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1. Introduction

Consider the following fourth order m-point boundary value problem (BVDP, for short)
uf(t) = f(ut),u'®), te (1)

m-2
W(0)=0, u(l)=> au(y) (1.1)
i1 ’

m-2
W(0)=0, W)= Yau (),
i=1

where f : RxR — Ris a given sign-changing continuous function, m > 3, 7; € (0,1), and
a;>0fori=1,...,m—-2 with

m-2
>a<l (1.2)
i=1
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Multi-point boundary value problems for ordinary differential equations arise in
different areas of applied mathematics and physics. The existence of solutions of the second
order multi-point boundary value problems has been studied by many authors and the
methods used are the nonlinear alternative of Leray-Schauder, coincidence degree theory,
fixed point theorems in cones and global bifurcation techniques (see [1-9], and the references
therein). In [5], Ma investigated the existence and multiplicity of nodal solutions for

u () + f(u(t)) =0, te(0,1);

m-=2 (13)
W(0)=0,  u(l)= > au(y)
i=1
when
meQi=12..m=-2) withO<m<m<:<fpua<l, (1.4)

and a; > 0 fori =1,...,m — 2 satisfying (1.2). He obtained some results on the spectrum of
the linear operator corresponding to (1.1). It should be pointed out that the main tool used in
[5] is results on bifurcation coming from the trivial solutions and we note no use was made
of global results on bifurcation from infinity.

Recently [10] Wei and Pang studied the existence and multiplicity of nontrivial
solutions for the fourth order m-point boundary value problems:

u® @) = f(uh, ' 1)), te(©1)

m-2
u(0)=0,  u(l)= > au(y) (1.5)
i=1

m-2
W(0)=0, ()= Xau (),
i=1

where f : R xR — Ris a given sign-changing continuous function, m > 3, 1; € (0,1), and
a;>0fori=1,...,m-2 satisfies (1.2).

Motivated by [5, 10], in this paper we consider the existence and multiplicity of nodal
solutions for BVP (1.1). The method used here is Rabinowitz’s global bifurcation theorem. To
the best of our best knowledge, only [10] seems to have considered the existence of nontrivial
or positive solutions of the nonlinear multi-point boundary value problems for fourth order
differential equations. As in [5, 10] we suppose (1.2) is satisfied throughout.

The paper is organized as follows. Section 2 gives some preliminaries. Section 3 is
devoted to the existence of multiple solutions for BVP (1.1). To conclude this section we give
some notation and state three lemmas, which will be used in Section 3. Following the notation
of Rabinowitz, let E be a real Banach space and L : E — E be a compact linear map. If there
exists g € R = [0,+00) and 0#v € E such that v = uLv, u is said to be a real characteristic
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value of L. The set of real characteristic values of L will be denoted by o(L). The multiplicity
of ueo(L)is

dimDN((I - #Ly'), (1.6)

j=1

where N(A) denotes the null space of A. Suppose that H : R x E — E is compact and
H(\, u) = o(|lu]|) at u = 0 uniformly on bounded A intervals. Then

u=Au+H(\ u) (1.7)

possesses the line of trivial solutions © = {(1,0) | A € R}. It is well known thatif 4 € R, a
necessary condition for (u,0) to be a bifurcation point of (1.7) with respect to © is that y €
o(L). If pu is a simple characteristic value of L, let v denote the eigenvector of L corresponding
to p normalized so ||v|| = 1. By X we denote the closure of the set of nontrivial solutions of
(1.7). A component of X is a maximal closed connected subset. It was shown in (Rabinowitz
[11, Theorems 1.3, 1.25, 1.27]), the following.

Lemma 1.1. If u € o(L) is simple, then X contains a component C, which can be decomposed into
two subcontinua C,,, C,, such that for some neighborhood B of (u,0),

(A,u) €C} (c,;) NB, (A u)#(u0) (1.8)

implies (A, u) = (A, av + w) where a > 0(a < 0) and |\ — pu| = 0o(1), ||w|| = o(|a|) at a = 0.
Moreover, each of C,, C/; either
(i) meets infinity in X, or
(ii) meets (ji,0) where u#p € o(L), or
(iii) contains a pair of points (A, u), (A, —u), u#0.

The following are global results for (1.7) on bifurcation from infinity (see, Rabinowitz
[9, Theorem 1.6 and Corollary 1.8]).

Lemma 1.2. Suppose L is compact and linear, H(\, u) is continuous on R x E, H(\, u) = o(||ul|) at
u = oo uniformly on bounded \ intervals, and NullPH O, u/||ul) is compact. If p € o(L) is of odd
multiplicity, then X possesses an unbounded component D), which meets (i, ). Moreover if A C R
is an interval such that AN o (L) = {u} and g is a neighborhood of (i, oo) whose projection on R lies
in A and whose projection on E is bounded away from 0, then either

(i)D, \ @ is bounded in R x E in which case D, \ p meets © = {(1,0) | A € R} or

(ii)D, \ p is unbounded.

If (ii) occurs and D, \ § has a bounded projection on R, then D, \ § meets (ji, o) where
p#peo(l).

Lemma 1.3. Suppose the assumptions of Lemma 1.2 hold. If u € o(L) is simple, then D, can be
decomposed into two subcontinua D}, D,, and there exists a neighborhood 3 C g of (u, 00) such that
Lu) € D;(D;) N T and (A, u) # (u, o0) implies (A, u) = (A, av + w) where & > 0(a < 0) and
[A=pl = 0(1), [[wll = o(|a) at |a| = co.
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2. Preliminaries

Let X = CJ[0,1] with the norm |ju| = maxpoqj|u(t)|, Y = {u € C'[0,1] : /(0) = 0, u(1) =
> 2 auu(r) ) with the norm [[ul|, = max{||ull, [}, Z = {u € C?[0,1] : ¥/ (0) = 0, u(1) =
Zﬁf a;u(n;)} with the norm |lull, = max{|jul, ||l«|,||«"||}. Then X, Y, and Z are Banach
spaces.

For any C! function u, if u(ty) = 0, then t; is a simple zero of u if u'(tp) #0. For any
integer k € N and any v € {+}, as in [6], define sets T} C Z consisting of the set of functions
u € Z satisfying the following conditions:

(1) #/(0) =0, vu(0) > 0 and /(1) £0;
(ii) #' has only simple zeros in (0, 1), and has exactly k — 1 such zeros;

(iii) u has a zero strictly between each two consecutive zeros of u/'.

Note T, = -T; and let Ty = T,, UT,. It is easy to see that the sets T, and T, are disjoint
and open in Z. Moreover, if u € T}, then u has at least k — 2 zeros in (0, 1), and at most k — 1
zeros in (0, 1].

Let E = RxY under the product topology. As in [12], we add the points { (A, o0) : A € R}
to the space E. Let @, = R x T/, @, = R x T}, and @y = R x T.

We first convert BVP (1.1) into another form. Suppose u(t) is a solution of BVP (1.1).
Let v(t) = —u' (t). Notice that

') +ot)=0, tel;

m-2 (21)
u'(0) =0, u(l) = Zaiu(m).
i=1
Thus u(t) can be written as
u(t) = Lo(t), (2.2)
where the operator L is defined by
1
Lo(t) := J H(t,s)v(s)ds, Yvey, (2.3)
0
where
2 aiG(n,
H(t,s) = Gt ) + 2L 4G 05),
1= 30 am
(2.4)

1-t, 0<s<t<l1;
G(t,s) =
1-s, 0 .
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Therefore we obtain the following equivalent form of (1.1)

o"(t) + f((Lo)(),—v(t)) =0, t€(0,1);

m=2 (25)
' (0) =0, v(1) = Zaiv(ni).
i=1
For the rest of this paper we always suppose that the initial value problem
o"(t) + f((Lo)(),—v(t)) =0, t€(0,1);
(2.6)

v(tg) = V' (tp) =0

has the unique trivial solution v = 0 on [0,1] for any #; € [0,1]; in fact some suitable
conditions such as a Lipschitz assumption or f € C' guarantee this.
Define two operators on Y by

(Av)(t) := (LFo)(H),  (Fo)(t) := f((Lv)(t),-v(t), tel, veY. (2.7)

Then it is easy to see the following lemma holds.

Lemma 2.1. The linear operator L and operator A are both completely continuous from Y to Y and

[Loll; < Mlloll < Mlloll,, YveY, (2.8)

where M = max({1,(1/8)(1+ X% a;/ (1 - 3% aimpi)) ).
Moreover, u € C*[0,1] is a solution of BVP (1.1) if and only if v = —u’ is a solution of the
operator equation v = Av.

Let the function I'(s) be defined by

m-2
I'(s) = coss — thi cos7is, s€ER. (2.9)
i=1

Then we have the following lemma.

Lemma 2.2. (i) For each k > 1, I'(s) has exactly one zero sy € Iy := ((k — 1), kar), so

$1<S<:-<Sg—+0 (k— +0); (2.10)

(ii) the'chamcter?stic value of L is exactly given by py = s7, k = 1,2,..., and the eigenfunction
¢k corresponding to py is Pi(t) = cos sit;

(iii) the algebraic multiplicity of each characteristic value py of Lis 1;

(iv)pr € TI:’ fork =1,2,3,..., and ¢ is strictly positive on (0, 1).
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Proof. From [5] and by a similar analysis as in the proof of [6, Lemma 3.3] we obtain (i) and
(ii).

Now we assert (iii) holds. Suppose, on the contrary, there exists y € Y such that (I -
pkL)y = pi. d. Then y € Z and

—y" - sty = cos sit. (2.11)
From y'(0) = 0 we know the general solution of this differential equation is

1
y = Ccos skt — —1sin sit. (2.12)
ZSk

From (i) and (ii) of this lemma, C cos skt satisfies the boundary condition. Thus

m-2 m-2
COS S = Z“f COS 1;Sk, sin sy = Zairli sin 7];Sk. (2.13)
i=1 i=1
Then, by (1.2),
m-2 2 m-2 2
1= < a; Cos msk> + <Z(x,-11i sin qisk>
i=1 i=1
m-2
< Z a;atj (| cos nisk cos njsi| + |sin 7k sin#jsi|) (2.14)
ij=1

m-2 2
< <Z ai> < 1/
i=1

a contradiction. Thus the algebraic multiplicity of each characteristic value py of L is 1.
Finally, from si € ((k — 1)or, kor) and s; € (0,0r/2), it is easy to see that (iv) holds. [

Lemma 2.3. For d = (dq,d,) € R* x R* \ {(0,0)}, define a linear operator
Lao(t) = (d1L2 + d2L>v(t), Vtel, vey, (2.15)
where L is defined as in (2.3). Then the generalized eigenvalues of Ly are simple and are given by
0<M(Ly) <Xa(Ly) <--<A(Lyg) — +o0  (k — +00), (2.16)
where

M (La) = (2.17)

dl + dz/lk ’
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The generalized eigenfunction corresponding to A (Ly) is

@i (t) = cos sit, (2.18)
where pi, sk, Px are as in Lemma 2.2.
Proof. Suppose there exist A and v #0 such that v = AL4v. Set u(t) = Lo(t). Then from (2.2)—
(2.7) and (2.15) it is easy to see that u #0 and
u® () = A<d1u(t) - dzu”(t)>, te(0,1);

m-2
W(©0)=0,  u(l)= D au(n); (2.19)
i1

m-2
u (0)=0, u (1) = Zaiu (1:)-
i=1

Denote L™'u = —u" for u € Z. Then there exist two complex numbers r; and r; such
that

u® () - )L(dlu(t) - dzu”(t)> = (L-1 - r21> (L-1 - rﬂ)u(t) = 0. (2.20)
Now if there exists some 7;(i = 1,2) such that
<L‘1 - rJ)u(t) =0, (2.21)
then by Lemma 2.2 we know r; = si = p for some k € N, and consequently
u(t) = cos skt (2.22)
is a nontrivial solution. Substituting (2.22) into (2.19), we have

7

=5 2.23
dl + d2//Lk ( )

On the other hand, suppose, for example,

<L’1 - rlI>u(t) £0, <L’1 - r21> <L’1 ~nl)u(t) = 0. (2.24)
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Let w(t) := (L' — ri)u(t). Then (L' — rnl)w(t) = 0. Reasoning as previously
mentioned, we have r, = si for some k € N, and consequently w(t) = acossit(a#0) is a
nontrivial solution. Therefore,

<L’1 - r11>u(t) = a.cos Skt. (2.25)

If r1 = s7, then the general solution of the differential equation (2.25), satisfying u'(0) =
0,is

u(t) = Ccos skt — 2 tsin Skt, (2.26)
ZSk

which is similar to (2.12). Reasoning as in the proof of Lemma 2.2 we can get a contradiction.
Thus ry # s,z( and the general solution of (2.25), satisfying u'(0) = 0, is

~ t
u(t) = () + Sk, (2.27)
Sk -1

where 1i(t) is the general solution of homogeneous differential equation corresponding to
(2.25)

<L‘1 - rﬂ)u(t) = 0. (2.28)

Notice the term a cos st/ (si —rp) in (2.27) satisfies the boundary condition of (1.1) at
t =1, so u(t) also satisfies

70)=0, (1) = "’fa,.a(m). (2.29)
i=1

Therefore, by Lemma 2.2 we know #(t) = C cos s;t for some j € N, and consequently

t
= 5]2- # si, u(t) = Ccoss;t + %. (2.30)
S ~ S
By substituting this into (2.19), we have
a\(dy + dopy) = a‘ui, CA(dy + dapj) = C‘u]z-. (2.31)
Since p; # px, if there exists some A such that (2.31) holds, then
di+d :
it dope My (2.32)

d1 +d2[1]' B ‘1,[]2,
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which implies
1 1
dldz#o, d1<— + —> = —dz, (233)

a contradiction with d; > 0 and d, > 0.
Consequently, (2.24) does not hold. This together with (2.20)-(2.23) and Lemma 2.2
guarantee that the generalized eigenvalues of L are given by

0<M(Lg) <Ap(Lg) <+ <A(Lg) — +o0 (kK — +00), (2.34)

where Ai(Lg) = p2/(dy + dopiy). The generalized eigenfunction corresponding to Ax(Lg) is
¢k (t) = cos sit.
Now we are in a position to show the generalized eigenvalues of L; are simple.
Clearly, from above we know for Ay := Ac(Lg), (I-AcLa)¢pr = 0and dimN (I-AxLy) = 1.
Suppose there exists an v € C? such that

(I = MLa)o = —pi(h). (235)
m

This together with (2.3) and (2.15) guarantee that v € Y. If we let u(t) = (Lv)(t) as above,
then we have

u® () - A <d1u(t) - dzu”(t)) = cossit, te(0,1), (2.36)
m-2 m-2

u'(0) =0, u(l) = Z(xiu(qi); 1 (0) =0, u' (1) = Zaiu" (1:)- (2.37)
i=1 i=1

Consider the following homogeneous equation corresponding to (2.36):

2

Hi

u® () =
® di + dop

(dlu(t) - dzu”(t)) = 0. (2.38)

The characteristic equation associated with (2.38) is

2
4 M _ 2\ _
I i <d1 do) ) 0. (2.39)
Then there exists a real number # such that
i
2 2\ 4 _ — 2y =
(A2 + ) (2 =1) =2 T (di - d22?) =0. (2.40)

Notice that -1y = —dlyi/(dl +dopr) <0ifd; >0.Son >0if d; >0,and 7 =0if d; =0.
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First we consider the case d; > 0. In this case the general solution of (2.38) is
creVt 4 croe™V M 4 03 cos Skt + 4 SIN Skt (2.41)
After computation we obtain that the general solution of (2.36) is
u(t) = creV™ + cre™V™ + ¢35 cos skt + ¢y sin st + at sin sit, (2.42)

where a = —(d1 + dapii) / 25k (2dypix + dopiz). From boundary condition #'(0) = 1" (0) = 0 in
(2.37) it follows that

\/1(c1 = ca)skes = 0;

(2.43)
q\/ﬁ(cl -0) - sic;; =0.
By 11> 0 and pi > 0, we know ¢1 — ¢, = 0 and ¢4 = 0. Then (2.42) can be rewritten as
u(t) = c1[eV" + e VU] + c3 cos skt + at sin sit. (2.44)
Notice that the term c3 cos skt satisfies (2.37). From the boundary condition
m-2 , m-2 ,
u(l) = Y au(n),  u@1)=Dau (1),
i=1 i=1 (2.45)
(tsin skt)" = 28 COS Skt — sit sin st
we have
m-2
cileVT+e V1] + asinsy = Z“i [c1 (el + e™VT) + an; sin sem], (2.46)
i=1
m-2
cinleV + e V1| - as sinsy = Zai [clrl(e\/ﬁ”i +e V) — ap;s? sin skrl,-]. (2.47)
i=1
Multiply (2.46) by s? and then add to (2.47) to obtain
m-2
a1 <71 + si) [eVT+e V1] =¢ <71 + si) Zai(eﬁm" +e VI, (2.48)
i=1

On the other hand, from (1.2) it can be seen that

m-2
eVl+e V1> a;(eVmi + e Vi), (2.49)
i=1
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This together with (2.48) guarantee that ¢; = 0. Therefore, (2.42) reduces to
u(t) = c3 cos skt + at sin sgt. (2.50)

Similar to (2.12), a contradiction can be derived.
Next consider the case d; = 0. Then 7 = 0 from above. In this case the general solution
of (2.38) is

C1 + Cot + €3 COS Skt + ¢4 sin Sit. (2.51)

By a similar process, one can easily get a contradiction.
To sum up, the generalized eigenvalues of L are simple, and the proof of this lemma
is complete. O

3. Main Results
We now list the following hypotheses for convenience.

(H1) There exists a = (a1, az) € R* x R* \ {(0,0)} such that
f(xy) =ax-amy+o(|(xy)]), as|(xy)|—0 (3.1)

where (x,y) € R xR, and |(x, y)| := max{|x], [y|}.
(H2) There exists b = (by,bp) € R* x R* \ {(0,0)} such that

flx,y) =bix-by+o(|(x,¥)]), as|(x,y)| — oo. (3.2)

(H3) There exists R > 0 such that

R
|f(x,y)| < K for (x,y) € {(x,y) : |x| < MR, |y| <R}, (3.3)
where M is defined as in Lemma 2.1.

(H4) There exist two constants r; < 0 < 1, such that f(x,-r;) > 0 and f(x,-r2) < 0
for x € [-Mr, Mr], and f(x,—y) satisfies a Lipschitz condition in y for (x,y) €
[-Mr, Mr] x [r1,12], where r = max{|ri|,72}.

Now we are ready to give our main results.

Theorem 3.1. Suppose (H1)-(H2) hold. Suppose there exists two integers iy > 0 and k > 0 such that
either

2 2
Hiyik Hig

_ _ 3.4
a1 + arpigk b1 + boptiyn (34)
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or

/’lizo+k < /’11'204—1 (3 5)
b1 + baptigxk ay + axplig1 .

holds. Then BVP (1.1) has at least 2k nontrivial solutions.

Theorem 3.2. Suppose (H1) and (H2) hold and one of (H3) and (H4) hold. Suppose there exists two
integers iy and jo such that

2 2
A 1, K (3.6)
al + as Wi, b1 + b2.ujo

Then BVP(1.1) has at least 2(iy + jo) solutions.

To set it up we first consider global results for the equation

v =1Av, (3.1y)

on Y, where 1 € R, and the operator A is defined as in (2.7). Under the condition (H1), (3.1,)
can be rewritten as

v=AL,v+H,\,v), (3.7)

here H,(A,v) = AMAv—AL,v, L, is defined as in (2.12) (replacing d with a). Obviously, by (H1)
and Lemma 2.1-2.3, it can be seen that H,(\, v) is o(||7||;) for v near 0 uniformly on bounded
A intervals and L, is a compact linear map on Y. A solution of (3.1,) is a pair (A\,v) € E. By
(H1), the known curve of solutions {(4A,0) | A € R} will henceforth be referred to as the trivial
solutions. The closure of the set on nontrivial solutions of (3.1,) will be denoted by X as in
Lemma 1.1.

If H,(A,v) =0, then (3.7) becomes a linear system

v = AL,v. (3.8)
By Lemma 2.3, (3.8) possesses an increasing sequence of simple eigenvalues

[T

O<M<h< <A<+, with M= ————
ay + axpi

as k — +oo. (3.9)

Any eigenfunction ¢k = cos skt corresponding to Ay is in T
A similar analysis as in [6, Proposition 4.1] yields the following results.

Lemma 3.3. Suppose that (A,v) is a solution of (3.1y) and v#0. Then v € UX, T;.
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Lemma 3.4. Assume that (H1) holds and Ay is defined by (3.9). Then for each integer k > 0 and each
v = +, or —, there exists a continua C}, of solutions of (3.1)) in @} U {(Ak,0)}, which meets { (A, 0)}
and oo in 2.

Proof. Consider (3.7) as a bifurcation problem from the trivial solution. From Lemma 1.1
and condition (H1) it follows that for each positive integer k € N, X contains a component
Ck € E = R x Y which can be decomposed into two subcontinua C/, C; such that for some
neighborhood B of (A, 0),

(L, v) € Ci(Cy)NB, (A, v) # (A, 0) (3.10)

imply (A, v) = (A, ad + w), where a > 0(a < 0) and [A — A¢| = o(1), ||[w]l; = o(|a]) at a = 0.

By (3.7) and the continuity of the operator A: Y — Z, the set C} liesin R x Z and the
injection C} — R x Z is continuous. Thus, C} is also a continuum in R x Z, and the above
properties hold in R x Z.

Since T is openin Z and ¢ € T, , we know

% w
= Pr + —€ T} (3.11)

for 0 # a sufficiently small. Then there exists ¢y > 0 such that for € € (0,¢p), we have

Ck
()L, U) € @y, (m) N B, C @y, (312)

where B, is an open ball in R x Z of radius ¢ centered at (A, 0). It follows from the proof of
[6, Proposition 4.1] that

(L, v) € Cen (R x dTx) = u =0, (3.13)

which means Ci \ {(Ax,0)} N 0Dy = @. Consequently, Cx lies in D U {(Ak,0)}.

Similarly we have that C lies in @} U {(A,0)} (v = + or -).

Next we show alternative (ii) of Lemma 1.1 is impossible. If not, without loss of
generality, assume that C; meets (A;,0) with Ay #4; € o(L,). Then there exists a sequence
(ém,zm) € C[ with &, — A;and z,, — 0asm — +co. Notice that

Zm =&mLazm + H(&m, zm)- (3.14)

Dividing this equation by ||z,||; and using Lemma 2.1 and H (¢, zim) = 0o(||zwmll;) as m —
+o0, we may assume without loss of generality that z,,/||zn|l; — z as m — +oo. Thus from
(3.14) it follows that

Z = L.z (3.15)

Since z#0, by Lemmas 2.2 and 2.3, z belongs to T; or T; . By (3.1,) and the continuity of the
operator A : Y — Z, from ||z, — z[|; — 0 it follows that ||z,, — z||, — 0. Notice that T;" and
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T; are open in Z. Therefore, z,, € T;” or T, for m sufficiently large, which is a contradiction
with z,, € T,/ (m > 1), i# k. Hence alternative (ii) of Lemma 1.1 is not possible.

Finally it remains to show alternative (iii) of Lemma 1.1 is impossible. In fact, notice
that T, = -T, and T, N T = 0. If u € T, then —u € T,_. This guarantees that C; does not
contain a pair of points (A, v), (A, —v), v #0.

Therefore alternative (i) of Lemma 1.1 holds. This implies that for each integer k € N
and each v = +, or —, there exists a continua C} of solutions of (3.1;) in @} U {(Ak,0)}, which
meets {(1k,0)} and oo in 2. O

Under the condition (H2), (3.1)) can be rewritten as

v = \ALyv + Hp(A,v), (3.16)

here Hy(\,v) = AAv — ALy, Ly is defined as in (2.12) (replacing d with b).
Let h(x,y) = f(x,y) — bix + boy. Then from (H2) it follows that lim(y,)| - h(x,v)/
|(x,y)| = 0. Define a function

h(r) = max{|h(x,y)|: |(x,y)| <r}. (3.17)

Then fz(r) is nondecreasing and

lim ) _ o, (3.18)

r—o T

Obviously, by (3.18) and Lemma 2.1, it can be seen that Hy(\,v) is o(||7||;) for v near oo
uniformly on bounded 1 intervals and Ly is a compact linear map on Y.

Similar to (3.8), by Lemma 2.3, L, possesses an increasing sequence of simple
eigenvalues

[T

0<11 <XZ<-~<Xk<‘-', with Xk:b +b‘u
1 21k

as k — +co. (3.19)

Note ¢y = cos st is an eigenfunction corresponding to A¢. Obviously, it is in T..

Lemma 3.5. Assume that (H1)-(H2) holds. Then for each integer k > 0 and each v = +, or —, there
exists a continua D} of 3 in @} U { (A, 00)} coming from {(\x,o0)}, which meets (A, 0) or has an
unbounded projection on R.

Proof. From (2.7), (3.16), and (3.18) it follows that Hj(\, v) is continuous on E, H,(A,v) =
o(||v|l;) at v = co uniformly on bounded A intervals. Moreover, as in the proof of [12, Theorem
2.4], one can see that ||v||%Hb()L, v/||v||%) is compact. From Lemma 2.3 we know Acisa simple
characteristic value of L, for each integer k € N. Thus by Lemmas 1.2 and 1.3, X contains a
component Dy which can be decomposed into two subcontinua D}, D, which meet { (Ak, ) }.

Now we show that for a smaller neighborhood J C p of (A, 00), (A, 0) € D (D,)N7J

and (\,v) # (Ak, 00) imply that v € T} (T}). In fact, by Lemma 1.3 we already know that there
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exists a neighborhood J C g of (Xk,oo) satisfying (A,v) € D/ (D) N J and (A,v) # (Xk,oo)
imply (A, v) = (A, avi + w) where a > 0(a < 0) and |A — Xl = 0(1), |w|l; = o(|al) at |a| = oo.

As in the proof of Lemma 3.4, D} is also a continuum in Rx Z, and the above properties
hold in R x Z. Since T} is open in Z and w/a is smaller compared to ¢x € T, near a = +oo,
¢k + w/a and therefore v = ady + w € T] for a near +co. Here and in the following the same
argument works if + is replaced by —.

Therefore, D;NJ C (RxT,")U (A&, 00). Now we have two cases to consider, that is, D{\J
is bounded or unbounded. First suppose D; \ J is bounded. Then there exists (A, v) € 0D;
with v € dT}. If v#0, by Lemma 3.3 we know v € T} for some positive integer j#k and
v € {+,—}. As in the proof of Lemma 3.4, we get a contradiction, which means v = 0. Thus
there exists a sequence (&, zi) € D with z,, — v=0asm — +co. This together with (H1)
guarantee that (¢, z,,) satisfies (3.14).

As in the proof of Lemma 3.4, we may assume without loss of generality that
Zm/|zZmlly — Zand ¢,, — ¢{asm — +oo. Then we have

Z =¢L,z. (3.20)

Since z#0, ¢ #0 is an eigenvalue of operator L,. From this, (3.9), and (3.19) it follows that
¢ = A; for some positive integer j. Then by Lemma 2.3, z belongs to T].* or T;. Notice that
lzm —Z|l; — 0and so ||z, —Z|, — 0 as in the proof of Lemma 3.4. Thus z,, € T].+ or T].‘ for
m sufficiently large since T].+ and T; are open. This together with z,, € T! (m > 1) guarantee
that k = j. This means D, meets (A, 0) if D} \ J is bounded.

Next suppose D} \ J is unbounded. In this case we show D, \ J has an unbounded

projection on R. If not, then there exists a sequence ({m,ym) € D, \ J with §,, — E and
lymll, — +ooasm — +oo. Let Xy := Y/ |Ymll,, m > 1. From the fact that

Ym = Cmeym + Hb(Gm/ ym) (321)

it follows that

Hb (gmr ym) )

(3.22)
| Ym

Xm = gmexm +

i

Notice that L, : Y — Y is completely continuous. We may assume that there exists w € Y
with ||w||; = 1 such that ||x,, —w|; — 0asm — +oo.

Letting m — +oo in (3.22) and noticing Hy,(Gm, Ym)/llYmll; — 0 as m — +oo one
obtains

w = {Lyw. (3.23)

Since w#0, {#0 is an eigenvalue of operator Ly, that is, { = A, for some positive integer
ko # k. Then by Lemma 2.3 w belongs to T,jo or T; . Notice the fact that | —w]l; — 0and
so ||xy, —w||, — 0 as in the proof of Lemma 3.4. Thus x,, € T,:O or Ty for m sufficiently large
since T;U and T, are open. This is a contradiction with x;, € T, (m > 1). Thus D; \ J has an
unbounded projection on R. O
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Proof of Theorem 3.1. Suppose first that

2 2
Hip+k Hiye1

_ _ 3.24
ay + axfigk b1 + bypiyn (324)

Using the notation of (3.9) and (3.19), this means A;+x <1 < Xi0+1 and so from Lemma 2.3 we
know

)Li(]+1 < )Li(]+2 < e < .}Li0+k <l< )Li[)+1 < J\i[)+2 <0 < )tim—k‘ (325)

Consider (3.7) as a bifurcation problem from the trivial solution. We need only show
that

C}:ﬁjﬂ({l}xY)#(Z), i=1,2,...,kv=+-. (3.26)
Suppose, on the contrary and without loss of generality, that

Ci ({1} xY) =0, forsomei, 1<i<k. (3.27)

By Lemma 3.4 we know that Ci*0+ ;joins (i1, 0) to infinity in X and (A, v) = (0,0) is the unique

solution of (3.1,) (in which A = 0) in E. This together with 1 ,; < 1 guarantee that there exists
a sequence {($m,Ym)} C C;,,; such that ,, € (0,1) and ||ynll;, — o0 asm — +oo. We may

io+i
assume that ¢, — ¢ € [0,1] asm — +oo. Let x,, := Ym/|Ymll;, m > 1, then (3.22) holds.
Similarly, we may assume that there exists w € Y with [|wl|; = 1 such that |[x,, —w]|; — 0
as m — +oo and (3.23) holds. From the proof of Lemma 3.5 one can see Z = Lw, which
contradicts Xim > 1. Thus (3.27) is not true, which means (3.26) holds.

Next suppose that
2 2
_ Mk g Mo (3.28)
b1 + bk ay + asfip+
This means
Xigr1 < Nigsa < -+ < Nigak <1 < i1 < Xigsa < -+ < Nigsge (3.29)

Consider (3.16) as a bifurcation problem from infinity. As above we need only to prove
that

Dy ({1 x0)#0, j=12,.. .k v=+- (3.30)

From Lemma 3.5, we know that D;; +j comes from { (Xiw-, o)}, meets (A;,+j,0) or has an

unbounded projection on R. If it meets (1, 0), then the connectedness of Dl?; 4 and A > 1
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guarantees that (3.30) is satisfied. On the other hand, if D}, ; has an unbounded projection on
R, notice that (A,v) = (0,0) is the unique solution of (3.1,) (in which A = 0) in E, so (3.30)
also holds. O

Proof of Theorem 3.2. First suppose that (H3) holds. Then there exists £ > 0 such that
R
1+e)|f(xy)| < Vi for (x,y) € {(x,y) : |x| < MR, |y| <R}. (3.31)

Let (A, v) be a solution of (3.1,) such that 0 < A < 1+ ¢ and ||[v||; < R. Then by (2.7),
(3.1,), (3.31) and Lemma 2.1 it is easy to see

R
[vlly = MAvlly = A[|ILFo||; < AM||Fo|| = M}ggﬁ“f((w)(t)f—v(f)ﬂ <Mor=R. (332

Therefore,

=N ([o, 1+€] x a§R> = 0. (3.33)
This together with (3.32) and Lemmas 3.4 and 3.5 implies that

crn ([o,1+g] XER) C[0,1+€]xBr, k=1,2,...,i; (3.34)

D! ([0,1+€] x3Br) =0, j=1,2,...,jo (3.35)

where Bg = {v € Y | ||v]; < R} and Bg = {v € Y | ||v|; < R}, C} and D7 are obtained from
Lemmas 3.4 and 3.5, respectively.

Since C} is a unbounded component of solutions of (3.1 1) joining (A, 0) in E, it follows
from (3.33) and (3.34) that C} crosses the hyperplane {1} x Y with (1,v") such that [[v”||; < R
(v=+or— k=1,2,...,ip). This means BVP (2.5) has 2iy nontrivial solutions {v;’};0 in which
v} and v] are positive and negative solutions, respectively.

On the other hand, by (3.33), (3.35), and Lemma 3.5 one can obtain

D;m({l}x(Y\ER)>¢@, =12 j. (3.36)

This means BVP (2.5) has 2jy nontrivial solutions {w} }{0 in which w] and w; are positive and
negative solutions, respectively.
Now it remains to show this theorem holds when the condition (H4) is satisfied.

From the above we need only to prove that

(i) for (L, v) €CY (v=+o0r —,i=1,2,...,i),

rn<v(t)<r, te][0,1]. (3.37)
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(ii) for (A, v) € D}’ (v=+or—,j=12,...,j), we have that either

maxv(t) >ry, te][0,1] (3.38)
te[0,1]

or
minov(t) <r;, te][0,1]. (3.39)
te[0,1]

In fact, like in [13], suppose on the contrary that there exists (A, v) € C} |J D}’ such that
either

max{ov(t): te€[0,1]} =n (3.40)
or

minf{o(t) : t€[0,1]} =n (3.41)

for some i, j. B
_ First consider the case max{v(t) : t € [0,1]} = r2. Then there exists t € [0, 1] such that
v(t) = ry. Let

Ty =: inf{t € [O,E] :v(s)> forse [t,f] },

(3.42)
T =: sup{t € [Z,l] :v(s) >0 forse [E,t] }
Then
max{v(t) : t € [1o,T1]} =12, (3.43)
0<ov(t)<mr, te][rn, ] (3.44)
Therefore, v(t) is a solution of the following equation
-0"(t) = Af (Lo)(t), —v(t), tE€E (T0,71) (3.45)

with v(19) = v(7) =0if 0 <79 <71 <1and v'(7) = 0if 79 = 0.
By (H4), there exists M > 0 such that f(x,~y) + My is strictly increasing in y for
(x,y) € [r1, 2] x [-Mr, Mr], where r = max{|ri|,2}. Then

0" + A\Mv = A( F((Lo)(t), —v(t)) + Mv), te (o, T). (3.46)
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Using (H4) and Lemma 2.1 again, we can obtain

— (= v(t)) +AM(rs - v(t))

= —A[f((Lo) (), ~v(t)) + Mo(t) - Mry|

(3.47)
= —A[f((Lo)®), ~0(t) + Mo(t) - (f((Lo)(£),~12) + Mr>) | - Af (Lo) (), ~12)
>0, te(m,71)
and if 1 = 1, by (1.2) we know v(1) < r,. Therefore,
r—o(1) >0, rn-v(r) >0 f0<m<m <]
(rn-v(m)) =0 if 7o=0; (3.48)

rn-ov(n)>0 ifr =1

This together with (3.47) and the maximum principle [14] imply that 7, — v(f) > 0 in
[70, 1], which contradicts (3.43).
The proof in the case min{v(t) : t € [0,1]} = ry is similar, so we omit it. O
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