions

M Blloo _ ghB@) B

¢(x, t) = W, O(x, t) =

for (x,t) € Q. It is not difficult to see that 6 satisfies the following properties:

1
AC >0 such that 69 <60,<CH and

0" < CO™ for each positive integers n < m.
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Theorem 2.1 Let ¢, 0 and P be defined as above. There exist so > 0, Lo > 0 and a constant
C=C(T,s9,ro,a0,a,L) > 0 such that, for every s > so, A > Ao,

/ e X (A00°u + A% Ul + sA0ul,) dx dt
Q

T
< C/ e 29| Pu|* dx dt + C/ (5515956_234)142) |x:L dt. (2.1)
Q 0

Proof Following the method in [21], it is enough to prove (2.1) for P= 0; + a(x) 0xxx. In fact,

assume that we have proved (2.1) for P, we have

/ e—2S¢|T>u|2dxdtsc< / e |Pul’ dxdt + / e‘zs¢(ui+u2)dxdt)~
Q Q Q

By choosing s > 0 and > 0 large, it is possible to absorb [, e (u3 + u?) dx dt with the
left-hand side of (2.1), concluding that (2.1) also holds for P.
Let s > 0 and consider the operator P, defined in Wy = {¢™?u | u € V} by
Pyw = e‘s"’IN)(esd’ w).

We then obtain the decomposition Pyw = Pyw + Pyw + Rw, where

Piw=w; + Saszqﬁﬁwx + AWyepy + 3asz¢x¢mw,
Pyw = assq&iw + 3aSP Wy + 35(A,) Wy, (2.2)

RwW = as@w + 3a32¢x¢mw + SOW — 3SAx Wy — 3a52¢x¢xxw.

Thus
1Psw = Rivllja ) = P}z gy + 2(Prw, Pawhizgy + I1P2Wl g

Let us now consider (P;w, P,w) 12(Q)*
Claim that

T
(Pyw, Paw)2(g) = / ((-)w2 + (W + (-)Wix) dxdt +/ () [¥5 at, (2.3)
Q 0

where

o = (-35%0(0), - 25@02), - 3002 ., + 35
2 3(,242 _2 3 2
+ 25 (“ ¢x¢’xx)xx 25 (a¢x¢xx(a¢x)x)x w,
3 9 3
(Iw; = (Esmt = 55(@3), + 95°ai(ag) + 55°(4°¢)),

+ %S(ﬂ(ﬂ¢x)x)xx - 953d2¢§¢xx> Wir
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3
(.)wfcx = <_§S(”2¢x)x - 35a(a¢x)x> W,Zm,
350,50 9393
()|x o=\ 3sapwwy + ES a~p;w + Es a qu +s’a ¢ Wiy
—s3(u2¢3) ww, 133a2 ?’wz + ls?’(azqﬁ?’) w2 + §sczz¢'> w2
%/ x x 2 x 2 X ) xx 2 XY xx

3
_ Es(a(a%)x)xwi + 35a(Agy) Wi Wax + 982 a P2 Prx Wi,
x=L

9
(él o, ¢xx) w? + 55 ﬂ¢x¢xx(ﬂ¢x)x )

x=0

Indeed, (2.3) follows easily from the following equations:
1
/ assqbﬁww[ dxdt = —/ —ssa(qbi)th dx dt,
Q Q2
’ x=L
/ 3asPWiWy, dx dt :/ (Bsap,wwy) ‘xio dt
Q 0

+/<;sa¢x£w BS(mz)x)xwth) dxdt,
Q

T
3
/3azs5¢§wwxdxdt=[ (—s5a2¢§w2>
Q o \2
Tr9
/9s3a2¢§wxwxxdxdt:/ < ~s*a® iwi)
Q o \2
3 2,3 33(2.3 .2 13 o3 2
S AP WWyp dxdt = 55 (a*¢?) W, — 55 (a*¢)), . W |dxdt
Q Q
T 1
+/ s (zzzq’);’wwxx— (azq&;’)xwwx - EﬂZ(p’%W’Z‘
0

x=L

1
+ 3 (aqui)mwz) dt,
x=0

Tr3
/ 382 Py Wiy Wi dX dt = / <—sa2¢xw§x>
Q 0 \2

f3sa(a¢x)xwxwxxxdxdt=/<§s(a(a¢x)x) w — 3salagy)w; )dxdt
Q Q

x=L
3
dt—/ —55(a2¢g) w? dx dt,
x=0 Q 2 *

x=L 9
dt—/ Ess(azq)i)xwidxdt,
x=0 Q

x=L

dt—/ §S(ﬂ2¢x) w2, dxdt,
Q2 "

x=0

x=L
dt,

x=0

T
+ /0 (—;S(ﬂ(ﬂ(f)x)x)xwi + 3Sd(d¢x)xWxWxx>

/ 953> P2 s WWi dx dt = / ( &) pa) W —9s3a2¢§¢xxw§) dxdt
Q

x=L
dt,

x=0

(95 APy WWy — —S 3 (aPo} ¢xx) )

/ 953a¢x¢xx(ﬂ¢x)xwwx dxdt = / Z 3 a¢x¢xx a¢x)x)xw2 dxdt
Q Q
T x=L
+/ <_S AP Prx(ADr) W )
0

dt.

x=0
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Similar to [20], we obtain

/ (W + (w2 + (W) dxdt
Q

9 9
= f (555)»642,3?6514/2 + 95’1 a2 B3 w? + iskzazﬁiewix> dxdt + I, (2.4)
Q

where Ip gathers the non-dominating terms and satisfies the requirement that, for any

& > 0, there exist sg > 0, Ao > 0 such that if s > sy, A > Ao, we have
Iz| <e¢ / (35A605w2 + sS)fLGswi + skzewfcx) dxdt. (2.5)
Q
Then we consider the boundary terms. Write

T T
3 3
/o () [¥h dt = /0 (—Es5ksa2ﬁ595w2 - 85’2 %a’B20°w? — Eska2ﬂx9wix

x=L
dt, (2.6)

—3ashOB,wiw, — a2s3)»3ﬂ§0;:’wwxx + BR)
x=0

where B can be estimated as follows:

1
|Br| = _Ss(az(pg)xwwx + Es3(ﬂ2¢§)xxwz
3 2

- Es(ﬂ(ﬂqu)x)xwx + 38a(apy) s WxWax

3 2,2 93/ 2.2 2 93 2
+95°a° Py PrxWWy — 55 (ﬂ ¢x¢xx)xw + 55 adxPrx(@ps) W

< C(53A403|w||wx| + 522203 w? +sk39w§ + 5220 | Wy [ Wi
+ 20403 W wy| + 2140w + s3k593w2).
For any ¢ > 0, there exist so > 0, 1o > 0 such that if s > 59, A > A, we have

|Brl < &(s°A°0°w? + $°220° w2 + sAOWL, ).

Now we estimate each term of the right-hand side in (2.6).

It is easy to deduce that

Wy = —Spe Py + e

ux;
we = —srePu + e Puy,

Wax = —SPuxe Pu + szqﬁie’wu — 250, % Uy + €V 1.
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Noting that u(0,t) = 14:(0,2) = u,(L, t) = us(L,t) =0, £ € (0, T), we have

w(0,8) =0,  w(L,t)=e**EIu(L,1),

wi(0,8) =0,  w(L,t) = eIy, (L, t) - sy (L, t)e ™ LDu(L, 1),
w,(0,2) = 690Dy, (0, ),

wy(L, t) = sAB(L)O (L, t)e**Eu(L, 1),

Wix(0,£) = 2518,(0)0(0, £)e**©D11,(0, £) + 6?0, £),

War(Ly £) = SA(Bax(L) + AB2(L) + sABZ(L)O(L, 1)) 0 (L, t)e " u(L, 1).

Since B, > r >0 and 0 > 0, we can obtain from (2.7)

>0,

3 3
555A5a2ﬁ£95w2 +8s°A3a’ B0 w? + iskaZ,Bwafm
x=0

T
/ (=3asiBOwiwy) |x=0 dt| =0,
0

T
/ (-a’s°A° B0 ww.) |, dt’ =0.
0

Taking (2.7) into account and choosing s and A large enough, we obtain

T 3 3 x=L
/ <—Essk5azﬁ,§95w2 -8s°2a’B0°w,, — Eskazﬁﬂwfm) dt
0 x=0
T
> —C/ (s°2°0°W? + $°2°0% w2 + showy,) |, dt
0
T
> —C/ (°1°0°eu?) |,y dt,
0
T
/0 (-3asrB.Owwy) 15§ dt‘
T
= |3ash / (BxOWeWy) la-r dt‘
0
T
= / (3as*A*B20%e P uu — 3as’ 1> B10° pe i) | _, dt‘
0
Tr3
[ (e e sasigsei)|
P

T
< C/ (52)»2936_2S¢u2 +s3A294e_25¢u2) |
0

x=L

T
< C/ (55k5956_25¢u2) | dt,
0

x=L

T
/ (-a?s* 2> B0 ww.) |Zé dt’
0

T
azsgkgf (B0 ww.) |, dt’
0

dt (since |¢| +16;] < C6?)

Page 7 of 11
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T
= |a’s’)? / (B20° (sABrxb + A B10 + 22 B20%)e %) | _, dt
0

T
< C/ (55A5956_25¢u2) lx=r dt.
0
Therefore
T T
x=L 54505 ~2s¢,,2
/0 O dtZ—C/O (s 120%e 20y ) ‘sz dt.

Combining (2.3)-(2.5), consequently,

/ (sS)LGGSW2 + s3A493w§ + skzewix) dxdt + / (|P1w|2 + |P2w|2) dxdt
Q Q

T
<C / |Pyw|* dxdt + C / (°2°0°e>?u?) | _, dt. (2.8)
Q 0

Returning w to e*?u, we can obtain (2.1). O

3 Inverse problem
We first state the well-posedness results for the KdV equation considered in this paper.
Following the methods developed in [20] with minor changes, we have

Theorem 3.1 Let ay, o be given positive constants, a € X(ag,a) and yo € W. Then system
(1.1) has a unique solution in Y.

Next, the local stability of the nonlinear inverse problem stated in Theorem 1.1 will be
proved following the ideas in [22]. For the sake of clarity, we divided the proof in several
steps.

Step 1. Local study of the inverse problem. Let a, a, y and y be defined as in Theorem 1.1.
Define u(x, t) := y(x, £) — y(x, t) and o (x) := a(x) —a(x). Then u solves the following equation:

g + a(X) s + (1 + )ty + Yt = 0 (X)Yaxx, D Q,

M(O, t) = Mx(Lr t) = uxx(Ly t) =0, in (0, T), (31)
u(x,0) =0, in (0,L).

T
2
with respect to time. Thus, v(x, £) := u,(x, t) satisfies the following equation:

In order to obtain an estimate of ¢ in terms of u(L, -) and u(-, 5), we derive equation (3.1)

Vet a®)Veex + L+ P)Vx +y,v=f, inQ,

V(O’ t) = Vx(L: t) = Vxx(Lx t) = Or in (O’ T);

v(x,0) = o (x)yy (%), in (0,L),
where f = 0 (%)Vxxxt — Vaelh — Vilhy.

Step 2. First use of the Carleman estimate. Similarly to the proof of the Carleman esti-
mate, we set w = e”*?v. Then we work on the term

r .
2
1::/ / wPywdxdt,
o Jo
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where P; has been defined in (2.2).
On the one hand,

T T
1 [z [ 1 [z (*F
15—/ / wzdxdt+—/ / |Pyw|* dx dt.
2Jo Jo 2Jo Jo

On the other hand,

5o 2,2 2
I= / f w(w, +3a8 P, Wy + AWyyy + 3as qﬁxq)xxw) dxdt
o Jo

1/L T
= — wl x, —
2 Jo 2

where

2
dx + R,

I L
2
R = / f (Saszfﬁiwwx T AWWyxy + 3ﬂ52¢x¢xxw2) dxdt
0 0

5ok 2 29 1 2 2
= =35 AP W — — AW’ + AW, — AW Wy | dx dt
o Jo 2
T

x=L
dt.

2(3 2 2 1 2
+ —AS QW™ + AWWyy — A WWy + — Ay W
0 2 2 x=0

Applying (2.7), we obtain

x=L
dt

T
2(3 5, 5 1 2
—ast oWt + AWWyy — AWWy + — AW
0 2 x=0

2

T

2(/(3
= / ((56152)43,69 +ash(Bu + ABL)0 + as*A> 107
0

dt.

x=L

1
— aysABiO + Eam) ezs¢v2>

For s and A large enough, it follows immediately that

L .
2
sIR > —C/ / (SPA50°w? + 230w + sAOw?,) dxdt
o Jo

~

2 (5,505 -2 2
+C‘/0 (s°1°0°e S¢v)|x=Ldt
T pL
> —C/ f (S°150°w? + $130%w2 + sAOw?,) dx dt.
o Jo
Combining (3.2)-(3.4) and the Carleman estimate (2.8), we conclude that
L T
J3)
0 2
s

I L T L
2 2 2 2 1
< / / w dxdt+/ / |Pyw|“dx dt —2s2R
o Jo o Jo

2

dx

[T

N

Page 9 of 11

(3.2)

(3.3)

(3.4)
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< C/(SSASQSWZ+S3A393wﬁ+sk9wix) dxdt+/ |Pyw|? dx dt
Q Q
T
< C/ 6_25“"f2dxdt+C/ (55k5956_25¢v2) |x:L dt,
Q 0

where we use the fact that 1+ 5 € L>(0, T; W»*(0,L)) and y, € L®(Q).
Noting that w = e™%v = e*?u,, it follows from (3.1) that

L T
[ 1=3)
0 2

L
:ﬁ/ (e*23¢|gjzxxx—auxxx—(l +5/)ux—yxu|2) |t=% dx
0

. T T
yxxx x}E u ')5

L

1 T 1
zsfnzf e‘zs¢(x'7)|a(x)}2dx—Cs7 .
0 H3(0,L)

2
dx

1
S2

2 ) 2
dx — Cs2

3

Step 3. Second use of the Carleman estimate. Considering

1 [F T 2
257/ e‘25¢(x’7)|o(x)|
0

H3(0,L)
2

f = O Yxxxt — Yxth — Ytlly,

Vaxxt € L2(0, T; HY0, L)), ¥ € L%(Q) and 3; € L®(Q), we have

/ e—2s¢f2 dxdt = / e |05/xxxt — Yxtlh _ytux|2 dxdt
Q Q

L T
<C / 293 |g (x)| / Frexat G, )| i dx
0 0

+ C/ ey + Y| dx dt
Q

L
< C/ e‘zs"’(x’%)‘a(x”z dx + C/ e % (u2 + ui) dxdt.
0 Q

Then we can apply the Carleman estimate (2.1) to (3.1),
/ e (u? + ul) dxdt
Q
T
< C/ € 2|0 Yux|* dx dt + C/ (s°A°0%e % u?) |, dt
Q 0
L r ) T

< C/ e @D |5 (x)|" da + C/ (s°150%e % u?) |x:L dt.

0 0

From (3.5)-(3.8), choosing s large enough, we deduce that

L
1 T
57/ e_zs¢(x,7>‘a(x)’2dx
0

T 2
< Cf (SS)\.595€_25¢(L£2 + Vz)) |x=L dt + Cs?
0

16

H3(0,L)

Page 10 of 11

(3.5)

(3.7)

(3.8)
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Taking into account that v = u; = 9;(y — ¥), the result of Theorem 1.1 directly follows
from (3.9).
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