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1 Introduction
We are concerned with the existence of denumerably many positive solutions of the
second-order singular impulsive Neumann boundary value problem

—x"(t) + Mx(t) = w()f (¢, %)), te],
_Ax/|t=tk :Ik(x(tk))r k=1,2,...,m, (1.1)
¥ (0)=x'(1) =0,

where M is a positive constant, ] = [0,1], tx € R, k=1,...,m, m € N, satisfy 0 = £y < £; <
by <+ <ty < tpa1 = 1, =AX|;—y denotes the jump of x'(¢) at ¢ = &, that is, —Ax'|,—;, =
x'((t)*) — ' ((2k)7), here &'((tx)*) and «'((tx) "), respectively, represent the right-hand limit
and left-hand limit of x'(¢) at £ = .

In addition, w, f and Ij satisfy the following conditions:

(H1) w(t) € L?[0,1] for some p € [1,+00), and there exists N > 0 such that w(t) > N a.e.
onJ;

(Hy) f e C( x R*R*), Iy € C(R*,R*), where R* = [0, +00);

(Hs) there exists a sequence {£;}7°, such that ¢ < 8, where § = min{#, %}, t; | t*>0and
limt_)tl( w(t)=+ooforalli=1,2,....

For the case M = 0 and [ = 0 (k =1,2,...,m), problem (1.1) reduces to the problem
studied by Kaufmann and Kosmatov in [1]. By using Krasnosel'skii’s fixed point theorem
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and Holder’s inequality, the authors showed the existence of countably many positive so-
lutions. The other related results can be found in [2—13]. However, there are almost no
papers considering second-order impulsive Neumann boundary value problem with in-
finitely many singularities. To identify a few, we refer the reader to [14-27] and the refer-
ences therein.

The main reason is that M # 0 in problem (1.1), which shows that the solution of prob-
lem (1.1) has no concave properties. On the other hand, under the case M # 0 and w(¢)
with infinitely many singularities, the properties of the corresponding Green’s function
for problem (1.1) are more complicated.

Our plan of the paper is as follows: in Section 2, we collect some well-known results to
be used in the subsequent sections. In particular, we also present some new properties of
Green’s function under the case M # 0 and w(¢) with infinitely many singularities. In Sec-
tion 3, we obtain some new sufficient conditions for the existence of denumerably many
positive solutions for problem (1.1). In Section 4, we give an example of a family functions
(t) such that (H3) holds.

2 Preliminaries
In this installment, we list some definitions and lemmas which are needed throughout this

paper.
LetJ =]\ {t1,t3,...,t,} and E = C[0,1]. We define PC'[0,1] in E by
PC'0,1] = {x € E: &/ (t) € Cti, tr1), I (£), & (¢), k = 1,2,...,m}. (2.1)

Then PC'[0,1] is a real Banach space with norm

el pct = max{llxlloc, '] ). (2.2)

where [[x]loc = sup,¢; [%(£)], 1¥' [l = sup,; [¥'(£)].
Suppose that G(¢, s) is the Green’s function of the boundary value problem

—x"(t) + Mu(t) = 0, x(0)=x'(1) =0,

then

IA
“n
IA
=
IA

IA
=~
IA
[}
IA
—_ =

Gl(t,s)

1 coshy(1—-¢t)coshys, 0
y(1-1) y 2.3)
0

~ ysinhy | cosh y(1 -s)coshyt,

Lemma 2.1 By the definition of G(t,s) and the properties of sinhx and coshx, we have the
following results.
(a) Foranyt,s€],thereis

h
<Glts) < — _p (2.4)
y sinh y

- y sinh y

Then it follows from (2.4) that

A < G(t,s) <G(s,s) <B.
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(b) Foranyt €(0,4),

/

A — < Glt,s) < .
y sinh y y sinh y

coshy(1—-rt)coshyt

, Vte [r, r,:],s eJ, (2.5)
where

7, =max{l-7,1- ]}, D =max{coshyt,coshy(1-7)}, k=1,2,3,...,m.

1 —sinhy(1—t)coshys, 0<s<t<l,
Gy(t,5) = — y(-f)coshy (2.6)
sinhy sinh y (1 - s) cosh y ¢, 0<t<s<l,
and
max |G;(t, s)| <sinhy. (2.7)
t,s€j,t#s

Proof We can get equations (2.4)-(2.7) by the definition of G(¢,s), so we omit it here. O

To establish the existence of positive solutions to problem (1.1), for a fixed t € (0, ), we
construct the cone K; in PC'[0,1] by

K, - {x € PCY[0,1]: x(£) = 0,¢ € ], min x(£) > oy |l*] pea ] (2.8)
te[r,rlé]
where
D/
Uk:%k) k=1,2,...,m, (2.9)
oy sinhy
o = max{B,sinhy}. (2.10)

It is easy to see K is a closed convex cone of PC'[0,1].
Let {7;}?°, besuchthat ¢},; < 7; < £/, i=1,2,.... Then for any i € N, we define the cone K,

by
K, = {x(t) € PC[0,1]:%() = 0,¢ €, min x(t) = oullxlpct } (2.11)
telr;,t),
where
D,
th=max{l-7,1-t},  op=——Hh—, (2.12)
oy sinhy
D) = max{coshyri,coshy(l - r,i)}, i=1,2,...,k=1,2,...,m. (2.13)

It is easy to see K, is a closed convex cone of PC'[0,1].

Remark 2.1 Foranyi=1,2,...,k=1,2,...,m, it follows from the definition of oy and o
that 0 < o, 0 < 1.



Wang and Feng Boundary Value Problems (2017) 2017:50 Page 4 of 12

Lemma 2.2 If (H;)-(Hs) hold, then problem (1.1) has a unique solution x given by
1 m
x(t) = f G(t,)w(s)f (s,%(s)) ds + Z G(t, ) I (L x(8) ).
0 k=1

Proof The proof is similar to that of Lemma 2.4 in [26]. O

Definition 2.1 A function x(¢) is said to be a solution of problem (1.1) on J if:
(i) x(t) is absolutely continuous on each interval (0, 4] and (&, txs1], kK =1,2,...,1;
(ii) forany k=1,2,...,m, (), (&) exist;
(iii) x(¢) satisfies (1).
Define an operator T : K; — PC'[0,1] by

(Tx)(¢) = / G(t, s)a)(s)f(s,x(s) ds + ZG(t tk)lk(tk,x(tk)) (2.14)

k=1

From (2.14), we know that x(t) € PC*[0,1] is a solution of problem (1.1) if and only if x is
a fixed point of the operator T Also, for a positive number r, define 2, by

Q, = {x € PC'[0,1] : |lxl|pc1 < 7}.
Note that 92, = {x € PC'[0,1] : ||x||pc1 = 7} and Q, = {x e PC'[0,1]: Il pcr <1}

Definition 2.2 An operator is called completely continuous if it is continuous and maps

bounded sets into pre-compact sets.

Lemma 2.3 Assume that (Hy)-(H3) hold. Then T(K;) C K; and T : K; — K, is a com-

pletely continuous.

Proof Fort €], x € K, it follows from ((2.5)) and (2.14) that

(Tx)(¢) = / G(t,s)w( s)f(s x(s) ds + Z G(t, tk)lk(tk,x(tk))

k=1

< B|:/ (s)f (s, %(s)) ds + Zlk (i x(t) )i| (2.15)

k=1

On the other hand, it follows from (2.6), (2.7) and (2.14) that

Tx) (t)| = ‘/ G,(t,s)w(s)f (s, x(s)) ds + Z G, (t, )L (t %(tx))

k=1

/ |G, (£, 5)|w(s)f (5, %(5)) ds+Z|G (ABPATED)

k=1

<sinhy |:/01 w(s)f(s,x(s)) ds + Zlk (tk,x(tk)):|. (2.16)
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For any ¢ € J, combined with (2.15) and (2.16), we have

1 m
| x|l pcr < p |:/0 w(s)f (s, x(s)) ds + Zlk(tk’x(tk))}‘ (2.17)

k=1

Then, by (2.5), (2.8) and (2.17), we have

min (7x)(¢) = min |:/01 G(t, s)a)(s)f(s,x(s)) ds + Z G(t, tk)Ik(tk,x(tk)):|

telr,7] telT,7g] k-1

D 1 m
> y sinkhy |:/0 a)(s)f(s,x(s)) ds + Zlk(tk,x(tk)):|

k=1

D 1 m
ko |:./o w(s)f (s,x(s)) ds + Zlk (tk:x(tk))]

z
py sinhy o
> okl Txll pc1 - (2.18)
Evidently, T(K;) C K;.
Next, we prove that the operator T : K; — K; is a completely continuous.
It is obvious that T is continuous.

Let By = {x € PC'[0,1] | ||%| pcx < d} be bounded set. Then, for all x € By, by the defini-

tion of || Tx|loos | T¥ llcos || TX|| pc1, we have

I Tl 0o = sup| Tx(t)|
te]

1 m
< B|:/ a)(s)f(s,x(s)) ds + Zlk (ter(tk)):|
0 k=1

< B(llwll,L + mL*)

<sinhy |:/01 w(s)f(s,x(s)) ds + Zlk (tk,x(tk)):|

k=1

<sinhy (o[:L + mL*)

=Ty,
and
Tl pcr = max{ Talloe, | 72| o } < max{To, I,
where
L= e Sx), L =max{Lk=12,...,m),
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L= max Ik(tk,x(tk)).
te] xeke, %l po1 <d

Therefore T'(B,) is uniformly bounded.
On the other hand, for all #;, ¢, € J; with £ < £, we have

[(Tx)(81) - (Tx)(82)| = <Nlt-t|—>0 (t—t).

/ tz(Tx)’(t) dt

4]

Noting (2.7), we know that G'(¢,s) is a constant and
1
(Tx) (1) - (Tx) (&) | = ‘/o [G(t1,5) — G(t2,5) |w(s)f (s, %(s)) ds
+ Z 111, 1) = Gyt ) [kt 2(8))

/ ‘G t,8) — tz,s)‘a)(s)f(s,x(s)) ds
+ ZIG;(tl,tk) - Gy(to, ) [ Ik (o x()) = 0 (61— 1),

which shows that T'(B,) is equicontinuous. The Arzela-Ascoli theorem implies that T is
completely continuous, and the lemma is proved. d

Lemma 2.4 (Holder) Lete € L?[a,b] withp >1, h € Li[a,b] with q > 1 and}? + é =1. Then
eh € L'[a,b) and

lleklls < llellpliAlly
Letec L'[a,b], h € L®[a,b]. Then eh € L'[a, b] and
llenlls < llell1llAlloo-

Lemma 2.5 (See [28]; fixed point theorem of cone expansion and compression of norm
type) Let E be a Banach space, P be a cone in E. Assume that Q, 2y are bounded open
subsets in E with 0 € Q, and Q; C 0y, where 0 denotes zero operator. Suppose A : PN (Q, \
Q1) — P is completely continuous such that either

(i) [IAx] < llx[l, Yx € PN 0<; |[Ax]| > [lx]l, Yo € PN 3S20;

(ii) llAx| < [lxll, Vx € PN OQ; ||Ax]| > [lx], Yx € PN 382
Then A has a fixed point in PN (2 \ ©1).

3 Main results
In this section, using Lemmas 2.1-2.5, we give our main results in the case w € L[0,1];
p>l,p=1landp=o0.

For convenience, we write

) A
D = max{[|Glgll@lp, |Gl @]l Blwlh }, Po = mln{l, m}
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Firstly, we consider the case p > 1.

Theorem 3.1 Assume that (H,)-(H3) hold. Let {r;};5, and {R;}°, be such that
R,’+1 <Ot <7rj <L07’[ <R[, i= 1,2,...,/(: 1,2,...,}’}’1,

where

{ y sinh y 200 }
Ly = max

’ ’2
A(N +m)D, D+ mB

For each natural number i, we assume that f and I satisfy:

(Ha) For any t €], x € [0,Ri], f(t,%) < MoR;, and for any x € [0,Ri], k € {1,2,...,m},
I(x(ty)) < MoR;, where

0<My< L0
D +mB

(Hs) Foranyt €], x € [oxr,ri), f(t,x) > Lor;, and for any x € [oyr, 1], k € {1,2,...,m},
Ii(x) = Lor;.

Then problem (1.1) has denumerably many positive solutions {x;(t)}%, such that
riSHxi”PClSRi; i:1;2)~~'-
Proof We consider the following open subset sequences {€2;;}55, and {25}, of PCY0,1]:

{11 = {x € PC'[0,1] : |x] pr < Ri};
{23 = {x € PC'[0,1] : |xllpcr < 73}

Let {7;}?°, be as in the hypothesis and note that 0 < £/,; < 7; < £, <8, i=1,2,....
For fixed i, we assume that x € K3, N 02, then for any t € J

ri = |Ixllpct = x(t) = I[nin, x(t) = oillxll pct = ouri.

Noticing (2.5) and (2.14), for all x € K, N 92y, by (H:) and (Hs), we have

1 m
(Tx)(2) = /0 G(t, ) (s)f (s,%(s)) ds + Z G(&, t) I (x(tx))

k=1

1 m
> min [ f G(t,9)(s)f (5,(s)) ds+ZG(t,tk)Ik(x(tk))]
0

telr,5] )

D/
> k

1 m
Z by |:/0 a)(s)f(s,x(s)) ds + EI/((x(tk))j|

Dl

> S sinhy |:N/; ikf(s,x(s)) ds+ min Zlk(x(tk)):|

i tke[fi‘f;k] k=1
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/
>

” smh Lo(N + m)r;

> ri = 1%l pcts
which shows that

ITx|lpcr = |l%llpcr,  Vx € K, MOy, (3.1)

On the other hand, for all ¢ € ], x € P; N 382y, we have x(£) < ||x| pc1 = R;.
Noticing (2.4) and (2.14), for all t € J, x € K;, N 924, by (H4), we have

(Tx)(¢) = / G(t,s)w( s)f(s x(s) ds + Z G(t, tk)lk(x(tk))

k=1

< MyR; / G(s, s)w(s) ds + MoR; ZG(t &)
k=1

< MoRilIGllgllwll, + MoR;mB
< My(D + mB)R;

<R; = ||x|lpct. (3.2)

Moreover, by (2.6), (2.16) and (H4), we have

1 m
|(Tx)' (8)| < /o |G,(t,)|w(s)f (s, %(s)) ds + Z|G2(t, £ I (x(2))
k=1

1 m
<sinhy |:/ w(s)f (s, x(s)) ds + Zlk (x(tk))i|
0 k=1

. 1 “
< Sy { | G900 (sx00) ds+ Y- 66 S”k("“k))}

k=1

h
sm 14 |:/ G, ||w||pf(S,x(S) ds+BZIk x(tk) :|

sinh y

IA

(MoRilIGllgllwll, + BmMoR;)

<M, s1nhy

(D + mB)R;
<R = |*lpct. (3.3)
From (3.2) and (3.3), we have
1 Txllpcr < Ixllpct,  Vx € Ky, MOy, (3.4)

Applying Lemma 2.5 to (3.1) and (3.4) shows that the operator T has a fixed point x; €
K;N (€2,//21,;) such that r; < ||x;]| < R;. Since i € N was arbitrary, the proof is complete. (]

The following results deal with the case p = co.
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Theorem 3.2 Assume that (H))-(H3) hold. Let {a;}°, and {b;}3%, be such that
a1 <Uikbi <bi <L0b,’ <ai i= 1,2,...,k= 1,2,...,m.

For each natural number i, we assume that f and Iy satisfy (Ha) and (Hs), then problem

(1.1) has denumerably many positive solutions {x;(t)}?°, such that
ri < |xillpcr <R, i=1,2,....
Proof Let ||G|l1||o|l« replace ||Gll,ll@]l, and repeat the previous argument. O

Finally, we consider the case of p = 1.

Theorem 3.3 Assume that (H1)-(Hs) hold. Let {a;};°, and {b;}°, be such that
ais1 <Gikbi <bl' <L0bi < aj, i= 1,2,...,/(: 1,2,...,1’}’[.

For each natural number i, we assume that f and Iy satisfy (Hs) and (Hs), then the prob-
lem (1.1) has denumerably many positive solutions {x;(t)}}% such that

ri§||xi||PC1 <R, i=12,....

Proof Similar to the proof of (3.2) and (3.3), for all ¢ € [7;,6 — ©;], x € K; N 982y, then
x(2) < ||%llpcr = R;.
Since (2.4) and (2.14), for all x € K, N 0213, by (Ha), we have

1 m
(Tx)(t) = /(; G(t,)w(s)f (s,%(s)) ds + Z G (&, ti) i (o x(2))

k=1

1 m
< Bloly [ (556 ds +5 3 (1 (00)

k=1
< MoR;B||lw|ly + mMoR;B
<M (D + WlB)Rl

<R = ||lxllpct, 3.5)

and by (2.4), (2.7), (2.16) and (Hy),
1 m
() ()| < /0 |G}(t,8)|w(s)f (s,%(s)) ds + Z’Gi(t, IIACE)!
k=1

<sinhy |:/01 a)(s)f(s,x(s)) ds + Zlk (tk,x(tk))i|

k=1

. 1 =
< Suj Y [/ G(s,8)(s)f (5,4(s)) dis + Z Gls, S)[k(tk’x(tk)):|
0 k=1
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. 1 “
< Sy [ | Bl (s.x0) dS+BZIk(fk”‘(tk))}

k=1
sinh y
< (MoR;B|||| + BmMoR;)
sinh
< Mo B(D + m)R;
=R = [*llpct- (3.6)

From (3.5) and (3.6), we have
ITxlpcr < Ixllpct, V€ Ky MO,
Similarly to the proof of Theorem 3.1, we can finish the proof of Theorem 3.3. O

4 An example

From Section 3, it is not difficult to see that (H3) plays an important role in the proof
that problem (1.1) has denumerably many positive solutions. As an example, we consider
a family of functions w(t) as follows.

Example 4.1 Letk=m=1,¢ = 3, and

1
3

n

’o_ 1 —
t”‘tl_; Gr0Gr G Gr ey "R

It is easy to see that

;39 1
f=—<=,
120 3
t—t .= ! =12
nIm T Gy D+ 3)(m+ 4)(m +5) e
and
> 1 1 1 23 1

t = lim t, =t — =225
noo " ;(i+1)(i+2)(i+3)(i+4) 372 7274

00 1 _ 1
where } %) GDE)3)s ~ 72
Let

o(t)= Y o), te],

i=1
where

1 tl”l+t}/’l+1

2n4(t;,+t;+1)’ te [0’ 2 )’
t,+t

L ) te [n—m.l, t/ );

N 2 7

wn(t) = 1 , ot .

e
ﬂ’ te [tnl 2 ]7

2 ty+t, _y

ey L€l
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oo 1 x* oo 1 t
From ) 7 -7 = §5 and } .7, =5 = %, we have

i/l i (t;,+t;l+l)/2 1 1 2
wu(2) dt = {/ 7dt+/ — = it
i=1 0 i=1 0 2?14'(1',” + t;/1+1) (t'71+t;,)/2 2714(2 -1, - t;/qfl)

n n

tn 1 (t),_1+t)/2 1
+ / ——dt+ —_— dt}
(

ot )2 /b — t t JVE-t,
oo 1 oo
VY (V- )+ (G- 8)
i=1

i=1

mt = 1 2
~ 90 +ﬂ;[(n+2)(n+3)(n+4)(n+5):|

o . }
* ﬁ;[(n+l)(n+2)(n +3)(n+4)]

wt \/—"" 1 f” 1
< —+4/2 — +4/2 —
~ 90 izzlrﬂ ;nz

i 2
LA
90 +V2 3

Thus, it is easy to see

1 1 © |
/ a)(t)dt:/ an(t)dt=2/ w,(t) dt < 0.
0 0 a1 i=1 Y0
Therefore, w(t) € L1[0,1], which satisfies condition (H3).
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