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Abstract

for the energy, which depends on the behavior of g and «.

time-varying delay

We consider a weak viscoelastic Kirchhoff plate model with time-varying delay in the
boundary. By using a suitable energy and Lyapunov function, we obtain a decay rate
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1 Introduction

The equation which describes the small vibration of a thin homogeneous, isotropic plate

of uniform thickness 7% is given by

phugy — 'Ol—h;Auﬂ +D(0)A%u — fOtD/(t —s)A%u(s)ds=f, inQ x (0,00),

u:g_’szo, on Ty x (0, 00),

Biu — By(f, D't - s)u(s)ds) = v -m, onT x (0,00),

Bou — 1 By _ Bz(f(fD/(t —)u(s)ds) = =22 onT; x (0,00),

12 v on ’

where Q is an open bounded set of R? with a sufficiently smooth boundary I' = T’y U T;.

Here, I’y and I'; are closed and disjoint. Let us denote by v = (v1, v;) the external unit

normal vector to I', and let us denote by 1 = (—v,, v;) the unit tangent vector positively

oriented on I'. The differential operators B; and B, are given by

aA 0B
Biu=Au+(1~-pu)Biu and Bzu:a—u+(1—u) azu
v n

and the operators B; and B, are defined by

92 92 92
Biu = 2v1v2—u - vlz_” - vzz—u,
dxdy dy? dx?

0%u %u  3%u
2 2
Bzu = (Vl — U2) 8968_)/ + 1)11)2(8—}}2 - @)
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The constants in the above equations have the following physical meanings: p is mass
density, D is flexural rigidity, u € (0, %) is Poisson’s ratio, m is distribution of external force,
m - v is a bending moment about the normal vector, m - 1 is a bending moment about the
tangent vector and f is vertical loading on the faces of the plate. For simplicity, we assume
that the bending moments about both the tangent and the normal vectors are zero. To
simplify equation (1.1), we make the change of variable t — t\/lW in the time scale
and we take y = #%/12, g(t) = D'(¢) for any ¢ > 0; with these notations the initial boundary

value problem (1.1) is equivalent to

Uy —y Auy + A%u— fotg(t —s)A%u(s)ds=0, in Q x (0,00),

u=12% -0, on Iy x (0,00),

v
(1.2)
Biu - Bl(fotg(t —9s)u(s)ds) =0, onTy x (0,00),
Byu —y % — By(fy gt —s)u(s)ds) =0, on Ty x (0,00).
Rivera et al. [1] showed exponential and polynomial decay of the solutions to viscoelastic

plate equation (1.2). They considered a relaxation function satisfying

—cog(t) <g'(t) < —cig(t), 0 <g"(t) < cag(t),

for some positive constant ¢;, i = 0,1,2. The uniform stabilization of Kirchhoff plates with
linear or nonlinear boundary feedback was investigated by several authors [2—6].

It is well known that delay effects often arise in many practical problems because these
phenomena depend not only on the present state but also on the past history of the system.
In recent years, the behavior of solutions for the PDEs with time delay effects has become
an active area of research; see, for instance, [7—11] and the references therein. Datko et al.
[9] proved that a small delay in a boundary control is a source of instability. To stabilize
a system involving delay terms, additional control terms will be necessary. Nicaise and
Pignotti [11] considered the following wave equation with a linear damping and delay term

inside the domain:
Uy — AU+ iy + oty (E—T) = 0.

They obtained some stability results in the case 0 < 3 < ;. It is also showed in the case
W2 > g that there exists a sequence of arbitrary small (or large) delays such that instabili-
ties occur. Moreover, the same results were proved when both the damping and the delay
acted on the boundary. Kirane and Said-Houari [10] investigated the following linear vis-

coelastic wave equation with a linear damping and a delay term

t
Uy — Au+ / gt —s)Au(s)ds + pyug + pou(t —t) =0, (1.3)
0

where p; and p, are positive constants. They showed that its energy was exponentially
decaying when 1, < . Dai and Yang [7] improved the results of [10] under weaker con-
ditions. They also obtained an exponential decay results for the energy of problem (1.3)
in the case p; = 0. Furthermore, Nicaise and Pignotti [12] considered the following wave
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equation with time-dependent delay term:
U — Au+ e + pone(t - 7(2)) = 0,

where t(t) > 0 is the time-varying delay, 14; and pu, are real numbers with u; > 0. They
analyzed the exponential stability result under the condition

2| < V1-dp, (1.4)

where d is a constant such that t/(¢£) <d <1, V¢ > 0. Liu [13] investigated the viscoelastic
wave equation (1.3) with time-varying delay term under condition (1.4).

The stability result of viscoelastic wave equations without time delay has been stud-
ied by many authors. Cavalcanti et al. [14] established an exponential rate of decay for a
viscoelastic wave equation under the condition —& g(f) < g'(t) < —£,g(¢), t > 0, for some
positive constant &;, i = 1, 2. Later, this assumption was relaxed by several authors. Berrimi
and Messaoudi [15] proved exponential and polynomial decay rates under the condition
g <-&gt),t>0,1<p< %, for a positive constant £. Messaoudi [16] considered the

following weak viscoelastic equation:
t
Uy — Au+ oc(t)/ gt —s)Au(s)ds =0, (1.5)
0

where o and g are positive nonincreasing functions defined on R*. Under some assump-
tions on the relaxation function g and the potential «, the author obtained a general decay
result which depends on the behavior of g and «. For more results on weak viscoelastic
equations, we can refer to [17-19] and the references therein.

Recently, Yang [20] showed the existence and energy decay of solutions for the following
Euler-Bernoulli equation with a delay:

t
Uy + A%y — / gt —s)A%u(s) ds + pyuy + oty (t — ) =0 (1.6)
0

under some restrictions on p; and py. The author proved an exponential decay results
for the energy in two cases (11 # 0 or ;1 = 0). Moreover, the stability of partial differential
equations with time delay effects has been discussed by many authors [21-29].

Then, a natural problem is what would happen when a delay term occurs in (1.2). Mo-
tivated by these results [16, 18, 20, 29], we consider a decay rate of the solutions for the
following weak viscoelastic Kirchhoff plate equations (1.2) with time-varying delay in the
boundary:

uy (%, ) — Y Aug(x, £) + Au(x, t) — ot(t)fotg(t —8)A%u(x,s)ds=0, in S x (0,00),

u(x, t) = % =0, onT{ x (0,00),

Biu(x, t) — Bl(a(t)fotg(t —8)u(x,8)ds) =0, onT x (0,00),

Bou(x, t) — y &0 _ B, (a(t) [, g(t - s)ulx,s) ds) 1.7)
= (%, £) + poug(x, t — t(£)), onTy x (0,00),

u(x,0) = up(x), u(x,0) =uy(x), x€9,

ux,t) = folx, t), (v t) €Iy x [-7(0),0),
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where p; is a positive constant, p; is a real number, 7(£) > 0 represents the time-varying
delay, g and « are real functions satisfying some conditions to be specified later.

When the viscoelastic term is modulated by a time-dependent coefficient «(t), we prove
an energy decay result of the solutions for weak viscoelastic Kirchhoff plate equations (1.7)
in the case u; # 0 or u; = 0, respectively. In order to achieve this goal, we need a restriction
of the size between the parameter uy and the kernel g.

The paper is organized as follows. In Section 2, we give some preparations for our con-
sideration and our main results. In Section 3, we study an energy decay of the solutions
for problem (1.7). By introducing suitable energy and Lyapunov functionals, we obtain a
decay estimate for the energy, which depends on the behavior of both « and g.

2 Preliminaries
In this section, we introduce some material needed in the proof of our result and state the
main result. We denote

(u,v):/ uvdx, (u,v)n:/ uvdrl.
Q Iy

For simplicity, we denote || - [|;2(q) and || - | z2qr,y by || - | and || - ||, respectively. To study
the existence of solution of system (1.7), we introduce the following spaces:

d
V:{ueHl(Q)lu:OOnFo}, W={MEH2(Q)|IA=8—M=OOHFO}.
v

Let us define the following bilinear symmetric form:
) / ud*v  0%ud’v ud?v  9%ud’v
a(u,v) = ——t——tu| ==+ —=—
o\ 0x% 3x2  9y2 3y? H\ B2 y*  9y* ox?

?u  0?
+2(1 - p) 4 Y dxdy.
dax dy dx dy

Based on the integration by parts formula, a simple calculation yields

(A%u,v) = a(u,v) + Bau, v)r, — <Blu, ﬂ) .
v/,

Since 'y # ¥, we know that /a(u, u) is equivalent to the H?(Q) norm on W, that is,
2 ~ 2
CO ”M”HZ(Q) S ﬂ(ur M) S CO ||u||H2(Q)y

where ¢y and ¢, are generic positive constants. The Sobolev imbedding theorem and a
trace estimate imply that for some positive constants C,, C;, C'p and C~'S,

lul® < Coatw,u), — IVul® < Coalu, u),
5 ) (2.1)
lull?, < Cpalu,u) and |ull}, < Cil|Vull®>, YueW.

For the relaxation function g and the potential o, as in [16], we assume that
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(H1) g,a:R* — R* are nonincreasing differentiable functions satisfying

g(0) >0, lo:=/ g(s)ds < o0,
’ ¢ (2.2)
a(t) >0, 1—2a(t)/ gls)ds=1>0, fort>0,
0

and there exists a nonincreasing differentiable function & : R* — R* satisfying

§(0)>0, g(0)=-£()g), fort=0 (2.3)
and
—a/(2)
im ——— = (2.4)
100 &(£)a(t)
Remark 2.1 Note that (H1) implies lim;_, » %}f) =0.
Since the function g is continuous and positive, we obtain
t to
/ g(s)ds > / g(s)ds:=go>0 (2.5)
0 0

for all £ > £ > 0. This fact will be used subsequently in the proof of our main result.
As in [12], for the time-varying delay, we assume that T € W>*([0, T]) for T > 0, and
there exist positive constants 7y, 7; and 4 satisfying

O<to<t(t)<7 and 7T/(t)<d<1 forallt>0, (2.6)
and that ¢ and p, satisfy

ol < V1 -dps. (2.7)
Let us introduce the function as in [12]

z(%, p,t) = u (%, t = t()p), x €T, pe(0,1),£>0.
Then problem (1.7) is equivalent to

(%, ) — ¥y Aug(x, £) + A%u(x, t) — a(t) fotg(t —8)A%u(x,s)ds=0, in 2 x (0, 00),
T()ze(x, p,8) + (L= T'(£)p)z, (%, p,£) =0, inTy x (0,1) x (0,00),

u(x,t) = 24580 _ 0 on Ty x (0,00),

av
Bru(x, t) — Bi(a(t) fotg(t —s)u(x,s)ds) =0, onT; x (0,00),
Bou(x,t) —y d“g—(v’”} — By (a(2) fotg(t — 8)u(x, s) ds) (2.8)

= pug(x, £) + pnoz(x,1,£), on T x (0,00),
u(x,0) = up(x), u(x,0) =u1(x), x€Q,
z(x,0,t) = us(x,t), onT; x (0,00),

z(x, 0,0) = fo(x,—p7(0)), (x,0) €1 x (0,1).
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We can prove the existence of weak solution by making use of the classical Faedo-Galerkin
method. Then, using elliptic regularity and second order estimates, we can show the reg-
ularity of the solution. We state a well-posedness result without a proof here (see [1, 10,
12, 20)).

Lemma 2.1 Let (2.6) and (2.7) be satisfied and g, o satisfy (H1). If (uo,u1) e W x V, fo €
L*(I"; x(0,1)) and T > 0, then there exists a unique weak solution (u, u;) € C([0, T]; W x V)
of problem (2.8). Moreover, if (uo, ;) € (W N H*(Q)) x (VN H3(Q)), fo € HX(T} x (0,1)),
then the solution of (2.8) has the following regularity:

ue C°([0,T); W NH*(Q)) N C!([0, T); V N H(RQ)).

Inspired by [12, 16], we define a modified energy functional as
1 Y , 1 t
E(t) := Sllucll” + SIVull” + 5| 1—a(t) | g(s)ds |alu, u)
2 2 2 o
at) —., ¢ / L e 2
—gla = $ ds,
+ 5 g U+ 2 ) e Hut(s)Hr1 s

where ¢ and A are positive constants satisfying

|12 |2l

<l <2u—
Ve R

Note that this choice of ¢ is possible from assumption (2.7).

1 1-d
and )L<—log{ .

J1-d T [ 12| 29)

The main result of this paper is the following.

Theorem 2.1 Let (2.6) be satisfied and g, a satisfy (H1). Assume that either one of the
following two conditions holds:

(i) 0<lual <v1-du,

(i) p1=0,0 < |u2| < o and a(t)é(t) > &, Vt > 1.
Then there exist positive constants k and K such that, for any solution of problem (1.7), the

energy satisfies

E(t) < Ke M @950 oy (2.10)
where o and &y are positive constants given by (3.29) and (3.33), respectively.
3 General decay of solutions

In this section we show a general decay rate. To simplify calculation, in our analysis we

introduce the following notation:
(g*xu)(t) = / gt —s)u(s) ds,
0
(@0u)(2) = / gt =) u®) - u(s)|” ds,
0

(gD82u)(t) = /0 gt- s)u(u(t) —u(s), u(t) - u(s)) ds.



Park and Kang Boundary Value Problems (2017) 2017:96

Page 7 of 17

We give some estimates related to the convolution operator. By the symmetry of a(-, -) and

direct calculations, we shall see that

a(t)alg *u,u;) = —?g(t)a(u, u) + ?g’ma%; +

_e ® (/0 g(s) ds)a(u, u)

2
1d ‘
- [a@)gmazu ) < /0 g) ds)aw, u>}

o/ (t) 2
9 09
g &0

and
4 1

algxu,u) < 2(/ g(s) ds)a(u, u) + ngazu.

0

To prove our result, we need to introduce the following auxiliary functionals:
D(t) = / U dx + y/ Vu,Vudx,
Q Q

t

W(t) = —/ ut/ glt-s) (u(t) - u(s)) dsdx
e Jo

—y/QVut/O g(t—s)(Vu(t)—Vu(s))dsdx.

We divide the proof of Theorem 2.1 into two cases as follows.
Casel:0 < |ua| <~/1—du;.
First, we consider the functional

L(t) := NE(f) + e1a(£) D(2) + 2 ()W (2),

where €; and €, are positive constants. We easily get the following lemmas.

(3.1)

(3.2)

(3.3)

Lemma 3.1 For N > 0 large enough, there exist positive constants C, and C, such that

CLE(t) < L(t) < CLE(t), Vt=>0.

(3.4)

Proof By applying Young’s inequality, the Cauchy-Schwarz inequality, (2.1) and (2.2), we

clearly have

1 C,+yC; ¢
@) = Sl + gnwtnz ¥ % (1 —a(t)/ (s) ds)a(u, ),
0

C, +yCyly

1 14 (
V)| < =llu > + S|V, ||> + —£ 06%u,
! ()|_2|| P+ S IVl ¢
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which gives us

|L(6) - NE(®)| < @(a re)lml? + %(O)(el + )| Vit |2

C Cy)l
+ 762( L +2y ) Oa(t)gﬂazu
C Cs)a(0 ¢
+ M 1 —oz(t)/ g(s)ds |a(u, u)
21 0
=< C3E(t))
where C3 = max{a(0)(e; + €2), €2(C, + v Co)lo, C”LCS)D‘} Choosing N > 0 large, we com-
plete the proof of Lemma 3.1. d

Lemma 3.2 Let (2.6) and (2.7) be satisfied and g, a satisfy (H1). Then, for all regular so-

lutions of problem (1.7), there exist positive constants ag and o satisfying

E'(t) < —aolluel}, - ot1||ut(t—rt))||r “(t)g/maz —“T(t)( fo g(s)ds)a(u,u)

)"; A(s—t) 2
- — § ds. 3.5
2 )t |e(s)||7, s (3.5)
Proof Multiplying (1.7) by u,(t), we get the identity

d 1
a{—llwtll2 + —IIVMt||2 + zﬂ(u»u)}

=—l ||Mt||12~1 %) (ur(t -1(2)), ”t)rl +a(t)a(g * u,uy). (3.6)

Applying (3.1) to (3.6), we have

E'(8) = —pallugllf, — po (e = T(8)), e)

- 0ate ) + W s g
- oc/z(t) (/()fg(s) d5>a(u, u) + %IlutII%1
- £e_“(t)(l ') || ue(t - 7(8)) ||2 _M /t 0| uy(s) ||2 ds (3.7)
2 ! 2 S 20 & :
From Young’s inequality, we obtain
ot v @) )y, = 2z P ) (38)

2V1-d
By (2.6), we get

d)
SO @) |- O)}, = - P -0 (3.9)
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Combining (3.7)-(3.9) and (H1), we have

, ¢l (1-d) | w
OES (m—g—w’”_)n il - ( o~ )H (= w@)[,
alt) , Ol()( ) YA 2
00 ()ds Jalu, )~ - ()|}, ds.
+ e /gs s ) atu, [l e

By using condition (2.9), we obtain

S td-d) |palvli-d
o= —~———-—>0 and a;:= - >0,
2 2/1-d 2erm 2
which implies the desired inequality (3.5). The proof is now complete. O

Lemma 3.3 Under assumption (2.2), the functional ® satisfies the estimate

l
P'(t) < _Eﬂ(u’ u) + llue)? + v [ V|

alt) w:C wiC
e R T e PAGR0) I (3.10)
Proof By using (1.7) and (3.2), we get
O(t) = uel® + v IVure|* — alos, ) + ex(e)a(g % u, )
— (vt W)y — o (e (£ = T(8)), )
2 2 ! a(t) 2
< lluell®+ y IVuell” = (1 -2a(0) | g(s)ds |au, u) + = —gLIo"u
0
— (ot Wy — o (v (¢ = T(8)), ) . - (3.11)
From Young’s inequality and (2.1), we see that, for any n > 0,
C 2
~pur (a0, < L alu ) + Z—;nutn%l, (3.12)
nC 1 2
— o (ute (2 - t(t)),u)Fl < Tpa(u, u) + 2—; (PAGER10)) ”1‘1' (3.13)
Combining (2.2), (3.12) and (3.13) with (3.11) and choosing n = —= ~ we have (3.10). O
Lemma 3.4 Under assumption (2.2), the functional V satisfies the estimate
t t
wio) < [ ewrds=s )it -y ( [ g0ras-s )19
0 0
1-1\? 9 2
+8(1+ - ﬂ(M,M)+5||M:||p1+5”Mt(t—f(t))Hrl
1 /L% Cp M%Cp /t 2
— (]
(a(t) + 28 I, + v | g(s)ds |glho“u
0)(C, C.
_8ONC+¥CD ey, (3.14)

44
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Proof Similarly, we find that
W'(t) = / g(t- s)a(u(t) —u(s), u(t)) ds
0
- - — u(s), - dt )d
oz(t)‘/o g(t—s)a (u(t) u(s) /0 gt —7)u(r) r) s
10 [ gle= () - ul5) (0) , s
+ o /0 gt- s)(u(t) — u(s), ut(t - 'L'(t)))r1 ds
—y /Otg/(t = 8)(Vul(t) = Vu(s), Vi (t)) ds

_ /0 (¢t — ) (14(t) — 14(5), s (1)) dis

- t s)ds Vut2—< t Sds) utz
=L+ + 16— t s)ds Cutz— t s)ds Uy 2. 3.15

Now, we estimate the terms on the right-hand side of (3.15). Young’s inequality, (2.1) and
(2.2) give that

|| < Sa(u, u) + % (ftg(s) ds)gﬂazu,
0
] < ot(t)</[g(s) ds)gDa%t +a(t) /tg(t —5) /tg(t —1)a(u(t) - u(s), u(t)) dr ds
0 0 0

2 t
< 5(17‘1) alut ) + (am + %) ( | ¢ ds)gmazu,

26 t
e ( [« ds) 09,
0

2 :U“%CP ! 2
4] < 8||ue(t - T(2)) Hrl + T(/o g(S)dS>g|:|8 u,

t 2
|15|sy6||wt||2+éf—8/(/ g/(t—s)qu(t)—w(s>|ds) dx
Q 0

)G ,
< yoIVu | - £ =g 0o,

1 t 2 0)C
Ilalséllut||2+—/ /g/(t—S)!u(t)—u(S)lds deSIIMtIIZ—&g/Dazu,
48 Jo\ Jo 48

where § > 0. From the above estimates, we obtain (3.14). |

Lemma 3.5 For ty > 0 and sufficiently large N > 0, there exist ki >0, ky >0 and t; > £
such that

L'(t) < —kia(HE(t) + ko (£)g10%u, Vt=> 1, (3.16)

where ki and k, depend on go.
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Proof By using (2.1) and Young’s inequality, we get

/(t)él

€10 () P(t) + €20/ ()W (2) < —a/ (O)l|ue))® — &' (O)y | Ve ||* - (Cp + yCyalu, u)

o' (t)el

(Cp+ st)(/ g(s) ds)gDazu, (3.17)
0
Then, using (2.5), (3.3), (3.5), (3.10), (3.14) and (3.17), we have

o' (2)
a(t)

—oz(t){l%l - (1+ (1T_l> )562
No'(t) ( [* o (t)ef
+ 20 </0 g(s)ds>+ 20 (Cp+ C)}a(u, u)

aoN /LZC €1
—Ol(t)<a——5€2— Lr )nutn%l

(t)<—06(t)((go—3)62—€1+ )”ut” —)/Oé(t)<(go—5)€z—61+ ())IIVW|I2

a(t)

(0) !
N e
a0 25 =00 - 1 Ju (e 0)
a(t)[el(z(t)

2 2 2 C / t
oo 220285 ) e o

N g(0)e A -
+a<t)<2 g 452 p+ycs>)g/mazu—§— e |uy(s)| 1, ds.

t—t(t)

We first choose § > 0 so small that

8o Igo
8<mm{2 204+ (1- D%}

Then, we obtain
1 26 1-N\*\ 1
go—8> Ego and 7<1+ (T) ) < Zgo,
Hence § is fixed, the choice of any two positive constants €; and ¢, satisfying
g—062 <€ < @62

4 2

will make

1-7\2
(g@o—8)ex —€1 >0 and 1671—<l+<71) >8€2>0.

Aslong as §, € and €, are fixed, we take N large enough such that

N 2C N 2C
%o 1) _ M p61>0, ar —ez—uz p61>0
l a(0) )
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and

N g2(0)ey

5 v (Co+yCy)>0.

Since limy_; o %/g) =0, we can take #; > £, sufficiently large so that

o'(2)
—8)eg — —=>0,
(go—8)ea—e1 + <) >
le 1-1\? No'(8) [ (! o' (t)e?
——(1+{—) )¢ d C Cs) > 0.
2 <+<2))62+ 2a(2) (/Og(s) S)+2oz(t)(p+y )>
Therefore, we get (3.16) for some positive constants k; and k; depending on gj. g

Multiplying (3.16) by £(¢) and using (2.3) and (3.5), we find that

E@)L'(t) <~k ()E(O)E(E) + kaor(£)& (£)g00%u
< -kia(t)E(t)E(t) - kya(t)g' D0 u

< -ka(t)E@)E() — ky (25’(1:) +a'(p) </tg(s) ds)a(u, u)), V> t.
0
From &'(¢) < 0, (2.2) and the definition of E(¢), we obtain
(E(OL() + 2k E(t)) < ~kaat(DE (£)E(2) - ko (2) (/ 8(s) dS>tl(u, u)
0

2kyo () t
< —(/q + e E Q) (/0 g(s) ds))a(t)é(t)E(t), Vi> 1.

By (2.4), we can choose #, > # such that k + 222 ( (1 g(s)ds) > O for £ > t,. Let L(z) =

&(t)L(t) +2koE(¢), then from (3.4) we can see that L(¢) is equivalent to E(¢). Then we deduce
that
L) = ~ka(E(DLE), Viz b,
for some positive constant k depending on gy, @ and &. Integrating this over (¢, t), we get
L() < Litr)e M OEO gy g,
Using the equivalence of £(t) and E(t) again, we have
E(t) <Ke* i (65015

) Vit > tZ;

for some positive constant K depending on the initial data.
Case 2: u1 =0, |uz| > 0.
First, we define the Lyapunov function

F(t) := E(t) + e1a(£) D(2) + g0 ()W (8), (3.18)

where ¢; and ¢, are positive constants.
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Similar to Case 1, from Lemma 3.1, we can obtain, for &1, &, > 0 small enough,
BLE(t) < F(t) < B2E(t), Vt=0, (3.19)

where B and B, are positive constants. From Lemma 3.2, we get

Ji—d ¢(-d
E/(t)S(£+|M72|d)””t“12"1+<|lh| 1-d4 _¢d )>||ut(t—t(t))||il

2 21— 2 2er1
aét)g/Daz (1) (/ g(s) ds)a(u, u)
A
M A [[24c(s) ”12, ds. (3.20)
2 t-1(t) !

Similar to Lemmas 3.3 and 3.4, we have

oz(t)

l
(1) =~ awu) + Co(lluel® + y I Viell” + e (£ = 7 (0)) It) + =0, (321)

where Cy = max{1, “ "} and

)

< —(g0 = )lluell* — y(go — 8) | Vure|*

1-1\* 2
+5(1+ <T) )a(u,u)+5||“t(f—f(t)) Ir,

1 uiC t 0)(C, +yCy)
(a(t)+§ MZ(SP)(/O g(s)ds)gDBzu—%gDWu, (3.22)

respectively. By (3.18), (3.20)-(3.22) and (2.1), we obtain

F'(t) <alt) (81C0 —(go—98)e2 — z((:))) A

C (¢ lumal o'(t) 2
+ )/Ol(t)(Elco — (g0 —8)ex + 2(0)y (5 + 5 l—d) - a(t))”vut”

ool ()
O{/(t) £ ()81
= %2 (/0 g(s)ds>— 200 (Cpy +yC)}a(u’u)

A-d)( |ual
Ol(t)<81C0 +86y + — 0) <2\/'Liz——d - zeirl )) [[e (2 - 7 (2)) ||§1

810[

N {gz(a 2+,bL2 ) O;(t():2 }( s)ds)]g[](')zu

t)(%— (Z)gz(cp yC)>gDa2 - / 00 | (5)| ., s
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Now, we choose § > 0 small enough such that

. )& Igo
8<mln{z,m}. (323)

As long as § is fixed, we take &, such that

26

0<8 < ——/———/mm™™ .
2" g(0)(C, + yCy)

Then we get

1 g(0)s,
2 44

(Cr+yCy)>0. (3.24)

From the choice of §, we have

& & —28
4C, 2C,

Then we select &; such that

80&2 (g0 —28)e2
St Y NS AL

3.25
4c, ! 2C, (3:25)

By (3.23) and (3.25), we obtain

Y ’ YL (3.26)
— -—x< .
2 D)

and
0<81C0 +382 <(go—8)82—81C0. (327)
Now, we add a restriction condition on y, that is, we suppose that

G
1-d

<y. (3.28)

Note that e*™ — 1as A — 0. Hence, if we take A small enough, and from (3.27) and (3.28),
there exists a positive constant ¢ such that

20:(0)e*™ 20:(0
%(81C0+582)<§< ozé)y ((go — 8)e2 — £1Cy).

S

And then, we see that

¢ 2a(0)
e - 1-4 (81C0 + 582) >0
and
20(0)y

z ((go — 8)g2 —£1Co) — ¢ > 0.

s
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If we choose |ut7| > 0 such that

lual <v1 —d(min{ef—r1 - 21%((;,)(81@ +3e3), 2Ol(é,ﬂ((go —8)es —1Co) —4})

=i o, (3.29)

where (1o depends on gy, we find that

1-d)( |pal ¢
£1Co + ey + «(0) (2 T - 2e“1> <0 (3.30)
and
Cs ; |/-'L2|
£1Co — (g0 — 8)&2 + 20)y (5 + Zm) <0. (3.31)

Consequently, from Remark 2.1, (3.24), (3.26), (3.27), (3.30) and (3.31), there exist two
positive constants k3 and k4 such that, for t; > £,

F'(t) < —ksa()E(t) + ko ()g0d*u, Vt>t, (3.32)

where k3 and k4, depend on gy. Multiplying (3.32) by &(¢) and using (2.3), (3.20), (3.31) and
the definition of E(¢), we get, for t > t;,

E(O)F (1) < —ksa (D)5 (DE(E) - kacr(£)g' D9 u

< —k3a(D)E (DE(0) - 2kaE'(£) + 2k y 2(0)((g0 — 8)e2 — £1Co) | Ve |*

— ko (2) (/tg(s) ds)a(u, u)
0

< —ksa ()€ (D)E(t) — 2k4E' (t) + 4ksr(0)((go — 8)e2 — £1Co) E(2)

2/( / t
_ 4‘; ®) (/0 g(s)ds)E(t).

By &’(t) < 0, we have, for ¢t > t,

(E@)F () + 2kaE@t))
4k4a(0) 2kq0d (t) t
< —(ks e - De—aio) ¢ D ( /O 4 ds))a(t)s(t)w).

Now, we add a restriction condition on « and &, that is, we assume that

4k40((0)

a(t)é(t) > %

((g() - (3)82 - 81C0) = %‘0, Vt > t. (333)

From (2.4), we can take ¢, > #; such that k3 — i%)é(((t))) ((g0—8)e2 —£1Co) + 12;(4[‘;;8 ( f(f g(s)ds)>0

for t > t,. Hence, there exists a positive constant k such that

F'(t) < —ka(t)s(t)F(t), Vt=t,,
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where F(t) = £(¢)F(t) + 2k4E(f). From (3.19), we can see that F(¢) is equivalent to E(¢).
Integrating this over (t,£) and using the equivalence of F(¢) and E(¢) again, we obtain
(2.10). Then, we complete the proof.

Example If g decays exponentially, £(¢) = a and «(¢) = L 4 ¢, then (2.10) gives us

1+t

E(t) < [(e—k(abln(1+t)+uct)
where a, b,c > 0.

4 Conclusions

In the present paper, we consider a decay rate of the solutions for weak viscoelastic Kirch-
hoff plate equations with time-varying delay in the boundary. By introducing suitable en-
ergy and Lyapunov functions, we obtain a decay estimate for the energy, which depends
on the behavior of both « and g. On the other hand, different from the previous literature,

we use the memory term instead of the damping term to control the delay term.
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