Peng Boundary Value Problems (2017) 2017:64 0 BOU nda ry Va | ue PrOblemS

DOI 10.1186/513661-017-0793-x

a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

The existence and concentration of
ground-state solutions for a class of Kirchhoff
type problems in R? involving critical Sobolev

exponents

Chaoquan Peng”

"Correspondence:
pcq1979@163.com

School of Mathematics and
Statistics, Central China Normal
University, Wuhan, 430079,

PR. China

@ Springer

Abstract

We are concerned with ground-state solutions for the following Kirchhoff type
equation with critical nonlinearity:

~(g?a+eb [z IVUl ) Au+ VXU = AW |ulP?u+lul*u  inR?,
u>0, ueH(R3,

where ¢ is a small positive parameter,a,b >0, A > 0,2 <p <4,V and W are two
potentials. Under proper assumptions, we prove that, for € > 0 sufficiently small, the
above problem has a positive ground-state solution u, by using a monotonicity trick
and a new version of global compactness lemma. Moreover, we use another global
compactness method due to Gui (Commun. Partial Differ. Equ. 21:787-820, 1996) to
show that u, is concentrated around a set which is related to the set where the
potential V(x) attains its global minima or the set where the potential W(x) attains its
global maxima as ¢ — 0.
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1 Introduction

In this paper, we study the following Kirchhoff type equation with critical nonlinearity:

—(%a+eb [ |Vul)Au+ V(x)u = AW (@) [ulP2u + [ul*u  inR3,

(L1)
u>0, u € HY(R3),

where ¢ is a small positive parameter, a,b > 0,1 > 0,2 <p < 4.
Problem (1.1) is a variant type of the following Dirichlet problem of Kirchhoff type:

—(a+b [, |Vul*)Au=f(x,u) inQ,
u=0 onad<,

(12)

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13661-017-0793-x
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-017-0793-x&domain=pdf
mailto:pcq1979@163.com

Peng Boundary Value Problems (2017) 2017:64 Page 2 of 28

where @ C R is a smooth domain. Such problems are often referred to as nonlocal be-
cause of the presence of the term (fQ |Vu|?) Au, which implies that equation (1.2) is no
longer a pointwise identity. This phenomenon provokes some mathematical difficulties,
which make the study of such a class of problems particularly interesting. On the other

hand, problem (1.2) is related to the stationary analog of the equation

uy —(@+b [ |Vaue)Ayu = f(x,u) (x€Q,t>0),
u(t)lpe=0 (£=0),

1.3)

proposed by Kirchhoff in [2] as the existence of the classical D’Alembert wave equations
for free vibration of elastic strings. Kirchhoff’s model takes into account the changes in
length of the string produced by transverse vibrations. In (1.3), # denotes the displace-
ment, f(x, u) the external force and b the initial tension, while « is related to the intrinsic
properties of the string (such as Young’s modulus). We have to point out that nonlocal
problems also appear in other fields as biological systems, where u describes a process
which depends on the average of itself (for example, the population density). After the pi-
oneer work of Lions [3], where a functional analysis approach was proposed, the Kirchhoff
type equations began to arouse the attention of researchers.

In [4], Alves, Corréa and Ma used the mountain pass theorem to get the existence result
of the following Kirchhoff type problem:

M(fQ|Vu|2)Au:f(x,u) in €,
u=0 ondQ,

where Q is a smooth bounded domain in RY, M is a positive function, and f is of subcritical
growth.

In [5], Arosio and Panizzi proved the well-posedness (existence, uniqueness and contin-
uous dependence of the local solution upon the initial data) of the Cauchy-Dirichlet type
problem related to (1.3) in the Hadamard sense as a special case of an abstract second-
order Cauchy problem in a Hilbert space.

In [6], Perera and Zhang studied (1.2) under the conditions N =1,2,3, f is a Carathéo-
dory function on 2 x R and satisfies lim;_, o f(;‘—f) =1, im0 J% = p uniformly forx € Q.
They used the Yang index and critical group to obtain a nontrivial solution of (1.2).

In [7], He and Zou considered and obtained infinitely many solutions of (1.2) by using a
local minimum method and the fountain theorem.

In [8], Chen et al. considered the following Kirchhoff type equation:

—(a+b [ |Vul*) Au = 2f (0)|ulu + g®)|ulPu  inQ,
u=0 onodg,

where € is a smooth bounded domain in RN with 1 <g<2<p <2* (2% = z\% if N >3,
2* = o0 if N = 1,2), the weight function f,g € C(Q) satisfies max{f,0} # 0 and max{g,
0} # 0. By using the Nehari manifold and fibering map methods, multiple positive so-

lutions were obtained under proper assumptions.
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Recently, in [9], Li and Ye studied

—(@+Db [os IVul) Au+ V(x)u = [ulP>u, xecR? 14)
u € HY(R3), u>0, xeR3, 3<p<6, '

and the potential V satisfies

(V1) V(x) € C(R3,R) is weakly differentiable and satisfies (VV(x),x) € L3 (R3) U L%(R?)
and V(x) - (VV(x),x) > 0 a.e. x € R3.

(V2) V(%) < liminfjy_ .o V(y) < +00 and the inequality is strict in a subset of positive
Lebesgue measure.

(V3) inf,cm@sy o) W >0.

They proved that (1.4) has a positive ground-state solution. For more results, we can refer

to [7,10-13] and the references therein.

We note that problem (1.4) with b = 0 is motivated by the search for standing wave
solutions for the nonlinear Schrdodinger equation, which is one of the main subjects in
nonlinear analysis. Different approaches have been taken to deal with this problem under
various hypotheses on the potentials and the nonlinearities (see [14, 15] and so on).

Our motivation to study (1.1) mainly comes from the results of perturbed Schrédinger

equations, i.e.
—2Au+ V(x)u=|ul"u, xeRN, (1.5)

where 2 < g <2*, N > 1.

Many mathematicians proved the existence, concentration and multiplicity of solutions
for (1.5), we refer to [1, 16—18].

Under the condition

(Va) Vo =liminfiy_ o V(x) > Vo =inf, gy V(%) > 0

on V(x), He and Zou in [19] studied (1.1) with the nonlinearity replaced by f(u), where
f € CH{R*,R*) and satisfies
(AR) Ju > 4 such that

0<,u/f(s)ds§f(u)u forall u >0,
0

limsﬁog =0, limm_mo% =0 for some 3 < g <5 and % is strictly increasing for s > 0.
They obtained the existence, concentration and multiplicity of solutions for (1.1) by the
same arguments as in [16—18]. In [20], Wang et al. extended the result of [19] with the
case that the nonlinearity is of critical growth.

2 Main results
Before stating our theorem, we first give some notations. Set

7:=minV, Vi={xeR>: V(x) =1}, Too:= lim V(x),

R3 |x|—o00

K :=max W, W= {x eR®: W(x) = K}, Koo := lim W(x).

R3 [x|—o00
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We will use the following hypotheses on the potentials:

(P1) Vand W are bounded locally Hélder continuous functions with 7 > 0 and infgs W > 0.
(P,) Either (i) T < T and there exist R > 0, x, € V such that W(x,) > W(x) for all |x| > R,

or (ii) k > ks and there exist R > 0, x,, € W such that V(x,,) < V(x) for all |x| > R.
(P3) V and W are weakly differentiable and satisfy

(V V(x),x) el (RS) for some r; € [%, oo:|

and

(VW (x),x) e L2(R?) forsomer; € [%,oo]

with
(g-2)V(x) - 2(V V(x),x) >0, p-qW(x)+ Z(V W/(x),x) >0, aeR3

for some 2 < g < p, where (-, ) is the usual inner product in R3.

Note that the idea of introducing condition (P;) is actually due to Ding. In [21], Ding
and Liu studied the existence and concentration of semiclassical solutions for Schrédinger
equations with magnetic fields under the condition (P;). It seems that, under the condi-
tions (P;), (P,), the existence and concentration behavior of positive solutions to (1.1) have
not ever been studied. So in this paper we shall fill this gap. Precisely, we will find a family
of positive ground-state solutions for (1.1) with some properties, such as concentration
and exponential decay.

Observe that, in case (P,)-(i), we can assume that W (x,) = max,cy W (x) and set

A= {xeV: W) =Wk)|U{xeV: W) > W)},
in case (P,)-(ii), we can assume that V(x,,) = minyc)y V(x) and set
Ay={xeW: V(@) =Vx)U{x e W: V(x) < V(x,)}.

Obviously, A, and A,, are bounded. Moreover, A, = A, =VNW if VNW # . In par-
ticular, A, =V if W is a constant and A,, = W if V is a constant.

Our main results are as follows.

Theorem 2.1 Let (Py), (P3) holds. (A) Suppose (P,)-(i) holds.

(a1) There exist A* > 0 and €* > 0 such that, for each A € [A*,00) and ¢ € (0,¢*), (1.1) pos-
sesses a positive ground-state solution u, € H'(R3). If additionally, V and W are uni-
formly continuous functions on R3, then u, satisfies:

(aa) there exists a maximum point x of u, with

lim dist(x,,.4,) = 0,
e—0
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(a3) 3C,Cy >0,
C.
u.(x) < C GXP<——2|x—xs|>.
€

(B) Suppose (P,)-(ii) holds, then all the conclusions of (A) (with A, replaced by A,,) re-
main true.

The proof is based on the variational method. The main difficulties in proving The-
orem 2.1 lie in the fact that the nonlinearity A W (x)|u|P~2u + |u|*u (2 < p < 4) does not
satisfy the (AR) condition, which prevents us from obtaining a bounded (PS) sequence
and the lack of compactness due to the unboundedness of the domain R3 and the non-
linearity with the critical Sobolev growth. As we will see later, the competing effect of
AW () |ulP~2u + |ul*u (2 < p < 4) and the lack of compactness of the embedding prevent
us from using the variational method in a standard way.

To overcome these difficulties, inspired by [22], we use a proposition due to Jeanjean
(Proposition 2.2 below) to construct a special bounded (PS) sequence and we recover the
compactness by using a version of global compactness lemma (Lemma 3.4 below).

To complete this section, we sketch our proof.

We will work with the following equation, equivalent to (1.1):

—(@a+Db [os IVul®) Au+ V(ex)u = AW (ex)|ul’u + |u|*u  inR?,
u>0, u € HY(R3),

with the energy functional

1 2
I.(u) = E/ |Vu|? + —/ V(ex)u® + é(/ |Vu|2>
2 R3 2 R3 4- R3

_& +P_l +\6 1(m3
5 RBW(sx)(u) 6_/]1@3(”)’ u e H'(R®).

We can easily check that I, possesses the mountain-pass geometry. But it is difficult to get
the boundedness of any (PS) sequence for 2 < p < 4. To overcome this difficulty, in the

spirit of [9, 13], we use the following proposition due to Jeanjean [22].
Proposition 2.2 (Theorem 1.1 of [22]) Let X be a Banach space equipped with a norm

| - lx and let ] C R* be an interval, we consider a family {®,},<; of C'-functional on X of
the form

D, (1) =Au) — uB(u), Yuej,

where B(u) > 0, Yu € X and such that either A(u) — +00 or B(u) — +00 as ||ullx — oo.

We assume that there are two points vy, v in X such that

¢u = inf max D, (y (1) > max{®,(n), @, (n)}, VYueJ,
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where

I'={y e C([0,11,X) : ¥(0) = v, y(1) = vo }.

Then, for almost every ju € ], there is a bounded (PS)., sequence for ®,, that is, there is a
sequence {u,(u)} C X such that
(i) {u,()} is bounded in X,

(ii) @, (un(p)) — cp,
(i) @', (un(w)) — 0 in X7, where X~ is the dual space of X.

Applying Proposition 2.2 to the following functional:

1 b >
L (u) = g/ |Vul® + 5/ V(ex)u® + E(/ |Vu|2>
R3 R3 R3

A e, L +\6 1 (103
_M[;/ng(gx)(u) +g/ (u%) i|, ueH (R®), n€[1-8,1],

R3

then, for a.e. 1 € [1-8¢,1], & > 0 small but fixed, there exists a bounded (PS),, , sequence
{u,} for I, in H'(R®), where c; ,, 8o are given below.

In order to prove that /., , satisfies the (PS),, , condition, inspired by [9], we will establish
a version of global compactness lemma (Lemma 3.4 below).

At last, we note that the concentration result in Theorem 2.1 is obtained by using a

similar method which is related to Proposition 2.2 in [1].

3 Proof of Theorem 2.1

The equation

—(@+Db oz IVul>) Au+u=AMulPu+ |ul*u  inR3 3.1
u>0, u € H'(R?), .
is the limiting equation of (1.1). In view of [23], we have the following.

Proposition 3.1 Equation (3.1) has a positive ground-state solution i € H(R3) with ¢ <
1abS® + b3S + L (b2S* + 4aS)?, where c is the least energy level of (3.1).

Equation (1.1) can be rewritten as

—(@+b [o3 | VulP)Au+ V(ex)u = A\W (ex)|ulP2u + |u*u  inR3,
R

(3.2)
u>0, u € H'(R3),

and the corresponding energy functional is

1 b 2
Lw) =2 |Vup+ —f V(ex)u® + - / Vul?
2 R3 2 R3 4 R3

_2 /R WD) - / (), ueH (B).

R3
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Since V is bounded and t := mings V > 0,

1
2
llalle = (/ [Vul® + V(8x)u2>
R3

is an equivalent norm in H*(R?).
By Proposition 3.1, for any x, € R?, let w, be a positive ground-state solution to the

equation

—(a+b [os IVul®) Au+ V(xo)u = W[AW (o) |uPu + |u|*u]  inR3,
u>0, u € H'(R3), O<p<l,

with the energy functional

2
a , 1 b
oowsgn =5 [ 190 3 [ veont ([ 1vur)

—E/LA/‘ W(xo)(u+)p—l/L/ (u+)6, ueHl(R3),0<,u§1.
p R3 6 Jps

Denote the mountain-pass level of Iy(y), 2 bY cvixg), . From [23], we see that
CV (o), W(xg)pt °= inf max fy M40
(x0), W (x0) .14 €Ty oWy fel0L] (x0), (xo)/t(V )
= inf  max/y () = inf Ly(xg), Wixg), (18) > 0,
wert @0y 150 OOt o O

where

Ty wiow = {¥ € C([0,1], H'(R?)) : ¥(0) = 0, Iy (x), wixo)u (¥ (1)) < 0},
My eg) wixgy = {1 € H' (RX)\{0} : Gy (ag),wxg), (4) = 0}

and
GV(x0), W (o), (1) =2zz/ |Vu|2+4/ V(xo)u2+2b(/ |Vu| )
R3 R3

6
—pc[p+ A on +2/ (u+ :|
V4 R3 R3

We have the following lemma.

Lemma3.2 Forany {j,} with w, — 17, up to a subsequence, 3{y,} C R> such that {w,,, (x+
yn)} is convergent in H*(R3).

Proof Since

CVixo), Wixo), 3 = €Vx0),W(xo)in

1
= 1v(xg), W)t (Wia,y) = ?Gvuw,wm),un (Wp,)
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p+2 9 p-2 /‘ 9
= \Y \%4
2(p+6)a ]R3| Wunl" 2(p +6) Jr3 (xO)W“”

2 6
4(p+6) </ | W"”') 6(p+6) /Wﬂn’

{w,,} is bounded in H'(R3).
By the vanishing theorem, 3{y,} C R® and set w,,, (x) := w,,, (x + y,,), we may assume that
Jw € HY(R?)\{0} such that

W — i in H'(R3),
Wy, > w inL{ (R®) foralll <s<6,

Wy, —> W ae. inR3.
Moreover, w satisfies
—(a+bAY) A + V(xo) v = AW (xo) (W) + (")’

where A2 = im0 3 |V, 1> and fi3 |ViK]* < A2

Next, we claim that
M ey ), wiwo)an = CViwo) W o)1+ (3.3)

dl
Indeed, 3¢, > 0 such that (w1);, € My (xy),w(x0)u,> then %W”((Wlm

that {¢,} is bounded. Hence, we have

|¢=t, = 0 shows

V0l Wixo) < CV(xo),Wrohitn < Vo) Wixon (W1)e,)
1 1
— Iy (1)) + (1= ) / W o)), + ~ (1= o) f (w)?
p R3 6 R3

< Iv(ag), wixg)1(W1) + 0(1) = Cv(xg), wixg)1 + (1),

(3.3) holds.
Since limy— o s |V, 1> > I |Vw|?, we check that GV(xg),W(xo)1 (W) < 0, then by (3.3),
we get w,,, — win H'(R3). O

By Lemma 3.2, ﬁ/ﬁn, W, ﬁ/in are uniformly integrable near co. Since {u,} is arbitrary,

then 33y > 0 small but fixed, {y,} C R? forall 1 € [1 - 8o, 1],
ﬂ/z, wh, Vvi are uniformly integrable near oo, (3.4)

where W, (x) := w,, (% + y,).
Next, we will show that 3C > 0 which is independent of 1 € [1 — 8y,1] such that

/st§+/st22@. (3.5)

Indeed, assuming the contrary, 3{u;} C [1 - 8p,1] with u; — 17 such that

w2+ | w® -0 asj— oo
" n
g 7 Jrs
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In view of the definition of Wy

2
2 2 2 6
a[RB [Vw,,| +./]R3 V(xo)wﬂj +b</R3 [Vw,,| ) :AM,LB W(xo)wﬁj +;L,«/Rs Wi

then [[wy, |l ;ng3) — 0 as j — 00, which contradicts cy(xy),w(x)1 > 0 by (3.3).
Consider the following functional:

1 b 2
Lo=2 vuP+> [ Viewu?+° |Vu)?
o+ 2 R3 2 R3 4 R3

“uly Wty g [ 6] werE) e

Denote

1 b 2
A(u) = Z/ |Vu)? + —/ V(ex)u® + —(/ |Vu|2>
2 R3 2 R3 4 R3

and

. & +\P l +\6
B(u) := [p/RB W (ex)(u") +6_/Ra (u%) ],

we will show that A(x) and B(u) satisfy the conditions of Proposition 2.2 for & > 0 small.
For any u € H'(R3),
A 1
= Wex)(u) + = / (u+)6 >0
p Jrs 6 Jrs

and

a 1 b 2
—/ |Vul? + —/ V(ex)u® + — / IVul>] — +00 as ll 2]l 2 3y — 00.
2 R3 2 R3 4 R3

Set W)= 00(/6 5 = )5 = 32

o2 ), where 7 is a smooth cut-off function with 0 <
n <1,n=10nBi(0), n =0 on R}\B,y(0), V| < C.

Since &y > 0 is small, we may assume that 1 - §¢ > %, then I, , (1) < 1||V||Loo,ian,% (u) and

1 Vlzoo,inf W, % (Wee)

a 1 b 2
== VW ii?+ =1Vl [ W2 . += VW, ..
2/]1{3' el % IV /R 8,M,t+4(fRs| ol

A , 1 6
- —infW Weut = = W ..
2p gy 12 Jps M

x_*
2 a2 a4

2

x=

[ 190 Ve &) 4 n(Vex) Vi, ()
e Wit [ (V) )

- < /R |Vn(VE) i (<) + n(vEx) Vit (x’)|2)2
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- oinfwer [ (e ()

2p r3

1 N /
_Etu'/RBTﬁ(«/gx)Wz(x)

2 2
<ct* W2+ | (Vi * )+ Ce® /‘V + / Viv,|* +Ct8/ W
B (./1;3 : ]R3| 2 RS ]R3| g RS
A 1
- — iantP+6/ wh — —t12/ W5 — —00
2p Rr3 By, /z(0) 12 Jp,, 40

as ¢t — +oo uniformly for all € > 0 small and u € [1 - 8y, 1], where we have used (3.4) and
(3.5). Taking £, > 0 large, we get

Loy (We 1) < 1||V||Loo,ian,% (Weute) <=2

forall u € [1-8p,1], € > 0 small.
Using the Sobolev embedding theorem, we have

a T K 1 6
I > \V4 2, - 2__)\‘ +\/ _ = +
g'u(u)_Z/ﬂ@' “ +2-/]R3u p [1;3 () 6 Jgs ()

~ CMlul s gy~ Cllel Sz > O

2
= C”u”Hl( HY(R3

R3)

for all u € H'(R?) with ||| ;1 (g3 small since p > 2.
Hence, we can define

Cep i= yigu tlél[?),)l(] L, ()/ (t)) > max{ls,u (0), 18,//,(W8,1L,t() ) }

forall u € [1 - §p,1], € > 0 small, where
T,={y € C([0,1], H'(R?)) : ¥(0) = 0,y (1) = Wy }-
Lemma 3.3 For any xo € R3, lim,_, Con < CV(xg), Wing),u UHiformly for all € [1 - 8,1].

Proof Define W, , ¢ := lim;—o W, ., in H*(R®) sense, then W, ,, o = 0. Thus, setting ,,(s) :=
W st (0 <s <1), we have y, € I',, then

Cen < max I, s)) = max I, (W,
&, _SE[O,I] E,M(y/l.( )) te[O,to] E,M( s,u,t)

and we just need to verify that

lim max I, , (W, <c 3.6
6—0 £e[0,10] s,u( s,u,t)_ Vi(xo), W(x0),1 ( )

uniformly for p € [1 - 8,1].
Indeed,

max I, (W,
tel0.to) s,,u( s,u,t)

/o %

* :‘2;5702 max < _/R?, |V (Vex') Ve, () +n(vex') Vivy, (x/)|2

te[0,t9] 2
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+ %tS/ V (e’ +xo0)n* (Vex' )W, (x)
R3

+bt8</ [Vin(Vex') Ve, («) +n(ex) Vi, (x |2)

A 1
o pt6 p — 412 /
— —ut / W(etx +xo)n (\/_x)wﬁ 6Mt _/R3’7 x)

b g
<o(1) + max —t |Vwﬂ| + t V(xo)w + —t |unl
te[0,t] 2
LA ~ 12 ~6
— —ut W (xg) WP — —ut W)
14 R3 H 6 R3 F

<o)+ sup Iyug)wio)u (W)

te[0,+00)

= 0(1) + CV(xo),W(xo),;u

where we have used (3.4). Notice that o(1) — 0 as ¢ — 0 uniformly for u € [1 - §p,1], then
(3.6) holds, the lemma is proved. O

Suppose that (P;)-(i) holds, assume that x, € }V such that
Wi(x,) := max W(x).
xeV

By (P2)-(i), T < oo and W(x)) > Koo, then c;wix,)u < Crppon,r and combining with

Lemma 3.3, we have

Ce < Cropicoop (3.7)

for all u € [1 - 8p,1] and & > 0 small. Similarly, if (P;)-(ii) holds, (3.7) is still true for all
€ [1-258p,1] and & > 0 small.

Lemma 3.4 Suppose that (P1), (P2), (Ps) hold and p € (3,4]. Fix € > 0, for every uwEe [1 -
80, 1], let {u,} C Hl(R3) be a bounded (PS). sequence for I, with 0 < ¢ < ab = b3 s°

5 (B ‘533 +4a 1,3)2 then there exists a u € H'(R3), a number k ¢ N U {0} kﬁmctzons
Wiy.os Wi ole (R3) and k sequences of points {y,} C R3,1<j <k and A € R, such that

(1) — win H'(R®) with J';,,(u) = 0 and [g3 |Vu,|* - A% as n — oo;

(ii) |)/n|—> +00, ¥, = Y| = +00 as n — 00 if i #J;

(iii) w;#0and] ., Koou(w,) 0;
(iv) oty —u— ]kl )/y, Mm@s) — 0 asn— oo;
(V) Loy tn) + 2A* = Jo () + Y5 T e, (W) + 0(1);

i)

( A f]R3 |VM| +Z/ lfR3 |VW] )

where

bA? 1
Jou() = 22 / IVaul? + = / V(ex)u?
2 ]R3 2 ]RS

_ﬁ +1’_l +\6 1(mp3
p)\/RBW(sx)(u) 6,1/]1%3@), ue H'(RY),
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and

2 R3 R3
B f (W) - L / @)’ weH'(®).
p " e 6 Jgrs ,

Proof Since {u,} is bounded in H(R?), then 3u € H'(R?) and A € R, up to a subsequence,
such that as n — oo,

u, —u in H'(R?), /|Vu,,|2—>A2 and [Vu|? < A2
R3 R3

I, (u,) — 0 implies that

(a+bA?) /

Vu- Vo + / V(ex)up — ,u,)»/ W(ex)(u*)p_lw - u/ (u*)sgo =0,
3 R3 R3 R3

R
Vo € H'(R?),
ie. J' e, (u)=0.
Since
]s,/t(un)

bA? 1 1
-4t / |V, |* + —/ V(ex)u? — Ek/ W(ex)(u;)p - —u/ (u;)6
2 R3 2 R3 P R3 6 R3

a 1 b S
= E/RB |V, + 5/11;3 V(sx)ufl + Z( » |Vun|2> - ;A - W(sx)(u;)p
1 6 b
‘E“/Rs (1:)° + A%+ 0(1)

b
=1, (u,) + 1A4 +0(1)

and
(1,2,11 (M,,), (,0)

= (a+bA2)/

1 5
Vu, Vo + / V(ex)u,p — /M/ W (ex) (1) g - /,Lf (u)’e
R3 R3 R3 R

= (I,s,u(u”)’ ¢>> +0(1) /]1;3 Vu, Vo
= <I,s,u(un)! §0> +o(1)]lg “HI(]R3)’
we conclude that as n — o0,

]s,p.(un) —C+ ZA4 (3.8)

and

J ep(tn) = 0 in (HY(R?))™. (3.9)
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Step I: Set u,) = u, — u, by the Brezis-Lieb theorem ([24], Theorem 1),

/3 Vi, )? = /3 |V, |* - /3 |Vul® +o(1), (3.10)
R R: R
L= [ [ ow,
R3 R3 R3
[y = [y [ ) o,
R3 R3 R3

./11@3 (”;,1)6 = /1%3 (MZ)G - /Rg (u*)6 +0(1), (3.11)

Jesomooi(Un1) = Je,u () = Je,u () + 0(1), (3.12)
J rsoan1) > 0 in (H'(R¥)) . (313)
Next, we claim that one of the following conclusions holds for u,,;:

(1) #,1 — 0in HY(R3) or
(2) 3r,B >0 and a sequence {y}} C R such that

/ ’431,1 >pB>0.
Brlym)

Indeed, suppose that (2) does not hold, then by the vanishing theorem due to Lion ([25],
Lemma 1.1), we have

Uy — 0 in L°(R?) fors € (2,6), (3.14)

and combining with (J';_ .., (4n1), un1) = 0(1), we get

(a + bAz) /}RB IVt + Too ./R3 ui,l - /L‘/Ra (u;l1)6 =0(1). (3.15)

Now, we have the following equalities:

2
Jeu() = “58= [oa |Vul + 5 foa V(ex)u® = B0 fos W(ex) @) = g1 fgs (u®)°,
0= (a+bA%) [ |Vul® + [o3 V(eXu® = uh fos Wen)u') = fos (u?)°,
0= —‘”gAZ Jgs IVul? + 2 [os V(ex)u? + 1 [os (DV(ex), ex)u?

= 2ph Jos Wex)@*) — Sk [os (DW (ex), ex) @) = S11 [ (u?)°.

The first one comes from the definition of J; ;. The second one follows by /', ,, (1), u) = 0.
The third one is the Pohozaev identity applying to J', , (1) = 0. From these equalities and

(P3), we have
b
Jo) = 242 / VaP?
4' R3
o) - 242 f VP
4' ]R3

1
- |:2(61 +bA?) | |Vul* + 4/ V(ex)u? + / (DV (ex), ex)u’
q + 6 R3 R3 R3
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_lﬂ + 1’_% +\P +\6
» /LA/RS W(Sx)(u ) pMA/Rs (DW(ax),sx)(u ) Z[L/ (u ) :|

R3
_2(g+2)a+(q—2)bA*

|Vu|? + 6-4 m (u+)6
R3

4(q +6) - 6(g+6)
q-2 ) 1 )
+ 2(q+ 6 /RS V(ex)u” - 7E) /RS (DV (ex), ex)u
/ W(sx) Py ——MA/ (DW(ex),gx) (u*)” > 0. (316)
R3

In view of (3.8), (3.10), (3.11), (3.12), (3.14) and (3.16), we have

b
c= ]TOO,KQO,;L (un,l) +]a,;1 (u) — —A4 +0(1)

_]IOQKOO[L(MHI)+ _AZ/ |v | b +0(1)

a+ bA? 1 1 1 6
Sl I OISR N /R e [ ) =g [ ()

b b
+ —AZ/ |Vu|? — =A% + 0o(1)
4 R3 4

a 1 b 1 6
=5 /Rg Vi, + 5T /Rs Uy, + ZA2 /RS Vi, 1]? - EM/]R?’ (ur,) +0(1).  (3.17)

Using the definition of S, we get

25 +\6 %
fR LVl _S( /R X (un,l)) : (3.18)

In view of (3.15), we assume that

a/ |Vt +roo/ uly — b, (3.19)
R3 R3 ’
bA? / |Vitp|* = b, (3.20)
R3
,u/ (1) = b + . (3.21)
R3

Equations (3.10), (3.17), (3.18), (3.19), (3.20) and (3.21) yield

5 = lim a/ |Vun,1|2+roo‘/ ufllz lim a/ |Vu,,,1|2
n— 00 R3 R3 7 n—00 R3
3 L4\ 3
> lim aS(f (u;1)6> =aS( L 2) , (3.22)
I, = lim bA? / |V, |* = lim b(/ |V, > +/ |Vu|2>/ |V, >
n— 00
E L+l
> lim b</ |wn1|2> > lim b52</ (u;1)6> sz( L 2) : (3.23)
n—00 n—00 R3 ’ "
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and

1 1 1 1 1
>-h+-bL-=UhL+b)==L+—0. 3.24
0_21+42 6(1+2) 31+122 ( )

Combining (3.22) and (3.23), we have

1 2

3 3

11+lzza5(ll+12) +b82<w> .
1 1

Ifl; + I, #0, we get

11 S \*> [p2S* 4aS
itz 310 3s) + s+ s )

then

a contradiction. Hence [; + /5 = 0, i.e.
U — 0 in H'(R®) as n — oo,
(1) holds.

If (1) holds, the proof is completed for k = 0. If (2) holds, denote w;,1(x) = 1,1 (x + y2),
then

/ Wi,l >pB>0.
B(0)

Up to a subsequence, w,; — w; in H'(R3) with w; # 0 and T teo woon(W1) = 0. Moreover,
un1 — 0 in HY(R?) implies that {y.} is unbounded.
Step 2: Set uy,(x) = u,(x) — u(x) — wi(x — y%), we can similarly check that

Vatnal = | 1Vl = | 1Val = | 19wl +o(0),
R? R3 R3 RS
‘/Rsui,z:/Rguf,—/mf—/ﬂ;gW%Jro(l),
/]1;3 (M;,g)p = /Ra (u;)l’ _/]1;3 (u+)P _ /R3 (w{)p +o(1),
[ = [ [ @)= [ oo,

]roc,/(oo,y.(un,2) zle,u(un) _]e,u(u) _]roo,/(oo,p.(wl) + 0(1);

],Ioo,l(oo,pt(u}’l,z) —0 in (HI(RB))_I'



Peng Boundary Value Problems (2017) 2017:64 Page 16 of 28

Similar to Step 1, if (1) holds for u,, 5, then
b2l g3y = || n — 1 = wi(x = 3) ||H1(]R3) —0 asn— 00,
b
c+ ZAZL + 0(1) =]a,u(un) =]s,u(u) +]roc,koo,u(wl) + 0(1)

and

A2+0(1)=/ |Vu,,|2=/ |Vu,,,2|2+/ |Vu|2+/ Vw2 + o(1)
R3 R3 R3 R3

=/ |Vu|2+/ [Vwi|? + 0(1),
R3 R3

the lemma holds for k = 1.
If (2) holds for u,,,, i.e. 3, B’ > 0 and a sequence {y>} C R? such that

/ ur,>p >0,
B (3)

then
/ L ui,z(x+y1,) >p'>0.
Bﬂ(yn’yn)

Upo(x +yL) — 0 in H*(R?) implies that [y2 - yL| — +oc.
Since {y.} is unbounded and w; € H'(R®), we can easily check that

wi (x —y;) —0 in HI(RB),
then
U (%) 1= (%) — u(x) —wi(x = y,) =~ 0 in H'(R?) as n — oo,

which implies that {y?} must be unbounded. Denote w,,»(x) = 1,5 (x + y2), then

/ Wi,z >p >0,
B,:(0)

up to a subsequence, wy,» — w, in H'(R?) with w, # 0 and /', . ,(w2) = 0 and next pro-
ceed by iteration. Since wy is a nontrivial critical point of /1« 1> Jroo koo Wi) = € 1o oot
where ¢'; .., is the mountain-pass value of the functional J;_ . .. Hence the iteration
must stop at some finite index k. The proof is completed. g

Proof of Theorem 2.1(A)-(a1) We divide the proof into three steps.

Step 1: Since I, possesses the geometry of Proposition 2.2 for ¢ > 0 small with u €
[1-6p,1], then by Proposition 2.2, for ¢ > 0 small but fixed, for almost every u € [1-§¢,1],
there exists a bounded (PS).,, sequence {u,} for I . Using the same argument as in the
proof of Lemma 3.5 of [23], we can check that

1 8 1. .,8 1 S4
b—+ —0b° — (=
w24 p? o 24

S \2
Croo koo < ;“ b PR +4ﬂm> ;e [l-380,1],
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for A > 0 large. Combining with (3.7), we have

3

108 1 ,8° St S \?

Ce < ab— ﬂb3—2 + — a (b —3 +4“T) ,  ME[l-680,1],
n 0 n %

for A > 0 large, & > 0 small.

In view of Lemma 3.4, there exist a u.,, € H'(R?), a number k € N U {0}, k functions
wi,...,wi of H'(R®) and k sequences of points {y},} C R3, 1 <j < k and Agy € R, such
that

(i) wn— uey, in H'(R?) with J'y ,, (se,,) = 0 and [ [Vie,|* — A2 as n — o0;
(ii) |)/ | — +o0, |y, — Y| = +00 as n — oo if i #J;
(iii) w; #0 and ]/,oc,,(ow(wj) =0;

) .

) 1,

) A

(V) Nun — e — wi- j/n)||Hl(R3) — 0asn— oo;
(un) + 2AL = oW ) + Y5 T (W) + 0();
= s |ww|2 + 0 fas Vw2,
By (3.16), we have

(v

(vi

b
o) 2 342, [ 19, 3.29)

Applying Pohozaev’s identity to J'; _ .. .(W;) = 0, we have

- a + bA? 3 3 1
Ps,u(wi) —m |VW’| +2IOO/R Y _I;IMKOO/RS (W;)p__'u/

then

0= (]’,w,(oo,ﬂ(wj),wj) + 2[~’W(wj)

p+6 6
=2(a+bAZ)) /R3 [Vw;|* + 4700 /R?v wjz— T/MKOO /1;3 (W;)p—2lL/RS (w)

> Groc,/(oo,u(wj)- (326)

Hence, there exists ¢; € (0,1] such that (wj)tj = tjw,'(tj‘zx) € My ooir We get

Jowson) = 34%, [ 92
b 2 2 1 / D
:]roo,/coo,u(wj) - _Ag,;,, |VW1| -5 ((] ‘[DQ,KOO,[I.(Wj)i Wj> + ZPS,M(Wj))
4 R3 8
_ a 2 1 2 p—g + P 1 6
= E/RS [Vw;|© + Etoo /R3 Wi+ o UAK oo » (Wj) Epc (w;)
a3 o 1 5/ 2 P—?’ +3/ ar 1
>t Vwil* + =102 | wi+ Koold +
—41/]1{3' i1 el [ e, Rs(’) 2"

= [Tom’(oo:ﬂ ((Wi)tj) -

S|
<t
R
—~
=
N—

()}

1
g G"-'ooyl(oo,ll ((Wl)tl) = Coo, ko0, ? (3.27)
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and combining with (3.25), we have

b
4
Ce t ZAE'” :]8,[1 (us,u_) + § ]ZOO,KOO,M.(Wj)
j=1

—A2 / [Vite |* + ke iono + A /|VW,|2

b
_ 4
- ZAS,[A + kCTooJ(oo;ll‘

If k > 1, we get ¢,y > Cro ioo,u fOr € > 0 small, which contradicts (3.7). Hence k = 0, then
Uy —> U, in H'(R?) for & > 0 small and almost every u € [1 -8, 1], i.e. for & > 0 small and
almost every u € [1 - 80,11, I'¢,,, (tt,,,,) = 0 and I, , (e 1) = Ce

Step 2: Fix ¢ > 0 small, choose a sequence {1,,} C [1 — 89,1] satisfying u,, — 1, we get a
sequence of nontrivial critical points {u, ,,} of I, ,, with I ,, (4 ,,) = ¢ u,. We have the
following equalities:

3§ Jea | Vit 3 Jio V2, + 5 fos | Vit P
/'Ln%, Jes Wex)(wf,, Y = tin Jps (u&un) = Cop
@ fu Vit + fgs VIR, + D fo |Vt 0, )
= Unh [gs W(ex)(u?,,, Y — tin s (u;un)6 -0,
& Jos Vttey, P+ 3 o View?,, + % fos (DV(ex),ex)i,,
+ %(f]RS |Vite 0, 1*)* = I%Mn)» fRs W(sx)(u;w)P
- },/’Ln)" Jas (DW (ex), ex)(uil,,, VP = 3 thn fis (uf,,,)° = 0.

The first one comes from the definition of c,,,,,,. The second one follows by (I'; ,,,, (¢ ,.,,)s
Ug,,) = 0. The third one is the Pohozaev identity applying to I', ,,,, (1 ,.,,) = 0, then we get

q+2 2, / 6—¢q / 4+ \6
£ V £ n
2q+6) / Vit ( Vil +6(q+6)“ o (o)
q-2 / Viex)u?, - 1 / (DV(ex), ex) u?
2(q +6) Jgs o (g +6) Jgs St

lp—q N 1 2
Yl Y /R Wi, + 5~ /R (DW (ex) ex) (il )

=Ce,uy = Ce1-8 (3.28)

and

1 1 11 1 1 2
—p—— a/ 27 —— / Viex)u, , +|—-=|b A7
2 p R3 2 p R3 e 4 p R3
1 + \6
+ (1—9 - g) f (uwn) = Co iy < Cel-sp- (3.29)

By (3.28) and (Ps), [ps |Vite,,|* must be bounded, then by (3.29), a [ps |V, [* +
Jrs V(ex)u? , is bounded, i.e. {u,,} is bounded in H'(R?). Hence, we get



Peng Boundary Value Problems (2017) 2017:64 Page 19 of 28

lim Is,l (ua,un)
n— 00

) 1 . 1 + \6
lim (IE,M(MEM) + = (= DA W(sx)(ug'un)p + E(M” - 1)/ (uwn) )
p R3

n— 00 R3

= lim ¢y, =Con

n—00

and

’(1/2,1 (us,un )) g{)) ’

1 -1 1 5
= ‘(pw(um),(p) + I;(M" —1a . W ex) (i, ) o + g(ﬂn -1) /R ; (uf,,) ¢

<ca —unn( /R i (u:,,m)”)%l ( /R i |<p|")‘l’
+(1- Mn)(/R3 (”Z,un)6) : (/R3 |s0|6)é

=oW)l¢llinrs)y, Yo eH' (R?),

i.e. {ttg,,} is, in fact, a bounded (PS).,, sequence for I, = I,;. Using the same argument in
Step 1 with u = 1, we can easily check that Ju,; € H'(R?) such that u, ,, — u.; in H'(R?)
and ' (ue1) = 0, (4 1) = Ce-

Step 3: Next, we prove the existence of a ground-state solution for (3.2). Set

my = inf{ L (w)|I'; (1) = 0,u € H'(R*)\{0}}.

By (3.28) and (P3), we see that 0 < m, < I.(us1) = ce1 < +00. Let {u,} be a sequence of
nontrivial critical points of I, such that I, (u,) — m.. By the same argument as in Step 2,
we see that {u,} is a bounded (PS),,, sequence of I,. Similar to the argument in Step 1, we
see that 3w, € H'(R3) such that

u, — w, in H'(R?). (3.30)
Next, we will show that 2, > 0. Since

0= (I/s(un), Mn)

_ a/RB Vit ? + /Rs Viex)i? + b</Ra |wn|2)2 —A/Rg W (ex) (1,)” /Rs (5,)°

> Cllunl2p gs) = Crlltallf zsy = Clltullfn sy
which implies that ||u, |1 gs)y = C* > 0, then by (3.30), [w.lpgs) = C* > 0, i.e. w #O0.
Similar to (3.28), we deduce that m, > 0. Hence I (w,) = m, > 0, I'.(w.) = 0. By the
standard elliptic estimate and the strong maximum principle, we see that w, > 0. Set
us(x) = we(x/e), ue is in fact a positive ground-state solution of (1.1). O

Next, we will prove the concentration result of Theorem 2.1 by using a similar method

related to Proposition 2.2 in [1].
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Proof of Theorem 2.1(A)-(ay) For any &; — 0, similar to (3.28), (3.29), we can easily check
that w; is bounded in H'(R?).
By the vanishing theorem, we have El{y}:j} C R3, R, B >0 such that

w2 > B>0.
BROE) K
7

Set v, (x) = we; (x + yi}_), then v,, satisfies

- (a + b/ Vv, |2> Ave, + V(gjx + 8jy];]_)v8/. =AW (gx + ejyli)vg’_‘l + vi},, (3.31)
R3

]

and, up to a subsequence, Iv; € H'(R3)\{0}, such that

v, = v in H(R?),

Ve, —> v inLj (R3),1<s<6, (3.32)

loc

Ve, > V1 ae.

Denote A% := 1imj_, o0 [ps Vv, |2, and it is trivial that

f|VmPsA?
]R3

Since V and W are bounded with 7 > 0 and infgs W > 0, then, up to a subsequence, as

j— oo,
V(ege) = V(') >0, W(ey) = W(x') >0,
where

gy, — *' asj— oo (x' might be c0).

In view of the uniformly continuous of V and W in R3, we can easily check that
V(gx+ 8}}/;) — V(') >0, W (g% + ejyi/) - W(x')>0 asj— o0

uniformly on any compact set. Consequently, we have

(a+bA?) /

Vv - Ve+ V(x') /
R3

R

szxw@ﬁf

V’l’_1<p+/ e, Ve CO(R?),
R3 R3

then v; solves

—(a+bA*) Au+ V(2" )u =W (& " +° (3.33)
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with the energy functional Jy/(,1) y(,1), where the functional is defined as

a + bA? ao by 1 6
_ \V4 2,70 2__)L/ +P__/ + ,
Jaom@) = 2 [ v [ -2 [y -2 [ )

ue H'(R?), (3.34)

ag, by are positive constants.

Set
_a+bA? , 1 , A oy 1 6
Jo(u) := 5 A3|Vu| +§/RSV(€x)u —;As\)V(sx)(u) —g/Rs(u),
ueHl(Rs).

Similar to (3.8), (3.9), we have
b,
]«Sj(wé‘j) = IE/(WSI') + ZA + 0(1)
and
J'e;(we) — 0 in (H1(1R3))71 asj— oo.
Now, we consider w1 (x) = we;(x) — vi(x - yé}_) Xe; (% — yi/_), where x.(x) = x(s/ex) for ¢ >0
small and y (x) is a smooth cut-off function with 0 < x(x) <1, x(x) =1 on B;(0), x(x) =0

on R3\B,(0) and |Vx| < C for some constant C > 0. It is easy to verify that wgl.,l(x) is
bounded in H*(R?). Furthermore, for any ¢ € H'(R?) with [|¢||;1(z3) <1, we have

(],E/’(WE}‘,I)’ (/7> = <]/5/.(ng), §D> - (]/s]- (Vl (x —J’lj)Xs, (x —)’lj))» (P>

o [ Wm0 = (w5,)" 0 = (mlx =3k x5 (= 1))" o)

R3 K
* / (W20 = (1) = (=32 x5 (6~ 51))0)
R3
=o(1) + (I) + () + (). (3.35)

First, we see

) @)+ U vy, w1 X0 (5 + 72,))
_ —(a N bAz) /;{3 V(V1Xe,) . V(p(x +y;i) + (a + bA2) /]1;3 Vv - V(ngw(x +yi,))
_ / V(e + 9 )Vixe o (x +95,) + / V(e )vixge(x+y;)
R3 R3

+A /}1@3 W (gjx + Ejy‘]}j)(leg,)pflfp(x +J’3:,-) - )L/R W(xl)Vf_IXs,-‘/’(x + y}gj)

3
o [ els ) - [ relest) =ow) (336)
R3 R3

where we have used (3.33).



Peng Boundary Value Problems (2017) 2017:64 Page 22 of 28

Next, we study (II),
= [ W= (030 = (r =24 1 (6= 24)) )
=AjL3Wiqx+ew;)0€*—(MQJYFWx+y;)—(wquF5¢%x+y;) (3.37)
For any given § > 0 small, we can choose a bounded domain A C R? such that
f (V|2 +v2 + 4 +08 <6,
R3\A

Hence,

/ W (gjx + 8;'3’1,) (n )e (x))Pilw(x + J’i,‘)
R3\A

sc [ Wwleles)
R3\A

([, 0 (o)
R3\A R3\A /

pr-1 pr-1
<Clgllmmsd » <C§» (3.38)

and

[ e o) 070 () e o+

LéﬂAW%qx+qﬁ)@§%@—(wﬂ@—VN@mJMY@45¢@+y$

sc [, et
R3\A / /

= C</RS\A Vi]>7 (/JRs\A ’(p(“yl’)’p)%

p-2

+C(/mv'f>'l’(/mvé)”(AB\AI¢<x+yif>lp);

1

19 P
<ammm>/ Vv +mew)/ Vv
R3\A

(p? s7).

(3.39)

In view of (3.32), Ve, = Vi in LP(A). Since A C BI/W(O) for &; small, we have

[ Wt )04 ) ) = 01, P ol )

/;\ W (e + gy ) (V0 = (ve, ) P A g (x + Y;)
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o >
sC<f |vg,—vl|'”) (f |¢(x+yi,.)|”)
A A
p\ ;
ve(f )" ([ loteot)r)
A A !
p-1
p L
< cnganHI(Ra)( / m,—mp) +C||¢||H1<Rs>< / |v§,,1—vi"1|p-‘)
A A

= 0(1). (3.40)

_

*u‘“

Therefore, (3.37)-(3.40) lead to (II) = o(1). Before studying (/II), we first claim that
vy, = v in LY (R®). (3.41)

Indeed, in view of (3.32), we may assume that

|Vv£j|2 —~ |Vy]?+p and vg — %+,
where 1 and v are two bounded nonnegative measures on R3. By the concentration com-
pactness principle II (Lemma 1.1 of [26]), we obtain an at most countable index set T,
sequence {x;} C R and {u;}, {v:} C (0, 00) such that

W= widy,  v=Y vs, and Sm)? <u. (3.42)

iel iel’

It suffices to show that, for any bounded domain 2, {x;};cr N 2 = @. Suppose, by contra-
diction, that x; € Q for some i € I". Define, for p > 0, the function v, (x) := 1//(%) where
¥ is a smooth cut-off function such that 1 = 1 on B;(0), ¥ = 0 on R3\B,(0),0 < ¥ < 1and
V| < C. We suppose that p is chosen in such a way that the support of v/, is contained
in Q. By (3.31), we see

a/3 Ve, P9, + a/ (Vv - Vi, )ve +/ V(ex+ 8jylj)v§/1/fp
R

R3 R3
+b/ [V, |2 / Ve, ¥, +b/ |Vv8.|2/ (Vve, - Vr,)ve,
R3 ] R?’ ] R3 ] ]RB ] ]
:A/ W(e,x+a,~y§_)v§_1ﬁp+/ Ve, (3.43)
R3 7 7 R3 7
Since
3 3
lim (Vve, - Vi, )ve, | < lim Ve 2] - V2|V, |2
j—oo| JRr3 / I T oo \ JRs / R 7

1 1 1

2 6 3

sc([tvwr) <c([#) ([ vwr)
R3 Bap ;) Byp(x:)

1
6
< C(f Vf) -0 asp—0, (3.44)
BZp(xi)

lim a/ |Vv€l,|21pp > a/ |VV1|21/fp +ap; — ap; asp — 0, (3.45)
R3 R3

Jj—00
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lim b |va (/ |VVS'|21[I,0)
j— 00 R3 /

2
> Tm b( / |ws,|21/fp)

2
> b</ V2, + M,») — by} asp—0, (3.46)
R3
lim A/ W (e + &9 )V2 ¥
j—00 R3 A
= )\/ W(x' )y, >0 asp— 0, (3.47)
R3
and
lim V?,wp = / W, +v;,— v asp— 0, (3.48)
j—>00 JRr3 U R3
we obtain from (3.43)
2
ap; +bui <v;.
Combining with (3.42), we have
()3 > bS* + Vb2S* + 4aS
l iy 2 .
On the other hand,
1 -/
mé‘i = IF,(WSI) - q+—6[(1 Ei(wsl')r Wé‘j) + 2P81(W6‘,)]
_ q+ 2 / | |2 / | |2 6
2(q + 6) e 4(61 6) Wi 6(q + 6) &3 Wej
1
+ 2416 [./W ((g-2)V(gix) - 2(VV(ejx), %) ) w? ]
A
+ Im |:f3 ((p —q)W(ex) + Z(VW(s,x),ij))wfj}
. 4r2 e f wu, 2) W
2(q+6) Jrs ’ (Q+6) R3S
. q+2 2, / 2 / 6
srreud AU ( v 8") 6a+ 0 J "
2 -2 6 —
> 172 e L2 2 271 o), (3.49)
2(q +6) 4(q +6) 6(q +6)

where we have used (P3) and notice that

1
81 W&‘] / |VW8}|2 /3 (8]9(3)14/?] + 5 /RS (DV(SIx)’ SIx)ng

b 3
+ —</ |Vw8,|2> - —A/ W (gjx)w?
2 R3 / P R3 U
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1 1
_ ;)LA; (DW(ejx),ij)wfjj -3 /1;3 wg
=0

is the Pohozaev identity applying to I, (w,;) = 0.
Since e, < Ce1 < Cig),Wixg)a +0(1) < 1abS® + Lb3S0 + L(b*S* + 4aS)3 for any xp € R?

and ¢; > 0 small, then, up to a subsequence, we may assume that, as j — oo,

1 1 3
M, — ¢ < —abS® + —b3S° + (szA‘ +4aS)?.
/ 4 24

By (3.49),
. q+2 q-2 , 6-g
c=> i+ Mmi + Vi
2q+6) " T ag+ ) 6(q + 6)
2 6—
= T2 sy A2 ps ey 2,
2(q +6) 4(61 6) 6(q +6)
q+2 bSZ+vsz4+4aS+ q-2 bs? bS? + VD2S* + 4aS\*
=24+6)" 2 4(g+6) 2
N 6-q (bS*+b2S*+4aS\>
6(q +6) 2

1 1 3
=—abS® + —b*S® + (b254 +4aS)?.
4 24 24

This leads to a contradiction, hence (3.41) holds.
Similar to the proof of (II), we can easily check that (III) = o(1). By (3.35), we have

J's(We1) = 0 in (H'(R?)) ™ asj — oo
We also claim that
Jo ) = €+ 24 Tyia(n) as i oo. (350)
Indeed,
Ty Wey) = Jey(wey) = Ty (v1 (2 = ) e (% = 7))
~(a+bA?) /R V(=) (5= 9) - T
- / Ve (= 9% ) e (5= 5 )iy a3
" —/ W(gm) (w2 = (i) =@ -9 k2 (x = 7))

vg o0, 1>6 e ) (e 3%)

6
=Cc+ ZA" +0() + (V) + (V) + (VI) + (VII) + (VIII),

Iv)= —]E]. (V1 (x —yi}.)ij (x _yil))
a + bA?

2 1
) /Rs Vo) =5 /Rs V(e + ey, ) xe,)*
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A

1
1 6
+ » /Rs W (gjx + E;yg,)(les,)’“ te /Rs (vixe;)

= ~Jviat),wt) (1) + o(1),
(V) =—(a+bA?) / V(ni(x —yi},)xgj (x —yii)) Vw1
R3
= —(a + bA?) /R3 V(vixe) - V(v —vixe;)
~ (a+bA?) / Ve - (a+ bA) / Vi xe) Vv,
R3 R3

= (a + bAZ)/ |VV1|2)(3 - (a + bAZ) / Vi Ve xe, +o(1) = o(1),
R3 / R3 Y

where we have used (3.32).

Similar to (V), (), (III), we can easily check that (VI) = o(1), (VII) = 0(1) and (VIII) =
0(1), then (3.50) holds.

Next, we repeat the above procedure for w,;; and so on. It is easy to see that Jy (i), y i) (v:)
obtained in this process is always larger than the mountain-pass value of J; ., therefore,
the process will stop at finite k. Similar to the proof of Lemma 3.4, we see that, for &; — 0,
there is a sequence of j, a nonnegative integer k and k sequences {yij}, 1 <i <k, such that,

asj— oo,
k
we (@) = Y vile =y )xe (x-35) | =0, (3.51)
i=1 HL(R3)
b k k
c+ ZA‘L = Z]‘/(xi)’w/(xi)(vl‘) and A%= Z /]1;3 |Vvi|%, (3.52)
i=1 i=1

where v; is a nontrivial critical point of Jy i) y i)

Using the same argument as in (3.27), we get

b 2 2
Ty, waiy (Vi) = Cyaiy, wiain + ZA » [Vvil%,

then in view of (3.52), we have

k

_ b

c+ 1A4 = z]:]V(xi)'W(xi)(Vi)
i=

k k
b, 2
> ch(xi),\v(xi),1 + EA Z /RB Vv
i1 i1

k b .
= ch(xi),W(xi),l + ZA )
i=1

k
C= ) Cye Wi
i=1



Peng Boundary Value Problems (2017) 2017:64 Page 27 of 28

In view of Lemma 3.3 and (3.7), € < ¢y (1), w(x1)1, then we conclude that k =1, i.e.

c= CV(xl),W(xl),l'
By (3.51), we have

”WS;'(’C) ~(x _yl/)xej (o _yi,v) ”HI(]R3) -0,
then by the Sobolev inequality, we get

IVe; = villzomsy < Ive; = Vixe; o3y + IVixe; = villzows) — 0 asj— oo.

6
&

mum principle yield

Hence, v° is uniformly integrable near oo, the Brezis-Kato type argument and the maxi-

lim v, (x) =0 uniformly for ;. (3.53)
x| >o00 7

Next, we assume that (P,)-(i) holds.

We claim that {sjyij} is bounded. Assuming to the contrary that |8jyii| — 00, then
V(') = 7o > T and W(x!) = koo < W (x,), hence ¢y 1) wi)1 = Craounod > Cr,w(x)1- But, from
Lemma 3.3, we have

Cviad)wah)1 = € = lim mg, < M €1 < Cvin), win)1 = Cr,w(w) 10 (3.54)
}*)OO /*)OO
a contradiction.
We will show that x* € A,. In fact, if ! € V, by (3.54), we have

Cr, w1 = Cvil), wixh)1 = Cr, W)l

which implies that W(x!) > W(x,). By the definition of W (x,), W(x!) < max,cy W(x) =
W (x,), then W(x!) = W(x,).

If ' ¢ V, then V(x!) > 7. Assuming to the contrary that W(x') < W(x,), then
Cy (), W)l > Cr,W(xy),1» Which contradicts (3.54).

Let P;; a maximum point of Vg;, since Avy; (PE/.) <0, (3.31) implies that

V(eszl, + ejylj)vsj (Pg) < AW(S;PSI. + e}-yi/)vg]fl(psl,) + Vgl, (Pe;)

which gives Vsj(Pgl.) > C > 0. By (3.53), P, must be bounded. Denote Xe; = &Pg; + ejyij, it
is clear that Xg is a maximum point of 7 then Xe; —> A,. Since {g;} is arbitrary, Theo-
rem 2.1(A)-(a,) is proved. O

To complete the proof of Theorem 2.1(A), we only need to prove the exponential decay
result. Since the proof'is standard (see [20], for example), we omit the details for simplicity.
Note that all the conclusions of Theorem 2.1(B) can be similarly proved to Theorem 2.1(A).
Thus, this completes the proof of Theorem 2.1.
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