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On Green'’s function for boundary value
problem with eigenvalue dependent

quadratic boundary condition
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ST | abstrec

e st Tty In this paper we obtain Green's function for a regular Sturm-Liouville problem having

the eigenparameter in all boundary conditions in which the left one is in quadratic
form. We assume no smoothness condition on the potential.
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1 Introduction
In this paper, we consider the boundary value problem

—y'(8) + [q(2) - A]y(8) = 0, (1.1)
y(@) = (cA? + d + e)y(a), 1.2)
byy(b) + by (b) = A[byy(b) + by (b)], 1.3)

where A is real parameter; g(¢) is a real-valued function and q(t) € L[a, b]; a, b, by, by, b}, b,
¢,d,e € Rand ¢ # 0. This problem is different from the usual regular Sturm-Liouville prob-
lem [1] in the sense that the eigenvalue parameter A appears in both boundary conditions
and in the first boundary condition is in quadratic form. We first derive asymptotic ap-
proximations for the eigenfunctions of the problem, and then using these approximations
we obtain Green’s function.

One application of the Green’s function is to derive sampling theorems associated with
eigenvalue problems containing an eigenvalue parameter in the boundary condition [2].

We suppose without loss of generality that g has a mean value zero, i.e.,

b
/ q(t)dt =0. (1.4)

As an illustration of our results we obtain for a < » <& < b, b, #0,

inAY2 (3¢ — a) cos AV2(b — £) A7t
GUo _ _;-1psin
(48,2) cosAM2(b —a) cosA2(b —a)
1 el
X {5</ q(t)dt) cos A2(sc — a)cos AV (b - &)
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b, 1 (°
_ [_} o1 / 4(t) dt] sin AV2 (¢ — ) sin AV2(b - £)
by 2 &

+ Z—; tan AY2(b — a) sin A2 (3¢ — a) cos A2 (b - S)}
+0(x (1),

where n(L) — 0 as & — oo. Similar results hold for a < § < s¢ < b exchanging the role of

»xand .

These types of results with different boundary conditions were obtained before in the
case where ¢(t) is assumed to be continuous on a finite interval [2, 3]. In [3], the Green’s
functions were derived asymptotically with the error term of exponential type, that is,
for A =52, G(x,y,A) = - + O(# explt(y —x)]), a <y < «x (p.304). In our results, we only
assume that g(t) € L'[a,b] and find that G(x,y,A) = --- + O(A"'5(1)) where (L) — 0 as
A — 0o0. We use a similar approach as in [4] in which the spectral functions associated

with Sturm-Liouville problems were considered on [0, co) with usual boundary condition
not including the eigenparameter for g(¢) € L'[0, 00).

2 Method
We associate with (1.1) the Riccati equation

V=—At+qg-1~ (2.1)
It was shown in [4] that if v(¢, A) is a complex-valued solution of (2.1) and

S(t, 1) :=Re{v(t, 1)}, (2.2)

T(t, 1) :=Im{v(t, 1)}, (2.3)

then any nontrivial real-valued solution of (1.1) can be expressed as

z(t, M) = exp(ftS(x,A)dx> cos{cz + /t T(x,k)dx}, (2.4)
with
Z(t 1) =aStA) exp</t5(x,)\)dx) cos{cz + /t T(x, ) dx}

- exp(/tS(x,k)dx) sin{cz + /t T(x,)»)dx} T(t,)). (2.5)

a

Here, ¢; and ¢, are constants to be determined.
We suppose that for each ¢ € [g, b] there exist

b
f eZikl/zxq(x) dx

t

<A@®nR), (2.6)

where
(i) A(t):= ftb |q(x)| dx is clearly a decreasing function and A(t) € L![a, b],
(i) n(x) > 0as A — oo.
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For q(t) € L[a, b]the existence of the A and 5 functions may be established, for A positive
as follows.
We note that, avoiding the trivial case ftb |g(x)| dx =0,

b
f eZiAI/qu(x) dx

t

b
< / |q(x)| dx < 00.

So, if we define

b ;12

| [7 22 xq(x) dxl/ [ 1q(x) dx, it [ 1q(x)]dx 0,

F(t,, M) =
“2) if [ lg()|dx =0,

(2.7)

then 0 < F(£,1) <1, and we set n(A) := sup,_,;, F(¢, ). Here n(1) is well defined by (2.7)
and goes to zero as A — oo [4].

Our method of approximating a solution of (2.1) is similar to that of [4]. We consider
(2.1) on [a, b] and set

v(t,2) =A%+ v(e h). (2.8)

n=1
Substitution of (2.8) into (2.1) and rearrangement gives

o0
Vi 20020y 4 v+ 2002y + Z(v; + 200y,

n=3

oo n-2
=q- vf - Z(Vﬁl +2v, Z vm>.

n=3 m=1

We choose the v, so that

/ 172
Vi +2iAv =¢q,

)LI/Z 2

Vy + 20 vy = —vy,

and for n = 3,4,...,

n-2
Vi, 4 2002y, = = V2 + 2v, Z Vi |

m=1
Solving forv,, n=1,2,3,...,

b
i, 2) = —e 2%t / %% g () dix, (2.9)

t

b
vy(t, 1) = e %Mt / M52 0) d, (2.10)
t

b n-2
Va(t, 1) = e—2ikl/2t/ eZiM/Zx (Vfll 2V, Z Vm) dx. (2.11)
m=1

t
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It is shown in [5] that ) 77, v,(¢, 1) is uniformly absolutely convergent for all » > 1, and
for all ¢ € [a,b]. It also follows from the choice of v, n=1,2,3,..., that Y -2, v, (t,A) is
uniformly absolutely convergent. The series iA!? + Y 2, v,(¢,1) is therefore a solution of

(2.1) and
() =Re Y _vu(t, 1), (212)
n=1
Tt 1) =2"% +Im Z va(t, 1) (2.13)

n=1

The asymptotic forms of S(t,A) and T'(¢, 1) are obtained in [6] as follows:

S 1) = —sin(22M%t + ¢,) + O(n* (1)) (2.14)
and

T(t, 1) = 1'% — cos(24%t + ¢,) + O(n* (1)), (2.15)
where

b b
sin¢; = / q(x) cos 222 x dx, CoS¢; = / q(x) sin 222 x dx. (2.16)
t t

Also,

t
1
/a S(x, 1) dx = TV {cos(2012t + &) — cos(2012a + £,) }

+O(A2n*(n)), (2.17)

t t
/ T(x, 1) dx =A% (t —a) - {sin(%”zt +¢) —sin(222a + ¢,) + / q(x) dx}

Wy

+O(A"2 2 (). (2.18)
The last two equalities are obtained in [7].

3 Approximations for the eigenfunctions
In this section we obtain approximations for the solution of (1.1)-(1.3). We define two so-
lutions, W(¢, 1) and ®(¢, 1) of (1.1)-(1.3) with the initial conditions

W(a, ) =1, W(a,A)=cA? +dr +e, (3.1)
and

O(b,A)=by—byr,  D(b,A)=bA—by. (3.2)
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Theorem 1 Let V(t,A) and ®(¢, 1)be the solutions of (1.1) satisfying (3.1) and (3.2), respec-
tively. Then we find

1 t
(L, A) = cosfeor [ Tan m exp(/ﬂ S(x,k)dx)

cA2—d)—e+S(a,))

a T(a,)) £
X cos{cot [—ckz—dk—e+5(a,k)] +/a T(x,)»)dx}

and
(i) if by #0,
(b2~ byn)exp(= [ S(x, 1) dx) . b
(¢, M) = coslan1 Fy (b, 2] cos{tan Fi(b, ) —/t T(x,k)dx},
where
1 b r—by
F ) = ) 1 )
1(b, A) o) [S(b A) + b’zk—bz}
(i) if b, =0,
byexp(— [ S(x, 1) dx) . b
q) ,)\. = . F ,)L - T ,)L ’
(t, 1) cosloot 1 By (b, 1)) cos{cot 5 (b, \) /t (x )dx}
where
Fz(b,)\.) - b2T(b’)")

~bih + by + byS(b,))
Proof of Theorem 1 From (2.4), (2.5) and (3.1), we have

Y(a,))=ccoscy =1, (3.3)

W' (a,)) = c1S(a, M) coscy — ¢y siney Ta, A) = cA? + dA +e. (3.4)

From (3.3), we obtain

P (3.5)

coscy

Using this equation in (3.4),

4 T(a,\)
€2 = cot I:—CAZ —d)»—e+S(a,)»):|’ (36)

Hence

o = 1 , (3.7)

B -1 T(a,r)
cosfcot™[ —cA2—dr—e+S(a,)) 1}

Substituting the values of ¢; and ¢, into (2.4), we evaluate W(¢, A) as required. In order to
find ®(z, A),
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(i) if &, # 0, we obtain from (2.4), (2.5) and (3.2)

b b
O, A) =1 exp(/ S(x,k)dx) cos{cz +/ T(x,7) dx}

=by - byA,
b b
@'(b, 1) = ,S(b, 1) exp (/ S(x,k)dx) cos{cz + / T(x,k)dx}
b b
—c1exp (f S(x,k)dt) sin{cz + / T(x,k)dx} T(b,))
=bjA by

From the last two equalities we have

by — b,
= )
! exp(fab S(x, A) dx) cos{tan~! F;(b, 1)}

b
¢y =tan"t Fy(b, 1) —/ T(x, A) dx.

Substituting the values of ¢; and ¢, into (2.4) proves the result and,
(ii) if &, = 0, we obtain similarly from (2.4), (2.5) and (3.2)

b b
Db, \) =c; exp(/ S(x,k)dx) cos{cz + / T(x,2) dx} = by,

b b
@'(b, 1) = 1S(b, 1) exp (/ S(x,k)dx) cos{cz + f T(x,k)dx}
b b
—c1exp (/ S(x,k)dt) sin{cz + / T(x,k)dx} T(b,))
= b\ - by.

Hence from the last two equalities we evaluate

by
a= ,
' exp(fab S(x, A) dx) cos{cot™! F5(b, )}

b
¢y = cot™ L Fy(b,2) —/ T(x,))dx.

Substituting the values of ¢; and c; into (2.4) proves the theorem.
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(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

O

Theorem 2 Let V(t,A) and ®(t, 1) be the solutions of (1.1) satisfying (3.1) and (3.2), re-

spectively. Then we find as A — o0,

W(t,A) =cx®?sinAY2(t —a) - %A(/tq(x) dx) cosA Y2 (t—a) + O(An(k)),

and
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(i) ifby 70,

b b
(L, A) = —byrcos A2 (b — 1) — A2 <b/1 + ?2/ q(x) dx)
t

x sinAY2(b - ¢) + O(Allzn(k)),
(i) if by = 0,

b b
d(t, 1) = b A2 sin A2 (b - t) + <b2 + 71 / q(x) dx)
t

x cos A2 (b —t) + O(n(X)),
where n(A) is as in (2.7).

Proof of Theorem 2 We evaluate the terms in Theorem 1 as A — oo. Firstly, using (2.14)

and (2.15) together with the series expansion, we find

T(a,))
—cA2—dh—-e+S(a,\)
A2 —cos(2012a + £;) + O(n% (1))
—cA? —d) —e—sin(2A2a + £,) + O(n2(1))
W2 —cos(2A2a + ¢,) + O (1))
—cA2[1+ %)ﬁl + A2+ %)ﬁz sin(2AY2a + ¢,) + O(A2n2(A))]

= |:_%)C3/2 + %A‘z cos(ZAI/za + g“a) + O()»_ZUZ()‘))]

« |:1 _ 6_1);1 _&2 1)\'2 sin(21'%a + ¢,) + O()fzﬂz()&))]
c c c

= —%A‘?’/z +O0(x 72 ().

From the last equality we have

T(d,)\.) ] _ z + 1)\—3/2 + O(}\_2T]()\«)); (316)

1
€0 [—ckz—dk—e+5(a,k) 2 ¢

and from that

cos{cot‘] [—cAZ - ;}L(Lj' 2)+ S A)} } =— sin[%k‘m + O()»_zﬂ()»)):|

-2 o( (W), (3.17)

sin{cot‘l[_c)L2 - d];\(éi’zl S )\):| } = cos[%)ﬁ?’/z + O()»_2n()»))j|

=1-—217+0(x7"n()), (3.18)
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and

1 1

cos{cot‘l[ﬁ%]} =132 1 0(A2n(2))

= —cA3? + O(An()). (3.19)

Using f; S(x, 1) dx given by (2.17) we get

t
exp(/ S(x, 1) dx) =1+ 2;1/2 {cos(2012t + &) — cos(2012a + £,) }

+O(A" () (3.20)

and also, using f; T (x, A) dx given by (2.18),

t
. ) 1
sm(/ﬂ T (x, 1) dx) = sm[k”z(t—a) BETVE

/6; t q(x) dx:|

+O0(A"n(1)), (3.21)
cos (/t T(x,k)dx) =cos |:A1/2(t —a) - 2;1/2 /tq(x) dx:|
+0(x (). (3.22)

Hence

o T(a,2) !
cos{cot |:—ck2 “dh—esS@ ) + /; T(x,A) dx] }

1 t 1
— _cinl 12 2412
= s1n|:k (t—a) TR /a‘ q(x) dx] ck

X cos[)\l/z(t— a) — 2)\1—1/2 /atq(x) dx] +0(A2n(1)). (3.23)

Substituting the values of (3.19), (3.20) and (3.23) into W(t, A) as in Theorem 1 and using
trigonometric expansions, we obtain W(t, 1) as required. In order to find ®(¢, 1) as A — oo:
(i) if b # 0, using (2.14) and (2.15), we obtain

S5(b, ) O(*())

_ — )\._1/2 2 .
T3 ~ WP+ oGy~ % 1) 324
and
b/l)‘ - bl _ bi)\, - bl
Goh— b)) T, h)  Byhd” —byhl + OGP (W)
bh— by

T By — B+ 0022 ()]
2

b/l -1/2 by -3/2 by -1 -1/2.2

=|—=A - —X 1+ —=A O(A A
[b; bt o)
b/

= b_})\-”z +O(A (). (3.25)
2
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Substituting the values of (3.24) and (3.25) into F; (b, 1) as in Theorem 1(i)), we get

Fi(b,2) = by, o(A*n*(1)).

by
From that
1 by ap -1/2,2
tan~ Fy (b, A) = b—,/\ +O0(A7"*n* (1)), (3.26)
2
-1 1 (b ? -1 -1.2
cos{tan™ Fy(b,2)} =1- At A+ o) (3.27)
2
and
b/
sinf{tan™ Fy(b,1)} = b_,1)\71/2 +O(A"2n(0)). (3.28)
2
From (3.27), we find
by — by by — byA

cos{tan' Fi(b,A)} | _ %(2_5)2);1 + OO 12(0)
2

/N 2
= (by - by) x [1 + %(%) A7+ O(A‘an(A)):I
2

(b)?
20,

= b\ + [bz - ] +0(n*(1)). (3.29)

Using [ S(x, 1) dx given by (2.17) we get

b
1
exp(—/ﬁ S(x,k)dx) =1+ VD cos(2A%t + ¢,) + O(A 721> (1)) (3.30)
and also, using f; T(x, 1) dx given by (2.18)
b b t
/ T(x,A)dx = / T(x,A)dx — / T(x,A)dx
t a a

1 . ’

+O(A"2n(0)). (3.31)

From (3.27), (3.28) and (3.31) we see that
b
cos{tan‘lFl(b,A)—/ T(x,A)dx}
t
1 b
= cos |:A1/2(b —t)- TV /t q(x) dx}

b/l -1/2 _; 1/2 1 b
+ b—,z)\. sin| A (b— t) - W[ q(x)dx

+O0(A"n(1)). (3.32)
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Finally, substituting the values of (3.29), (3.30) and (3.32) into ®(t, A) as in Theorem 1(i))
and using trigonometric expansions, we complete the proof.
(ii) If &}, = 0, the prove is similar to (i). a

4 Approximations for Green'’s function
In this section, we obtain asymptotic approximations for Green’s function of (1.1)-(1.3).
Let W, (¥, ®) be the Wronskian of W (£, 1) and ®(¢,1). We define w(A) as follows:

w(d) = W(W, @) = W(t, \)D'(t, 1) — W' (£, L) D(¢, A). (4.1)

It is well known ([3]) that the Green’s function of problem (1.1)-(1.3) is

WeaOED) g << g <),
GOoEN) =1y (4.2)
>, ,
==y asé=x< b.

Theorem 3 Fora < »x <& < b, we find Green’s function of problem (1.1)-(1.3) as > — 00:

(i) if o #0,
T sin AY2(5¢ — a) cos A2 (b - £) At
G0 8,4) = -4 cosA2(b —a) " cosA2(b —a)
X {%(/%q(t)dt> cos A2 (sc — a) cos A2 (b - &)
b, 1 (b
|:b’ —/ q(t)dt:| sinAY2 (5 — a) sin A\V2 (b — €)
3
+ %tankm(la—a)sin)\m(%—a)coskl/z(b—é)}
2
o(r (),
(ii) by, =0
2 sin A\Y2(5¢ — a) sin A\V2 (b — &) A7l
GOag,2) = —A" sinAY2(b —a) i sinA2(b - a)
x {%(/%q(t)dt) cos A2 (5c — a)sin A2 (b — €)

b
[% ST dt} sin a2 (o — ) cos 212 (b - )
&
Z/Zcot)\”z(b a) sin A2 (5¢ — a) sin A2 (b — S)}
1
+O0(x (),

where () is as in (2.7). Similar results hold for a < § < s« < b exchanging the role of
wand§.

Proof of Theorem 3 (i) For the Wronskian, w(1), we need W'(¢, 1) and ®'(¢, 1) which are
obtained from z'(¢, A) given by (2.5). To obtain the derivation of W (¢, A), we substitute (3.6)
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and (3.7) into (2.5) and evaluate the terms as A — oo. Hence

W (¢, 1) = cA?cos A2 (¢ —a) + % </t q(x) dx>k3/2 sin AY2(¢ — a)
+0(A¥2n(1)). (4.3)

Also substituting (3.10) and (3.11) into (2.5) and evaluating the terms as . — 0o, we have

/

b b
' (t, 1) = =bya>*sin A2 (b - t) + [b’l + ?2 / q(x) dx:|)L cos A2 (b —1)
t
+0(An(1). (4.4)
Using W(z, 1), ®(¢, 1) as in Theorem 2(i)) and (4.3), (4.4) in (4.1), we get

w(h) = cbyA® cos A2 (b — a) + cbi A% sin A2 (b - a)

+O0(X*?n(1)). (4.5)

From this

1 1

w(}) {cbyA3 cos M2 (b — a)[1 + Z—:‘)f”z tan A12(b — a) + O(A12n(W)]}
2

~ 1 = by ., sinAV(b-a)
~ cblycos \V2(b —a) c(bh)? cos2 AY2(b — a)
+ O n()). (4.6)

Theorem 3(i) is proved by substituting W(¢, 1), ®(¢, 1) as in Theorem 2(i)) and (4.6) into
(4.2). The other part (ii) can be proved similarly. O
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