Sawangtong and Sawangtong Boundary Value Problems (2017) 2017:97 @ BOU nda ry Va I ue PrObIem S
DOI 10.1186/513661-017-0830-9 a SpringerOpen Journal

RESEARCH Open Access

A single quenching point B

for a fractional heat equation based on
the Riemann-Liouville fractional derivative
with a nonlinear concentrate source

Wannika Sawangtong'? and Panumart Sawangtong?®’

“Correspondence:
panumarts@scikmutnb.ac.th Abstract

’Department of Mathematics, Thi . dv th hi bl inaf . 'h . ith
Faculty of Applied Science, King IS paper aims to stu y the quenc INg problem in a ractional neat equation wit

Mongkut's University of Technology the Riemann-Liouville fractional derivative. The existence and uniqueness of a
go"thi”ngk;OkéPszcf;afag* Road, solution for the problem are obtained by transforming the problem to an equivalent

aANgKOK, , Ihallan . . s . . . . .
Fuuﬁst of author information is integral equation. The condition for the quenching occurrence in a finite time is
available at the end of the article given. Furthermore, the quenching point set is shown.

Keywords: quenching; fractional heat equation; Riemann-Liouville derivative;
existence and uniqueness

1 Introduction
The study of quenching problems for the initial-boundary value problem of parabolic type
began in 1975 with a research paper of Kawarada [1], and since then, this topic has attracted
much attention. Recently, many papers have studied quenching problems in PDEs (see [2—
4] and [5] etc.).

The purpose of this article is to investigate the quenching phenomenon of the following
fractional heat equation based on the Riemann-Liouville fractional derivative with non-

linear concentrated source:

Ve = RLD} Ve + 8(x — xo)f(l —v(x0,2)) for (x,£) € (0,1) x (0,00),
v(x,0)=0 forxe[0,1], 1)

v(0,8) =v([,t)=0 fort>0,

where p;. D}~ denotes the Riemann-Liouville fractional derivative of order 1 — & with o €
(0,1), 8(x) is the Dirac delta function, x is a fixed point in (0,/), [ is a positive constant,
and f is a given function such that f(1) > 0 and f(1 - v), ,(1 — v), f,,(1 — v) are positive for
0<v<landlim, ;- f(1-v)=o00.

When « =1, equation (1) becomes the heat equation with the homogeneous initial and
boundary conditions. It is well known that the highly localized nature of the heat source
can be represented by the Dirac delta function. In the case of « =1, the model for the
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temperature of a diffusive medium with a nonlinear concentrated quenching source that
moves at a constant speed was studied by Olmstead and Roberts [3] by analyzing the corre-
sponding Volterra integral equation at the point x = cz, where ¢ > 0 is the constant speed
of translation

~(-x0)>

* 7(x7£)2 00 e 4(t-s)
wvo(8)d - vix0,9)d
[ e vo(€)dE +/0 o) %f(l v(xo s)) s

oo

V(xog,t) = =
2(wt)2

and the nonhomogeneous initial condition is determined by vy. Under appropriate con-
ditions, they proved that quenching always occurs for a sufficiently slow speed. Moreover,
when quenching does occur, bounds for quenching time are shown. The research paper
of Olmstead and Roberts [3] is inspiration and motivation for working and writing this
article. We next introduce the quenching definition.

Definition 1.1 A solution v of problem (1) is said to quench at the point x, if there exists
a positive time ¢, such that the function v(xo,£) — 1~ and v,(xo,£) = oo as t — ¢,. If ¢, is
finite, then v is said to quench in a finite time. On the other hand, if t, = oo, then v is said
to quench in an infinite time. Furthermore, the set of all quenching points is called the
quenching set.

For the reader’s convenience, we introduce some facts about fractional calculus. For

details, one can see [6].

Definition 1.2 The integral

o _L ! _ el
B0 =5 | €96

is called the Riemann-Liouville fractional integral of order « > 0, where I' is the gamma
function.

Definition 1.3 The Riemann-Liouville fractional derivative of order « for a function f is
defined by

ruDEf(2) = ﬁ (%) /0 (t-5)"""f(s)ds form=[a]+1,

where [«] denotes the integer part of the real number «.

Definition 1.4 For a function f : [0,00) — R, the Caputo derivative of fractional order «
is defined as

cDif(t) = ﬁ /Ot(t—s)”'“_lf(")(s) ds forn=[a]+1

provided that such integral exists.

Lemma 1.1 Let f be a continuous function on [0,a] with a >0 and f(0) =0, and let a €
(0,1), then
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1) I*RDIF@) =£(2),
) cDif(t) = I L1 (p).

In Section 2, we transform problem (1) into the equivalent Volterra integral equation.
A unique nonnegative local solution of problem (1) is shown in Section 3. In Section 4, we
prove that a solution of problem (1) quenches in a finite time. In the last section, we find
the quenching set of problem (1).

2 Anintegral equation

To investigate a possible quenching solution of problem (1), it is advantageous to convert
the initial-boundary problem (1) into an associated integral equation by the technique in
[7]. To do so, we first find the Green’s function G, equivalent to problem (1) determined
by the following system: for any fixed (¢, 7) € (0,7) x (0, 00),

Gy _  109°Go
ot Nt Tax2
G.(0,£:6,7)=0=G,(,t;&,7),

+8(x—&)8(¢ - 1),

Gylx, t;6,7)=0 fort<rt.

As shown in [8], the Green’s function G, can be expressed in terms of Gj, which is the
Green’s function for the classical diffusion in the case of & = 1

G, €, 1) :/ fu@Gi(x, (£ - 7)72:€,0) dz (2)
0
with
— (-1y7
= f
fa(2) ]Z]'Fl = a})zO orz>0 (3)
and
. onrx . nmé _nxl g
Gi(x t&,1) = 7 sstmTe 2 fort>r. (4)
n=1

By (3) and (4), we obtain the following alternative forms for
Gy, 5;&,7) = Zsm—sin@/ fa(2) 712 -0 “dz fort>t.

By a technique similar to the one used in [7], the integral equation related to (1) is given
for any (x,¢) € [0,/] x [0,00) by

vix, t) = /tGa(x,t—t;xo,O)f(l—v(xo,t)) dr. (5)
0

To analyze equation (5), it is essential to know the properties of G,. Various properties
of G, can be derived from (2). By [9], it is seen that G, is positive, G, is continuously
differentiable for ¢ > 0, G, is decreasing with respect to ¢, f(f Gy (%, t—T;%0,0) d7 is positive
and % fot Gy (x,t = T;20,0) d7 is positive.

Page 3 of 7
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3 Existence and uniqueness
In this section, we use the Banach fixed point theorem to show that the integral equation

(5) has a unique continuous solution on the time interval [0, ;] for some £ > 0.

Theorem 3.1 There exists t; > 0 such that the integral equation (5) has a unique nonneg-

ative continuous solution v on the interval [0, ] for any x € [0,1].

Proof Let R be any fixed positive constant with R < 1. We choose a positive constant %

satisfying the following inequality: for any x € [0, ],

/hGa(x,h—r;xo,O)dt<min{L,;}. (6)
0 SA-R) £,(1-R)

We construct the set Sg by

Sk = {v € C([0,] x [0, 4]) such that sup |v(x, )| < R}.
(x,£)€[0,1]1x[0,K]

Thus, S is the nonempty closed convex subset of C([0,!] x [0, 4]). Then Sk is a Banach
space and its norm [[v|[s, = SUp, ycjox0. 1V £)|. We next define an operator F : Sp —
C([0,1] x [0, h]) by

Fv(x,t) = /t Gy, t —T;x0, O)f(l — (%0, r)) dr
0

for any v € Sg. In order to apply the Banach fixed point theorem, we have to show that the
operator F satisfies the following two conditions:

(1) F:Szp— Sp and

(2) F isa contraction mapping.

Condition (1): Let v € Sg. By % fot Go(x, t —T;%9,0)dt > 0 and (6), we have

|Fv(x,t)| ff(l—R)/tGa(x,t—r;xo,O)dr
0

h

<f(1-R) / Gul = 730, 0) it
0

<R.

This means that ||v||s, < R.
Condition (2): Let us consider that for any v,w € Sg,

h
’Fv(x,t)—Fw(x,t)‘ §ﬁ,(1—R)/ Go(x%, = T5%0,0)dT||v — wsp.
0

By (6), this implies that F is a contraction mapping.

Therefore, the Banach fixed point theorem implies that F has a unique fixed point on Si.
We can conclude that the integral equation (5) has a unique continuous solution v for any
(%, ) € [0,1] x [0, K. It follows by the positivity of G, and f that the solution v is positive.

Hence, the proof of this theorem is completed. g
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4 Finite time quenching
The following theorem shows that the solution v of the integral equation (5) quenches at
the point xy.

Theorem 4.1 Let [0,t,) be the maximum time interval such that the integral equation
(5) has a continuously differentiable solution v(x,t) for any (x,t) € [0,1] x [0,2,). If v(xo, t)
converges to 1~ as t converges to t,, then v,(xo,t) goes to 00 as t — t,.

Proof Let us consider the derivative of (5): for any (x,¢) € (0,1) x (0,,),

ve(x, ) = Go(x, £ %0, 0)f (1)
+/0tGa(x,t—t;xo,0) V(l—v(xo,t))v,(x,t)dt. 7)
From the positivity of G, and the properties of f, we have that
vi(x,£) >0 for (x,¢) € (0,) x (0,t,). (8)

Equation (7):

Vi, 1) > Ga(xo,t;xo,m[fu) " f 1= vior D) (s, r)dr}
0
= Gy (%o, t; X0, O)f(l - v(x0, t)).

Since lim,_,1- f(1 — v) = 00, this shows that v;(xo,) — oo as ¢ — t,. Therefore, we can
conclude that v quenches at the point xy when t — ¢,. d

We next give the condition that guarantees the occurrence of quenching in a finite time.

Theorem 4.2 There exists a finite time t* such that the integral equation (5) has no con-
tinuous nonnegative solutions v with v(x,t) <1 for every x € [0,1] and for t > t*.

Proof Suppose that the integral equation (5) has a continuous solution v with v(x,£) <1
for any (x,¢) € [0,1] x [0, £,], where t, is determined later. Without loss of generality, let us
consider integral (5) at the point x = x

v(xo,t) = /t G (%0, — T5%0,0)f (1 = v(xo, 7)) dT
0

for t € [0, t,]. We then choose t, where t, satisfies

123 1 1
Gy (%0, — T5%0,0)dT > dr.
./o (%0, t2 — T;5%0,0) dt A f(l—r) r

Since G, is decreasing with respect to ¢, we obtain that

V(xo,t) = /t Gy (%0, & — T5%0,0)f (1 — v(xo, 7)) dT = J (2)
0
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with J(¢) = fot Gy (%0, — T5%0,0)f (1 — v(xo, T)) dT. We then have that

d
% = Gy (xo, ta — t; %0, O)f(l — (%o, t))

> Gy (%0, b2 — £5%0,0)f (1 = J (£))

for any ¢ € [0, t;]. Then, since J(£;) = v(xo, £) < 1, we have

1 1 p J(t2) 1 J 2] J
YT > Got ;t _t; 10 tr
/of(l—r) ) ATy ]_/o Gt0s 22 = £5260,0)

which contradicts the definition of £,. Therefore, this theorem is proved completely. [

5 Single quenching point

The next theorem shows that the point xy is the single quenching point.

Theorem 5.1 Assume that the solution v(x, t) of problem (1) attains, for t € (0,t,), its max-
imum at (xo,t). If v(xo,t) converges to 1~ as t approaches to t,, then v quenches at xo. More-

over, x is the single quenching point.

Proof 1t follows from Theorem 4.1 that v quenches at the point x,. We next show that
v quenches only at the point x¢. Since v(x,t) exists for t € (0,¢,), we set w(t) = v(xo,t)

for t € (0,¢,). Then problem (1) is equivalent to the following two initial-boundary value

problems:
v 0%
T RLD} Fye) for (x,£) € (0,x0) x (0,,),
v(x,0)=0 for 0 <x <wx, ©)
v(0,£)=0 and v(xo,t) =w(t) forO<t<t,
and
v 0%
Pl ! ) for (x,t) € (x0,1) x (0,2,),
(10)

v(x,0)=0 forxg<x<l|,

vixo,t) =w(t) and v(,t)=0 for0<t<t,.

By taking the Riemann-Liouville fractional integral of order 1 — o on both sides of equa-

tions (9) and (10) and using Lemma 1.1, we obtain

2

CD?V(?C, t) = @

for (x,) € (0,%) x (0,2,),
v(x,0)=0 for0 <x <wxy,

v(0,£)=0 and v(xo,t) =w(t) forO<t<t,
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and

2

0
cDYv(x, t) = a_v

> for (x, ) € (x0,1) x (0,2,),
x

v(x,0)=0 forxg<x<I, (12)

vixo,t) =w(t) and v(,t)=0 for0<t<t,.

By the weak maximum principle for the Caputo fractional derivative [10], v attains its
maximum at the point xy for each of problems (11) and (12). Since v is an increasing

function of ¢ for ¢ € (0,¢,), this implies that cDv(x,£) > 0. Then, for any x € (0,xo),
% = cDfv(x,t) > 0. Similarly, for any x € (xo, 1), 372‘2’ = cDfv(x,t) > 0. Hence, v is con-
cave up for x € (0,%9) U (x0,/). Since v attains its maximum at (xo,¢) for ¢ € (0,¢,) and
v is concave up for x € (0,x0) U (xo, ), this means that there is only a point xy such that
v(xo,£) converges to 1~ and v,(xo, ) goes to oo as ¢ approaches to £,. Hence, xy is the single

quenching point. O
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