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Abstract

In this paper, we consider the Robin problem for a wave equation with nonlinear
source containing nonlocal term. Using the Faedo-Galerkin method and the
linearization method for nonlinear term, the existence and uniqueness of a weak
solution are proved. An asymptotic expansion of high order in a small parameter of a
weak solution is also discussed.
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1 Introduction
In this paper, we consider the Robin problem for a wave equation as follows:

Up — Uyy :f(x, Lu(x, ), u(ni,t),. .., u(ng, £), (%, t)), 0<x<1,0<t<T, (1.1)
1, (0,1) — hou(0, t) = u,(1,¢) + hu(l,t) = 0, (1.2)
M(xr 0) = ﬁO(x)’ ut(x,O) = ﬁl(x)r (13)

where f, i1y, 2t are given functions and &g, > 0, n1,12,...,14 are given constants with
ho+m>0,0<m<ny<---<n, <1
In some special cases, when the nonlinear term has various forms, the following non-

linear wave equation
uy — Au = F(x, t,u,u;), (1.4)

where A is a Laplace operator, has been extensively studied by many authors, for exam-
ple, we refer to [1-10] and the references given therein. In these works, many interesting
results about existence, nonexistence, uniqueness, nonuniqueness, regularity, asymptotic
behavior, asymptotic expansion, and decay of solutions were obtained.

In [2], Bergounioux considered Prob. (1.3)-(1.4) with the following boundary conditions:

u,(0,2) = P(2), uy(1,t) + Kiu(l, £) + Mu(1,£) = 0, (1.5)
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where f, i1y, i4; are given functions, Kj, A; are given constants and the unknown u(x, £) and
the unknown boundary value P(¢) satisfy the following Cauchy problem for an ordinary
differential equation:

P'(t) + @*P(t) = huy(0,8), O0<t<T,
P(0) = Py, P'(0) = Py,

(1.6)

where w > 0, 1 > 0, Py, P; are given constants and K, A are given nonnegative constants.

Prob. (1.4)-(1.6), with F(x,t,u,u;) = f(x,£) — Ku — lu,, describes the shock between a
solid body and a linear viscoelastic bar resting on a viscoelastic base with linear elastic
constraints at the side, constraints associated with a viscous frictional resistance.

With F(x, ¢, u, u;) = f (x, £) — h(u,), Jokhadze, in [4], considered existence, uniqueness, and
nonuniqueness, and nonexistence of a global classical solution for wave equations with
nonlinear damping term.

In [5], the authors established the unique existence, stability, and asymptotic expansion
of Prob. (1.3)-(1.4) with the nonlocal boundary conditions

1:(0,£) = go(8) + [ ko(t — 5)u(0,5) ds,

t 17)
—u,(1,8) = @1 (t) + [, k(£ = s)u(l, s) ds,

where F(x,t,u,u;) = —Au, — f(u), with X is a given constant and f, gy, &1, ko, k1 are given
functions. The existence and exponential decay for a nonlinear wave equation with a non-
local boundary condition were also proved in [9].

Beilin, see [1], investigated the existence and uniqueness of a generalized solution for
the following wave equation with an integral nonlocal condition:

Uy — Au+clx, t)u=f(xt), (xt)eQx(0,T),
g—’; + fot Jo k@, &, T)u(§, v)dedr =0, (x,t) € 92 x (0, T), (1.8)

u(x, 0) = i1y (x), us(x,0) =i (x), x€€,

where Q isabounded domain in RY with a smooth boundary, 7 is the unit outward normal
on 3%2, f, t, i1, k(x,&, 7) are given functions. Nonlocal conditions come up when values
of the function on the boundary are connected to values inside the domain. There are
various types of nonlocal boundary conditions of integral form for hyperbolic, parabolic
or elliptic equations, the ones were introduced in [1].

In recent years, some close forms of Eq. (1.4), with power-type nonlinearities containing
integer power-type, fractional power-type or variable exponent, have been paid attention
to by many researchers [3,11-13]. Benaissa and Messaoudj, in [3], considered the following
problem:

Uy — Au +g(ut) +f(u) =0, (x; t) € Q2 x (07 T);
u=0, x€0R,t>0, 1.9)

u(x, 0) = i1y (x), us(x,0) =1 (x), x€€,

where f(u) = =b|u|?2u, g(u;) = a(l + |u:|""2u;), a,b > 0, m,p > 2 and Q is a bounded do-
main in RY with a smooth boundary dQ. The authors showed that for suitably chosen
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initial data, (1.9) possesses a global weak solution, which decays exponentially even if
m > 2. The proof of global existence is based on the use of the potential well theory. In
[11], Bhattarai proved the existence and stability of solitary-wave solutions of a system
of 2-coupled nonlinear Schrédinger equations with power-type nonlinearities. By using
variational methods, Repovs, in [13], established several existence results for Schrodinger-
type equations containing Laplace-type operators with variable exponent. Moreover, by
using the fractional homotopy analysis transform method, Kumar [12] proposed a modi-
fied and simple algorithm for fractional modeling arising in unidirectional propagation of
long wave in dispersive media.

In [14], the authors considered a one-dimensional nonlocal nonlinear strongly damped
wave equation with dynamical boundary conditions. In other words, they looked to the
following problem:

it = e = Ol + f (u(1, 1), “02) = 0,
u(0,) =0, (1.10)
w(1,1) = =& [ua(1, ) + e (L,2) + rag(1,8)] - ef (u(1, £), “G2),

withO<x<1,£>0,«,7>0,and € > 0. Prob. (1.10) models a spring-mass-damper system,

where the term &f (u(1,t), ”‘\(/lg’t)) represents a control acceleration at x = 1. By using the
invariant manifold theory, the authors proved that for small values of the parameter ¢, the
solution of (1.10) attracted to a two-dimensional invariant manifold.

n [6], Long and Diem studied Prob. (1.3)-(1.4) with the nonlinear term of the form

St u, uyg, ) + eg(x, 8, U, Uy, Uy), (1.11)
associated with the mixed homogeneous boundary conditions

ux(0,8) — hou(0,8) = u,(L,t) + hu(l,£) = 0. (1.12)

In the case of f € C2([0,1] x [0, 00) x R®) and g € C}([0,1] x [0, 00) x R®), an asymptotic

expansion of order 2 in ¢ is obtained for ¢ sufficiently small.
We consider the following wave equation with the source containing nonlocal term:

1
Usp — Uyy = F(x, t, u(x, t),/ g(u(y, t)) dy), 0<x<1,0<t<T, (1.13)
0

where F, g are given continuous functions. Then, if the function u(x, £) is continuous in x,
the integral fol g(u(y, t)) dy can be approximated by its Riemann sum

1 q
/ (u(y, 1)) dy = Z ;g u(n;, 1)), (1.14)
i=1

with ¢ is large enough and n; = i/q,i=1,2,...,4.
Therefore, the nonlinear term in (1.1) can be considered as an approximation of the one
that appeared in (1.13) as follows:

q
F<x, tu(x, 1), /0 1 g(u(,1) dy) ~ F(x, tulx,t),y %]g(u(m, t))). (1.15)
i=1
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The approximation given in (1.15) and the aforementioned works lead to the ideas to
study the existence and asymptotic expansion for the Robin problem for a wave equation
with nonlinear source containing nonlocal term (1.1)-(1.3). The paper consists of four sec-
tions. In Section 2, we present some preliminaries. In Section 3, we associate with Prob.
(1.1)-(1.3) a linear recurrent sequence which is bounded in a suitable space of functions.
The existence of a local weak solution and the uniqueness are proved by using the Faedo-
Galerkin method and the weak compact method. In Section 4, we establish an asymptotic

expansion of a weak solution u, (x, t) of order N +1 in a small parameter ¢ for the equation

Up — U = f (%, 8, u(%, 8), u(n1, 8), ..., (g, £), 1y (%, 1))

+efi (% b, u(x, 1), u(ny, 1), ..., u(ng, 1), ue(x, 1)), (1.16)

0<x<1,0<t< T,associated with (1.2), (1.3). The results obtained here may be considered
as a relative generalization of the results obtained in [2, 4—6, 9], and [10].

2 Preliminaries

Put © = (0,1). We will omit the definitions of the usual function spaces and denote them
by L7 = [P(Q2), H™ = H™(R). Let (-, -) be either the scalar product in L? or the dual pairing
of a continuous linear functional and an element of a function space. The notation | - ||
stands for the norm in L2, and we denote by || - ||x the norm in the Banach space X. We
call X’ the dual space of X. We denote L?(0, T;X), 1 < p < oo the Banach space of real
functions u : (0, T) — X measurable, such that ||u||z»(0,7;x) < +00, with

T .

(fy Nlu@)lde)s,  if1<p<oo,
lullr 0,130 = ‘
esssupy.,.rllu®)llx, ifp=oc.

Let u(t), u/(t) = u,(t) = u(t), u’(t) = uy(t) = ii(t), uy(t) = vult), uy,(t) = Au(t), denote

. a2 - a2
u(x, t), ‘;—’:(x, t), ng(x,t , f;—;‘(x, 1), ‘;TZ(x, t), respectively.

Withf € C*([0,1] x R, x RT2), f = f(x,t,51,...,Yge2), we put Dif = L Dof = & Dy of =

gr

oy o 4
s—f_ withi=1,...,q+2, andD"‘f:D‘l)‘l~~~Dqﬁ4 so = (o, 0004) €217, ol =0 + -+ +
13

On H', we shall use the following norm:

172

IVl = (V1% + el ?)
We put

1
a(u,v) = / U (%) vy (%) dx + hou(0)v(0) + mu()v(), wu,ve H. (2.1)
0

We have the following lemmas, the proofs of which are straightforward, hence we omit
the details.

Lemma 2.1 ([15], Theorem 8.8, pp.212-213) The imbedding H* — C°(RQ) is compact and

IVlcogy < V2Vl forallveH. (2.2)
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Lemma2.2 Let hy, hy > 0, with ho +hy > 0. Then the symmetric bilinear form a(-, -) defined
by (2.1) is continuous on H* x H* and coercive on H, i.e.,

(i) |a@v)| <alulmlvim,

(2.3)
(i) a(v,v)=aollvija,
forall u,v e H', where a; =1 + 2hg + 2hy and
1 .
ag = 1 m1n{1, max{ho,hl}}. (2.4)

Remark 2.1 It follows from (2.3) that on H', v+ ||v||1, v —> ||[v]l4 = +/a(v,V) are two
equivalent norms satisfying

Vaolvligp < IVle < Vailvlm, VYveH'. (25)

Lemma2.3 Lethy > 0. Then there exists the Hilbert orthonormal base {W;} of L* consisting

of the eigenfunctions W; corresponding to the eigenvalue X; such that

0<)"l§)"2§§)¥]§y limj~>+oo)\zj=+oo,

a(W;,v) = Aj(W;,v)  forallve H',j=1,2,....

Furthermore, the sequence {W;/ \/)Tj} is also a Hilbert orthonormal base of H* with respect
to the scalar product a(:,-).
On the other hand, we also have W; satisfying the following boundary value problem:

—AW]‘ = )‘jwjr in (0,1),

VV}x(O) — howl(()) = W,x(l) + hlﬁ//(l) =0, 17/]‘ € Coo(ﬁ)

The proof of Lemma 2.3 can be found in ([16], p.87, Theorem 7.7), with H = L? and
V = H', a(-,-) as defined by (2.1).

Remark 2.2 The weak formulation of the initial-boundary value problem (1.1)-(1.3) can

be given in the following manner: Find u € W = {ueL>0,T; H?) : u, € L0, T; HY), uy €
L*>(0, T; L)} such that u satisfies the following variational equation:

(utt(t), w> + a(u(t), w) = (f(, Lu(t), u(m, t), ..., u(ng t), ut(t)), w) (2.6)
forall w € H', a.e., t € (0, T), together with the initial conditions
u(0) = 1o, u,(0) = iy, (2.7)

3 The existence and uniqueness
We make the following assumptions:

(Hh) (i, ) € H* x H*, i10(0) — hoiio(0) = fiox(1) + Mito (1) = 0;
(Hy) f e CH[0,1] x R, x RI*2),
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FixT* > 0. For each M > 0 given, we set the constant Kj;(f) as follows:
q+4
Ku(f) =) Ko(M,Dyf),

i=1

where

1(0 (M)f) = Sup(x,t,yl,,,,,qurz)eAl(M) If(x1 t’ Vireoo ;yq+2) |;
A1(M) = [0,1] x [0, T*] x [-v/2M, ~/2M]72.

For every T € (0, T*] and M > 0, we put

W(M,T)={veL>0,T;H*):v, € L0, T; H"), vy € L*(Qr),
with max{|[v||zeo(0,1;12)s 1Vell oo 0, 7311y Vet ll 2001y} < M,

WI(M: T) = {V € W(M: T) V€ LOO(Or T;Lz)}r
in which Qr = Q x (0, T).
Now, we establish the recurrent sequence {u,,}. The first term is chosen as uy = iy,
suppose that

Umy-1 € WI(M, T), (31)

we associate Prob. (1.1)-(1.3) with the following problem.
Find u,, € W1(M, T) (m > 1) satisfying the linear variational problem

(u;,n(t)> w) + alu,(t),w) = (Fm(t), w), Ywe Hl,

(3.2)
Mm(o) = ZtO: M/m(o) = ﬁlr
where
Fm(xr t) :f[um—l](xr t)
:f(x, b U1 (%, 8), U1 (N1, 8), - ., U1 (0, £), 1, (X, t)). (3.3)

Then we have the following theorem.

Theorem 3.1 Let (H,), (H,) hold. Then there exist positive constants M, T > 0 such that,
for uy = iy, there exists a recurrent sequence {u,,} C W1(M, T) defined by (3.1)-(3.3).

Proof The proof consists of several steps.

Step 1. The Faedo-Galerkin approximation (introduced by Lions [17]). Consider the basis
{w;} for H' as in Lemma 2.3. Put

k
ube) =" dtw, (3.4)
j=1
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(k)

where the coefficients c,,; satisfy the system of linear differential equations

(@@, w) + aluly) (£), w;) = (Fu(0),w)), 1<j<Kk,

@ B (3.5)
) (0) = itog, iy (0) = g,
where F,,(x, t) is defined as in (3.3) and
fox =Y, (’)w, — ilp strongly in H?,
/ ’ (3.6)
i = Zl.:l /3]. w; — it strongly in H'.
The system of equations (3.5) can be rewritten in the form
() + A (t) = (F2), wy), o)
o) =a, 0=, 1<j<k
It is not difficult to show that (3.7) has a unique solution ciﬁ}(t) in [0, T'] as follows:
sin it
t) = cos(ft) ,B(k i/\/: )
Aj
Lsin(\/Ai(t—s
+ / M(Fm(s), w,~>ds,
¥
0<t<T11<j<k (3.8)

Therefore, (3.5) has a unique solution ug,()(t) in [0, T7].
Step 2. A priori estimates. First, for all j = 1,..., k, multiplying (3.5); by éiﬁ;(t), summing

on j, and integrating with respect to the time variable from 0 to ¢, we have

XD ) = xP(0) + 2 / t(Fm(s), i®(s))ds, (3.9)
0
where
xR0 =i + | @)l (3.10)

Next, by replacing w; in (3.5); by —% Aw;, we obtain that
]
a(iigﬁ)(t), wj) + (Auﬁﬁ)(t), ij) = (Fm(t), —Aw,»), 1<j<k
similar to (3.5);, it gives

YO(@) = YE(0) + 2(F,.(0), Adior) — 2(Fu(2), Aul (1))

+2 / (F)(s), Aul)(s)) s, (3.11)
0
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where
YO = i@ + | 2uP@)|. (3.12)
Put

s = X9 (1) + YOt / [0 ds
ol « 0L+ [ b + [ as 613
0
then we deduce from (3.9), (3.11), and (3.13) that
SO@) = SE(0) + 2(F,.(0), Adigy) +2 / (Eou(s), i(s)) ds
0
—2(F,(8), Ay (t))+2/t( ;n(S),Augﬁ)(S))dS+/tHﬁiﬁ)(s)szS
0

4
= 5W(0) + 2{F,u(0), Adiox) + Y 1. (3.14)
j=1

We estimate all terms on the right-hand side of (3.14) as follows:
¢ ¢
L=2 /0 (Eu(s), il(s))ds < TKE(f) + /0 S®(s) ds; (3.15)
L = =2(F,u(t), Aull)(2))
< 4||F 0] +4T(VT[1 + (g + DV2M]* + M)’ K2 (f) + %Sﬂj)(t); (3.16)
=2 /0 (F,(s), Auld(s)) ds
<2T([1+ (g +DvV2M]" + M?)KZ(f) + /0 tsﬁ,?(s) ds. (3.17)
We note that Eq. (3.5); can be written as follows:
(18), wy) - (Aul (), w)) = (Fu(®)w)), 1<j<k. (3.18)
Hence, after replacing w; with i%(t), we obtain

|89 = (Au®@), 5@ @) + (F0), 59 0)
< [lau @] + |Ex@]]]i5) @) |
<[|au®@| + | Ene)]],

SO

t t t
L= [0 ds<2 [ Jauo) ds+2 [ R0 ds
0 0 0

t
<2 / S®(s) ds + 2TKZ(f). (3.19)
0
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It follows from (3.14)-(3.17), (3.19) that
t
$(e) < DS, iio, i, dtow i) + Dy(M, T) + 8 / S (s)ds, (3.20)
0

where

DPF, tig, i, itog, k) = 28 (0) + 4(F,,(0), Adiox) + 8[1F, (0)]1%,
Di(M, T) =2[3 +4(/T[1 + (q +1)v/2M]* + M)? (3.21)
+2([1 + (g + DV2M]% + MO TKA(f).

By means of the convergence in (3.6), we can deduce the existence of a constant M > 0

independent of k and m such that
1
DYF, ing, iy, Gk, i) < SM? forallm,k €N, (3.22)

We choose T € (0, T*] such that

(%M2 + Dy (M, T)) ST < M? (3.23)
and
kr = <1+ \/La_o>v2TeT(q+l)KM(f) <1 (3.24)

Finally, it follows from (3.20), (3.22), and (3.23) that
t
S®(t) < M?e BT + 8 / S®)(s) ds. (3.25)
0

By using Gronwall’s lemma, we deduce from (3.25) that

S%‘)(t) SMze‘STeSt SM2 (3.26)

for all ¢ € [0, T], for all m and k. Therefore, we have
uEﬁ) e WM, T) forallmandk. (3.27)

Step 3. Limiting process. From (3.26), we deduce the existence of a subsequence of {ug,()},
still so denoted, such that

u® =y, in L0, T; H?) weak®,
b u, in L®(0, T; H') weak®,
il "’ in L*(Qr) weak,

iy — U
Uy € WM, T).

(3.28)
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Passing to limit in (3.5), we have u,, satisfying (3.2), (3.3) in L2(0, T). On the other hand,
it follows from (3.2); and (3.28)4 that u, = Au,, + F,, € L*(0, T; L?), hence u,, € W1(M, T)
and the proof of Theorem 3.1 is complete. g

We use the result given in Theorem 3.1 and the compact imbedding theorems to prove
the existence and uniqueness of a weak solution of Prob. (1.1)-(1.3). Hence, we get the main
result in this section as follows.

Theorem 3.2 Let (H,), (H,) hold. Then
(i) Prob. (1.1)-(1.3) has a unique weak solution u € W1(M, T), where the constants M > 0
and T > 0 are chosen as in Theorem 3.1.
(i) The recurrent sequence {u,,} defined by (3.1)-(3.3) converges to the solution u of Prob.
(1.1)-(1.3) strongly in the space

Wi(T) = {veL®(0, T;H') : vV € L(0, T; L*) }. (3.29)
Furthermore, we also have the estimation
ety — ullwyry < Crky forallmeN, (3.30)

where the constant ky € [0,1) is defined as in (3.24) and Cr is a constant depending only
on T, h(), hl,f, L~[0, Ztl, dl’ld kT.

Proof (a) Existence of the solution. First, we note that W1 (T) is a Banach space with respect
to the norm (see Lions [17]).

IVllwacry = IVl rsety + |V || oo 0,702y (3.31)

We shall prove that {u,,} is a Cauchy sequence in W1(T). Let w,, = U1 — Uyy. Then wy,
satisfies the variational problem

<W;/n(t)’w> +a(Wp,(£), W) = (Fypa1(t) — Fu(t),w), VYwe H',

(3.32)
w,(0) =w,,(0) = 0.
Taking w = w), in (3.32),, after integrating in £, we get

t
Zo(t) =2 / (Funn(5) = Fn(s), W, (5) ds, (3.33)

0

where

Zn(@) = W, O + [wn(®)] (334)

By (H>) it is clear that

||Fm+1(t) — Fu(?) “ = [<M(f)[\/§(q + 1)||Wm—1(t) ||H1 + ||W/m_1(t)||]

< V2(q + VEu (O Wt llwi (1) (3.35)
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Hence
t
Zon(t) < 2T(q + 12K ) [Wna 2 ) + / Zun(s) ds. (3.36)
0

Using Gronwall’s lemma, we deduce from (3.36) that

Willwiry < krllWmallwyay YmeN, (3.37)

where k7 € (0,1) is defined as in (3.24), which implies that
2y, — um+p||W1(T) < llug - Ml”Wl(T)(l - kT)ilk]n"q Vm,p € N. (3.38)

It follows that {u,,} is a Cauchy sequence in W;(T). Then there exists u € Wi(T) such
that

U, — u  strongly in Wi(T). (3.39)

Note that u,, € W1(M, T), then there exists a subsequence {tm;} of {u,,}such that

Uy — u in L(0, T; H?) weak®,

u, —u inL1>(0,T; H') weak™,

" (3.40)
u/,/nj — u” in L*(Qr) weak,
ue W(M,T).

We also note that

||Fm —f(-, tu(t),u(m, t),..., u(ng, t), u/(t)) ”LOO(O,T;LZ)
< V2(q + DKyt = wllwsr)- (3.41)
Hence, from (3.39) and (3.41), we obtain
Ep— f(- tu(®),u(ni,t), ..., u(ng, £),u/(t)) strongly in L(0, T;L?). (3.42)
Finally, passing to limit in (3.2)-(3.3) as m = m; — oo, it implies from (3.39), (3.40),3,
and (3.42) that there exists u € W(M, T) satistying (2.6), (2.7).
On the other hand, from assumption (H,) we obtain from (2.6), (3.40)4, and (3.42) that

U =ty + f (o 1, (), (1, t), ..., u(ng, t),u/(£)) € L®(0, T;L?), (3.43)

thus we have u € W1 (M, T). The existence proof is completed.
(b) Uniqueness of the solution. Let u;,u; € W1(M, T') be two different weak solutions of
Prob. (1.1)-(1.3). Then u = uy — u, satisfies the variational problem

(" (), w) + a(u(t),w) = (Fi(t) - Fy(t),w), YweH',
u(0) =4/(0) =0,

(3.44)

where Fi(x¢ t) :f(xx L u;(x, t)! Mi(771, t); e ui(nq; t); u;(x; t))) i=1,2.
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We take w = ¢/ in (3.44); and integrate in ¢ to get

|w @] + [u@)? < \/z(q+1)I(M(f) f (lw @] + | uts)|?) ds. (3.45)
ao 0

Using Gronwall’s lemma, it follows that [|z/(£)[|> + u(2)||? = 0, i.e., u1 = uy.

So (i) is proved and (ii) follows. Theorem 3.2 is proved completely. O

4 Asymptotic expansion of the solution with respect to a small parameter
In this section, let (H}), (H2) hold. We make the following additional assumption:

(H,) fi € C([0,1] x R, x R7*%),

We consider the following perturbed problem, where ¢ is a small parameter such that,

le| <1:

U — Uyy = Fe[u](x,8), 0<x<1,0<t<T,
(Pe) ug(0,8) — hou(0, ) = uy(1,£) + hu(l,t) =0,

u(x,O) = I:lo(x), Mt(xro) = ill(x),
where

Felu](x,2) = flul(x, ) + efilu](x, £),
f[u] (x, t) =f(x, L, u(x, t)’ M(’?l; t)r oo u(nqr t)’ M/(t))r
Sl (e, 1) = i, £, ulx, £), u(ng, £), ..., u(ng, t), ' (£)).

First, we note that if the functions f, fi satisfy (H,), (Hj), then the a priori estimates of
the Galerkin approximation sequence {uﬁﬁ)} in the proof of Theorem 3.1 for Prob. (1.1)-
(1.3) corresponding to f = F.[u], |¢| < 1, satisfy uiﬁ) € W1(M, T), where M, T are constants
independent of . We also note that the positive constants M and T are chosen as in (3.22)-
(3.23) with |[f(-, 0, o, 2o (1), . . ., o (1), 1) |, Kpr(f), stand for

’

lf(" 0, ZtO: ﬁo(nl)’ L] ﬁo(nq): ’21) | + lfi(r 0, ZtO: Zio(fh)’ L] Zlo(flq): ﬁl)

respectively.

Hence, the limit u, in suitable function spaces of the sequence {ug,()} as k — +oo, after
m — +00, is a unique weak solution of the problem (P,) satisfying u, € W1(M, T).

Then we can prove, in a manner similar to the proof of Theorem 3.2, that the limit u,
in suitable function spaces of the family {u.} as ¢ — 0 is a unique weak solution of the
problem (Py) (corresponding to ¢ = 0) satisfying uo € W1(M, T).

We shall study the asymptotic expansion of the solution of the problem (P.) with respect
to a small parameter ¢.
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We use the following notations. For a multi-index o = (ay,...,an) € ZY, and x =
(x1,...,%n) € RN, we put

ol =0 + -+ - + an, al=o!---an),

a,BelZN, a<p = o< Vi=1...,N,

o1 ON
X% =0 Xy
Next, we need the following lemma.

Lemma 4.1 Let m,N € Nand x = (x1,...,x5) € RN, e € R. Then

N m - mN
(Z xiei) = ZP,(:”) [N, x]ek,
i-1

(4.1)
k=m

where the coefficients P,((m) [N,x], m < k < mN depending on x = (x1,...,xx) are defined by
the formulas

) Xk 1<k<N,m=1,
Pk [N)x] =

ol (4.2)
weA™ () a1 m=<k<mN,m=>2,
where A;{’”)(N) ={aeZN:|a|=m YN, ia; = k).

The proof of Lemma 4.1 is easy, hence we omit the details.
Now, we assume that

(HY) f € CN([0,1] x R, x R7*2), f; € CN([0,1] x R, x R*2).

Let u( be a unique weak solution of the problem (Py) corresponding to ¢ =0, i.e.,

ug—Aug =flugl=Fy, 0<x<1,0<t<T,
(P ) qu(O: t) - hOMO(Or t) = MOx(l: t) + hluo(lr t) =0,
0
M()(x, 0) = I:tO(x), ué)(xr 0) = ill(x)y

Uug € Wl(M, T).

Let us consider the sequence of weak solutions u;, 1 < k < N, defined by the following
problems:

u—Aug=F, 0<x<L0<t<T,

B0 (0, 2) — houp(0, 1) = upe (1, £) + mur(1,2) = 0,
u(x,0) = u;(x,0) = 0,
we € Wi(M, T),

where Fy, 1 <k <N, are defined by the formulas

;[N f] + fi[uo], k=1

’

_ _ (4.3)
q)k[N,f] + q)k—l[N_l,fl]’ 2 =< k fN;



Nhan et al. Boundary Value Problems (2017) 2017:87

with ®¢[N,f] = Ok[N,f, uo, uy, it,¢'], 0 < k < N, are defined by the formulas

Sluol, k=0,

cbk[Nrf] = 1 [
le\y\fk ﬁDVf[MO]\IJk[)/,N, u,u ]) 1 S k ENr

where

“I’k[V,N, I_/;; ﬁ/]
= > PPN )Py [N i, )] -
Br+-+Bgra=k
(Vg+1) - (vg+2) -
BTN, P N, 0]
with
Z()/,N) ={(B1,..., Bgs2) € A Vi<Bi<Ny,1<i<q+2},
y:(y17-~~1yq+2)€ZiI-+2; 1§|V|SN)

and #(x, £) = (w1 (%, 8), ..., un(x, 1), &' (%, 8) = (i1 (x, 1), ..., an (%, ).

Then, we have the following theorem.

Page 14 of 20

(4.4)

(4.5)

(4.6)

Theorem 4.2 Let (H;) and (HEN)) hold. Then there exist constants M > 0 and T > 0 such
that, for every ¢ € [—1,1], the problem (P;) has a unique weak solution u, € W1(M, T) sat-

isfying the asymptotic estimation up to order N + 1 as follows:

< Crle/N*,

wi(T)

N
Ug — Z ukek
k=0

(4.7)

where the functions uy, 0 < k < N, are the weak solutions of the problems (Py), (13/(), 1<

k < N, respectively, and Cr is a constant depending only on N, T, f, fi, ux, 0 <k <N.

Remark 4.1 By the fact that it is very difficult to find u, of the problem (P;), we try to
search the weak solutions u;, 0 < k < N, of the problems (Py), (Px). Clearly, they are found

much more easily than #, and u, can be approximated by u; via (4.7).

In order to prove Theorem 4.2, we need the following lemmas.

Lemma 4.3 Let Ox[N,f], 0 < k < N, be the functions defined by formulas (4.4)-(4.6). Put

h= Zﬁo ue®, then we have

N
fIH =" @N,fle* + el Ry [f o, i, it ],
k=0

(4.8)

with || Ry Ifs o, th, ', €] || oo 0,712y < C, where C is a constant depending only on N, T, f, uy,

i, 0 <k<N.
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Proof of Lemma 4.3 (i) In the case of N =1, the proof of (4.8) is easy, hence we omit the
details, which we only prove with N > 2. Put 1 = i + Z;le ure® = ug + hy, we rewrite as

follows:

Slhl(x, )
_f(x’t h(xr t) h(nlrt) (qu; t) h(xr t))
=f(x, t,uo(x, t) + hi(x, ), ug(ny, t) + hi(n, £), ...,

uo (g ) + i (ng, £), 1o (x,£) + I (x, 2)). (4.9)
By using Taylor’s expansion of the function f[/] around the point
(o] = (x, 2, uo(x, 2), o (M1, 2), ..., o (g 1), Th0 (x, 1))
up to order N + 1, we obtain

FIH) =fluol + Y %Dyf[uo]hlm (e, OV (i, 1) - -

1<|y|l=N
x "™ (ng, O™ (x,8) + Ry [f, o, 1], (4.10)

where

RN[f’ Uo, hl]

N+1 !
= Z ) / a- G)NDyf[uo + 91’11]1’11/1 (x, 1,‘)]r1)1/2 (m, ) -+
lyl=N+1 ¥ 70

x 1" (g, )iy (%, £) d6

= 1eNRQ [, uo, 1, €], (4.11)

Y=o Vge2) € 2172,
Vl=n+-+ Vg2
yYi=nlvgh

D'f =DI'Dy DS,

Dyf[MO] =Dyf(x’ t’ uO(x: t): Mo(fh:t)wu,uo(ﬁq, t)vﬂO(x) t))

By formula (4.1), we get

h (x, t (Z ue(x, t ) ZP [N, i, ¢ k,

k=y1

Y2 Ny

N
K (m, 1) = (Zuk(m,t)ek> = > PPN, i, )]s,
k=1

k=yo
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(4.12)
N Ygq+1 N)’q+1 ( )
W (g, ) = (Z u (g, t)ek) = Y PV [Ny, t)]e,
k=1 k=Vq+1
Yq+2 N)’q+2
h}’q+2 <Z Mk(x, ) Z P Vq+2 _'/ )]gk’
k= Yq+2
where ;l(xr t) = (ul (xy t)! ey MN(?C, t))) Zt,(x» t) = (l:ll(x) t)r cees I:lN(xr t))'
Hence, we deduce from (4.12), that
h71/1 (x, t)hifz (771, t) e hi,qﬂ (nq, t)hilqﬁ (xr t)
lvIN
Z W[y, N, i, '] ek 4 Z \Ilk[y,N,Zt,Zt’]sk, (4.13)
k=ly| k=N+1
where
\Ifk[]/,N, Ijt, 171/]
PIVIN, i, 1) PP [N, iy, £)]
- Z(ﬁl vvvvv ,Bq+2)€A(V N, B+ +ﬁq+2 =k ﬁl utx, ulin, (414)
yq” [N, #(ng, )1P W [N, i (x,1)],
Z(% ):{(ﬂl:"'rﬂq+2) Zqu <:315Ny171<l<q+2}
We deduce from (4.10), (4.13) that
Sl = fluol + > —DVf o) Z Wely, N, iy i[5 + |e N Ry [f, o, 1,1 €]
1<ly|=N k=ly|
N 1
= fuo] + Z( Z —'Dyf[uo]‘{lk[y,N, u, ﬁ’])sk + &N Ry [f, uo, 1, 1, €]
k=1 Ni<ppi<k U
N
+ Y BN fle* + e Ry [f o, by it €] (4.15)
k=1
where ®([N,f],1 < k < N, are defined by (4.4)-(4.6) and
|‘9|N+1&N [f! Uuop, l_'iy Ijl/; 8]
lvIN
-y —DVf[uo] > Wiy, Ny i e + 1R I o, b €. (4.16)
1<|y|=N k=N+1

By the boundedness of the functions u, i, 1 < k < N, in the function space L*(0, T;
HY), we obtain from (4.11), (4.14), and (4.16) that || Ry [f, 1o, %, i/ , €] lz00(0,;22) < C, where C
is a constant depending only on N, T, f, ux, iy, 1 <k < N. Thus, Lemma 4.3 is proved. [J

Remark 4.2 Lemma 4.3 is a generalization of the formula contained in ([7], p.262, for-
mula (4.38)) and then Lemma 4.4 follows. These lemmas are the key to establishing the
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asymptotic expansion of the weak solution u#, of order N + 1 in a small parameter ¢ as
below.

Let u = u, € W1(M, T) be the unique weak solution of the problem (P,). Then v = u, —
Zi\[:o ure® = u, — h satisfies the problem

V' — Av=f[v+h]—f[h] + e(filv + h] - fi[h])
+E.(x,t), O0<x<1,0<t<T,

(4.17)
Vx(0,£) = hov(0, £) = v, (1,£) + lv(1,£) = O,
v(x,0) =v'(x,0) =0,
where
N
E.(x,t) = f[h] = fluo] + efilh] - Zstk, (4.18)
k=1
and Fy, 1 < k < N, are defined by formulas (4.3).
Then we have the following lemma.
Lemma 4.4 Let (H;) and (HSN) ) hold. Then there exists a constant C, such that
1Eell oo 0,302y < CileM*, (4.19)

where C, is a constant depending onlyon N, T, f, fi, ux, 0 <k <N.

Proof of Lemma 4.4 In the case of N =1, the proof of Lemma 4.4 is easy, hence we omit
the details, which we only prove with N > 2.
By using formula (4.8) for the function f;[/], we obtain

N-1

fill] =filuol + Y BN =1, £1e" + [N Ry, o, 4, W €], (4.20)
k=1

where ||Ry_1[fi, tho, 1, i, €] | Lo (0,7:22) < C, with C is a constant depending only on N, T, f;,
ur, 0 <k <N.
By (4.20), we rewrite fi[/] as follows:

N
efilh] = efiluol + Y i [N —LAle" + elel Ry [fi, uo, 4, i ]. (4.21)
k=2

Hence, we deduce from (4.8) and (4.21) that

Sh) =fluol + efi[h]
N

= (filuo] + ®1IN,f1)e + Y (PhIN, ] + Da [N — 1,£i]) ek

k=2

+ |8|N+1I§N [f}ﬁ; Uuop, ﬁr Zl/) 8]7 (422)
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where
|8|N+11~2Nv,f1, uo, U, i, 8] = |8|N+1f\’N[f, U, 4, i, 8] + 8|8|NﬁN_l[ﬁ, uo, U, i, 8]. (4.23)
Combining (4.3), (4.18), and (4.22) leads to
Ec(x,8) = |e[N Ry[f o fio o, 1 1 €] (4.24)

By the boundedness of the functions uy, u;, 0 < k < N, in the function space L*(0, T;
H?'), we obtain from (4.8), (4.20), (4.23), and (4.24) that

el oo (0, 7522) < CalelN*, (4.25)

where C, is a constant depending only on N, T, f, fi, ux, t}, 0 <k <N.
The proof of Lemma 4.4 is complete. O

Proof of Theorem 4.2 Consider the sequence {v,,} defined by

vo =0,
Vo — Avy = fVper + B = fIh] + e(filvin + ] = filH])

+E.(x,t), 0<x<1,0<t<T, (4.26)
Vinx(0,8) = v (0, £) = vy (L, ) + Byvy(1,£) = 0,

Vi(%,0) =v,,(x,0)=0, m=>1

By multiplying two sides of (4.26) with v/, and after integration in ¢, we have

Zn(t) = 2/ <E5(s),v’m(s)>ds + 2/ (f[vm_l + h] —f[h],v’m(s))ds
0 0

+ 28/ (filvim-r + ) = A1), V,,(s)) ds
0
=h+h+] (4.27)
where Z,,(t) = |V, () 1* + [V (D)1I2-

We estimate the integrals on the right-hand side of (4.27) as follows.
Estimating J;. By using Lemma 4.4, we deduce that

t

t
Ji= 2/ (Es(s),vin(s)>ds < TC?|g|*N+2 +f Zmu(s)ds. (4.28)
0 0
Estimating J». We note that

f Wt + ] = fIRY| < ~2(q + DKot (F) Vit llwa r)s (4.29)

with M, = (N + 2)M.
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It follows from (4.29) that
o <2 [ o+ =701 ] s
< 2T(q + VK2, (D Vit 3y + /0 tzm(s) ds. (4.30)
Estimating J3. Similarly,
o= [Vl 1A 0]

t
< 2T(q + 1)Koy, () Vi 3y, (1) + / Z,(s) ds. (4.31)
0
Combining (4.27), (4.28), (4.30), and (4.31) leads to

Zn(t) < 2T(q +1°[Kap, () + Kiy, ()] ”Vm—l“%vl(T)

t
+ TC?|e|*N*2 + 3 / Zu(s)ds. (4.32)
0

By using Gronwall’s lemma, we deduce from (4.32) that
WVillwar) < orllVim-illwir) + 07(e),  forallm =1, (4.33)

where

or=~2(g+1) (1 + J%) Ky (f) + Ky (F)V Te’T,

1
87(6) = Cy| 1+ — |V TeT|e N
r(€) (+%> el

We can assume that
or <1, with the suitable constant T > 0. (4.34)
We require the following lemma whose proof is immediate.
Lemma 4.5 Let the sequence {y,,} satisfy
Vm < OYma+8 forallm=>1, ¥o =0, (4.35)
where 0 < o <1, § > 0 are the given constants. Then
Ym <8/(l-0) forallm=>1. (4.36)

Applying Lemma 4.5 with y,, = |V llwy(r), 0 = o1 <1, § = 87(¢), it follows from (4.36)
that

5r(e)

= Crle|N*, (4.37)
1- orT

Wimllwymy <

where C7 is a constant depending only on 7.

Page 19 of 20
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On the other hand, the linear recurrent sequence {v,,} defined by (4.26) converges

strongly in the space W1(T) to the solution v of problem (4.17). Hence, letting m — +00

in (4.37), we get
IVllwycry < CrleN* (4.38)
This implies (4.7). The proof of Theorem 4.2 is complete. d
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