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We prove the interior approximate controllability for the following 2 x 2 reaction-diffusion system
with cross-diffusion matrix u; = aAu — ﬂ(—A)l/zu +bAv+1,fi(t,x)in (0,7) x Q, vy = cAu—-dAv -
B(=8)"?v + 1 fo(t,x) in (0,7) x Q, u = v = 0, 0n (0,T) x 8Q, u(0,x) = ug(x), v(0,x) = vo(x),
x € Q, where Q is a bounded domain in RN (N > 1), up, vy € L*(Q), the 2 x 2 diffusion matrix
D = [a Z] has semisimple and positive eigenvalues 0 < p; < po, ff is an arbitrary constant, w is an
c

open nonempty subset of Q, 1,, denotes the characteristic function of the set w, and the distributed
controls fi, f, € L2([0,7]; L*(Q)). Specifically, we prove the following statement: if )l1/ 2p1 +p>0
(where \; is the first eigenvalue of —A), then for all 7 > 0 and all open nonempty subset w of Q the
system is approximately controllable on [0, T].

Copyright © 2009 H. Larez and H. Leiva. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

In this paper we prove the interior approximate controllability for the following 2 x2 reaction-
diffusion system with cross-diffusion matrix

u = alu— p(-A)"*u+bAv +1,f1(t,x) in (0,7) x Q,
v = cAu—dAv - f(-A)?v + 1, fo(t,x) in (0,7) xQ,
u=v=0, on (0,7) x0Q,

u(0,x) =up(x), ©v(0,x)=v9(x), x€Q,

(1.1)

where Q is a bounded domain in RN (N > 1), up, vy € L*(Q), the 2 x 2 diffusion matrix

ab
D= [C d] (1.2)
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has semisimple and positive eigenvalues, f is an arbitrary constant, w is an open nonempty
subset of Q, 1,, denotes the characteristic function of the set w, and the distributed controls
fi, f2 € L2([0,7]; L*(Q)). Specifically, we prove the following statement: if 1./?p; + f > 0 (the
first eigenvalue of —A), then for all 7 > 0 and all open nonempty subset w of €, the system is
approximately controllable on [0, ].

When Q = (0, 1) this system takes the following particular form:

Pu  ou v

Uy = a@ +ﬂa—x + bw + ].wf](t, x) in (O,T) X (O,].),
o’u 0*v 0v .
U = C@ + d@ + ﬁa_x + 1wf2(trx) mn (O/T) x (011)1 (13)

u(t,0) =v(t,0) =u(t,1)=v(,1)=0, te(0,71),
u(0,x) =up(x), ©v(0,x)=0v9(x), x€(0,1).
This paper has been motivated by the work done Badraoui in [1], where author studies the

asymptotic behavior of the solutions for the system (1.3) on the unbounded domain Q = R.
That is to say, he studies the system:

ut:a%+ﬂg—z+b%+ﬂt,u,v), x€eR, t>0, e
vt=c%+d% +ﬂg—z +g(tuv), xeR, t>0, |
supplemented with the initial conditions:
u(x,0) =up(x), v(x,0)=v0(x), x€R, (1.5)

where the diffusion coefficients a and d are assumed positive constants, while the diffusion
coefficients b, ¢ and the coefficient f are arbitrary constants. He assume also the following
three conditions:

(H1) (a - d)* +4bc >0, cd#0 and ad > be,

(H2) up, vg € X = Cup(R), where Cyp is the space of bounded and uniformly continuous
real-valued functions,

(H3) f(t,u,v) and g(t,u,v) € X, for all t > 0 and u,v € X. Moreover, f and g are
locally Lipshitz; namely, for all f; > 0 and all constant k > 0, there exist a constant
L = L(k,t;) > 0 such that

| f(t, 1) — f(t,w2)| < Llw; —ws|, (1.6)

is verified for all wy = (u1,v1), w2 = (u2,v2) € R x R with |wy| < k, |ws| < k and
te[0,t].
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We note that the hypothesis (H1) implies that the eigenvalues of the matrix D are simple
and positive. But, this condition is not necessary for the eigenvalues of D to be positive, in
fact we can find matrices D with a and d been negative and having positive eigenvalues. For
example, one can consider the following matrix:

5 -6
D= [2 _2], (1.7)

whose eigenvalues are p; = 1 and p, = 2.
The system (1.1) can be written in the following matrix form:

zy = DAz — ﬁIZX2(—A)1/Zz +1uf(t,x), in(0,7)xQ,
z=0, on (0,7) %08, (1.8)

Z(O,X) = ZO(x)/ X € Q/

where z = [u,v]" € R?, the distributed controls f = [f1, fo]" € L*([0,7]; L2(Q;R?)), and I,
is the identity matrix of dimension 2 x 2.

Our technique is simple and elegant from mathematical point of view, it rests on the
shoulders of the following fundamental results.

Theorem 1.1. The eigenfunctions of —A with Dirichlet boundary condition are real analytic
functions.

Theorem 1.2 (see [2, Theorem 1.23, page 20]). Suppose Q C R" is open, nonempty, and connected
set, and f is real analytic function in Q with f = 0 on a nonempty open subset w of Q. Then, f =0
in Q.

Lemma 1.3 (see [3, Lemma 3.14, page 62]). Let {oc]-}].> and {f;;:i= 1,2,...,171}].>1 be two

1

sequences of real numbers such that a; > ay > a3 ---. Then
=2
>eYpi;=0, Vte[0,h], i=12,...,m (1.9)
j=1
if and only if
pij=0, i=12,....m j=1,2,...,00. (1.10)

Finally, with this technique those young mathematicians who live in remote and
inhospitable places, far from major research centers in the world, can also understand and
enjoy the interior controllability with a minor effort.
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2. Abstract Formulation of the Problem

In this section we choose a Hilbert space where system (1.8) can be written as an abstract
differential equation; to this end, we consider the following notations:

Let us consider the Hilbert space H = LPQR)yand 0 = Ay < Ay < --- < A —
the eigenvalues of —A, each one with finite multiplicity y; equal to the dimension of the
corresponding eigenspace. Then, we have the following well-known properties (see [3, pages
45-46]).

(i) There exists a complete orthonormal set {¢;x} of eigenvectors of —A.
(ii) For all ¢ € D(-A), we have

<) Yi o0
—AE= DD UE bk Pk = D NE, 2.1)
j=1 k=1 j=1

where (-, -) is the inner product in H and
Vi
Ené = Z<§/ ¢j,k>§bj,k- (2.2)
k=1

So, {E;} is a family of complete orthogonal projections in H and ¢ = 3,72, E;¢, ¢ € H.
(iii) A generates an analytic semigroup {Ta(t)} given by

Ta(t)é = D e V'Ejé. (2.3)
j=1
Now, we denote by Z the Hilbert space H> = L?(Q;R?) and define the following
operator:
A:DA)CZ—Z,  Ap=-DAg+plha(-A)"¢ (2.4)

with D(A) = H*(Q,R?) N H}(Q, R?). Therefore, for all z € D(A), we obtain

Az = Z;A}/z (M2D + pha) Pz, (2.5)
j=
z=>Pz |zP=>|Pz|°, zez (2.6)
j=1 j=1
where

E; 0
P = (2.7)

0 E

is a family of complete orthogonal projections in Z.
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Consequently, system (1.8) can be written as an abstract differential equation in Z:

z=-Az+B,f, z€Z t>0, (2.8)

where f € L%([0,7;U),U=Z,and B, : U — Z, B, f =1, f is a bounded linear operator.
Now, we will use the following Lemma from [4] to prove the following theorem.

Lemma 2.1. Let Z be a Hilbert separable space and { A; }j>1, {P; }].>1 two families of bounded linear
operator in Z, with { P; }].>1 a family of complete orthogonal projection such that

Define the following family of linear operators:

[0}
T()z=>eY' Pz z€Z t>0. (2.10)
j=1

Then the following hold.
(@) T(t) is a linear and bounded operator if |le?'|| < g(t), j = 1,2,..., with g(t) > 0,
continuous for t > 0.

(b) Under the above (a), {T(t)}, is a strongly continuous semigroup in the Hilbert space Z,
whose infinitesimal generator A is given by

Az = APz, z€D(A) (2.11)
j=1
with
D(A) = {zeZ:Z||AjP]-z||2 <oo}. (2.12)
j=1

(c) The spectrum o(A) of A is given by

[oe]

o(A) = o(A_]->, (2.13)
=1

.

where Aj = A;P; : R(P;) — R(P)).
Theorem 2.2. The operator —A define by (2.5) is the infinitesimal generator of a strongly continuous
semigroup {T(t)}q given by:

T()z=YeY'Pz, z€Z t>0, (2.14)
j=1
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where P; = diag[E;, E;] and Aj = R;P; with
o[ b 20 015
T —cj —d); P 0 A2 .
i
Moreover, if .)Li/ 2py + B > 0, then there exists M > 0 such that

T < 1\4exp{—xi/2()t}/2p1 +[3>t}, £>0. (2.16)

Proof. In order to apply the foregoing Lemma, we observe that —A can be written as follows:

~Az = iA]-sz, z € D(A) (2.17)
j=1
with
Aj= -0 (M°D +pLo)P;, P = diag[E;, Ej]. (2.18)
Therefore, A; = R;P; with
R = [_a)"' _w]] —p[&m 0 ] AP, = P.A,. (2.19)
T ey —dy 0 ,\}/2 ’ 47 = HiA

Clearly that A; is a bounded linear operator (linear and continuous). That is, there exists
M; > 0 such that

|4zl < Mjllzll, VzeZ (2.20)

In fact, [|Ajz[| = [|R; Pyz|| < [R;[ll[Pyz]l < [IR; Il =]]-

Now, we have to verify condition (a) of Lemma2.1. To this end, without loss
of generality, we will suppose that 0 < p; < p;. Then, there exists a set {Q1,Q,} of
complementary projections on R? such that

el = eP'Qy + e Q. (2.21)
Hence,

eRt = elQy + Qs with Tjs = -AY[\%p, + B, s =1,2. (2.22)
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This implies the existence of positive numbers a, M such that
”eAft” <Me®, j=1,2,.... (2.23)

Therefore, —A generates a strongly continuous semigroup {T(t) },,, given by (2.14).
Finally, if \;"?p; + 8 > 0, then

“N2(M 2+ B) 202 (Ve B), =123, i=12, (2.24)

and using (2.14) we obtain (2.16). O

3. Proof of the Main Theorem

In this section we will prove the main result of this paper on the controllability of the linear
system (2.8). But, before we will give the definition of approximate controllability for this
system. To this end, for all zg € Zand f € L?(0,7;U), the initial value problem

z'=-Az+B,f(t), z€Z,
(3.1)
z(0) = zo,

where the control function f belonging to L?(0, 7; U) admits only one mild solution given by
t

z(t) =T(t)zo + f T(t-s)By,f(s)ds, te][0,7]. (3.2)
0

Definition 3.1 (approximate controllability). The system (2.8) is said to be approximately
controllable on [0, 7] if for every zp,z1 € Z, ¢ > 0, there exists u € L?(0,7;U) such that
the solution z(t) of (3.2) corresponding to u verifies:

|z(T) — z1] < e. (3.3)
The following result can be found in [5] for the general evolution equation:

Z=Az+Bf(t), z€Z uel, (3.4)

where Z, U are Hilbert spaces, &# : D(#) C Z — Z is the infinitesimal generator of
strongly continuous semigroup {T(t)} in Z,B € L(U, Z), the control function f belongs
to L2(0, 7; U).

Theorem 3.2. System (3.4) is approximately controllable on [0, T] if and only if

B*'T*(t)z=0, Vte[0,7]==z=0. (3.5)

Now;, one is ready to formulate and prove the main theorem of this work.
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Theorem 3.3 (main theorem). If )Li/ 2p1 + B > 0, then for all T > 0 and all open nonempty subset w
of Q the system, (2.8) is approximately controllable on [0, T].

Proof. We will apply Theorem 3.2 to prove the approximate controllability of system (2.8).
With this purpose, we observe that

B,=B,, T'(t)z=2e"'Piz, z€Z t>0. (3.6)
j=1
On the other hand,
ab 10
172} 4172 — _y1/2[1/2
R; = -A! {Ai [C d]+ﬁ[0 1]} Al {)Lj D+p1M}. (3.7)

Without lose of generality, we will suppose that 0 < p; < p». Then, there exists a set {Q1, Q>}
of complementary projections on R? such that

ePt = et Q + P Q,. (3.8)
Hence,
et = 't Qy + €' Q,,  with T = —/\]1./2 [)le./zps + ﬁ], s=1,2. (3.9)
Therefore,
=) R w 2 .
B, T*(t)z = Z;B;e f*tP]?‘z = z; Zle jstB:)P:/jZ’ (3.10)
j= j=1s=

where Ps; = QsP; = P;Qs.
Now, suppose for z € Z that B;,T*(t)z = 0, for all t € [0, 7]. Then,

=) o 2
B,T*()z= Y Be"I'Piz=> > "B P z=0
! e (3.11)
o 2
= Z ZJ,-J(BZJPS*J)z(x) =0, VxeQ.

j=1 s=1

Clearly that, {T';s} is a decreasing sequence. Then, from Lemma 1.3, we obtain for all x €
that

s (21, Pje) Lok (x)
(BaPzyz) o0 - 2| -|
Z<ZZ/ ¢j,k>1w¢j,k(x)

k=1

0

0]’ j:1/2/3/4/---; 521/2' (312)
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Since Q1 + Q; = Ig2, we get that

¥
1(2:]1(21, P ) Pix(x) [0

)

- ] i=1,2,34,...;5=12, Vx € w. (3.13)
kzl (22, ik )ik (x)

On the other hand, from Theorem 1.1 we know that ¢, x are analytic functions, which implies
the analyticity of E;z; = 22:1 < zi, ik > Pjk- Then, from Theorem 1.2 we get that

3 (21, dia)pin()

0
- = [ ] i=1,234,...,Yx€Q, s=1,2 (3.14)
kZ_]l<22, Pjk )Pk (x) 0

Hence Piz=0,j=1,2,3,4,..., which implies that z = 0. This completes the proof of the main
theorem. O
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