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1. Introduction

In recent years, the theory of ordinary differential equations in Banach space has become a
new important branch of investigation (see, e.g., [1-4] and references therein). By employing
a fixed point theorem due to Sadovskii, Liu [5] investigated the existence of solutions for
the following second-order two-point boundary value problems (BVP for short) on infinite
intervals in a Banach space E:

x"(t) = f(t,x(t),x'(t), te],

x(o) = Xo, xl(oo) = Yoo,

(1.1)

where f € C[JxExXE,E], J = [0,+00), x'(c0) = lim;_, ,,x' (). On the other hand, the multipoint
boundary value problems arising naturally from applied mathematics and physics have been
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studied so extensively in scalar case that there are many excellent results about the existence
of positive solutions (see, i.e., [6-12] and references therein). However, to the best of our
knowledge, only a few authors [5, 13, 14] have studied multipoint boundary value problems
in Banach spaces and results for systems of second-order differential equation are rarely seen.
Motivated by above papers, we consider the following singular m-point boundary value
problem on an infinite interval in a Banach space E

x"(t) + f(t,x(t), X' (t), y(1),y'(t)) =0,
y'(t) + g(tx(t), X' (1), y(t),y' () =0, te],,

m-2
=D ax(&),  X(®) =X, (1.2)
i=1

m-2
y(0) = piy&),  Y(®) =Y,
i=1

where | = [0,00), J. = (0,0), a;, i € [0,+00) and §i € (0,+00) w1th 0<¢ < gz < e <
§m2<+oo,0<zm12a,<1 0<>" ‘ﬁ1<1 > legl 1->m (x,)>1 > ﬁlg, 1-
Zl i i) > 1. In this paper, nonlinear terms f and g may be singularatt =0, x,y = 6, and/or
x',y' = 6, where 0 denotes the zero element of Banach space E. By singularity, we mean that
Il f (¢, x0, x1, Y0, y1)Il = ccast — 0% orx;,y; — 6(i=0,1).

Very recently, by using Shauder fixed point theorem, Guo [15] obtained the existence
of positive solutions for a class of nth-order nonlinear impulsive singular integro-differential
equations in a Banach space. Motivated by Guo’s work, in this paper, we will use the cone
theory and the Monch fixed point theorem combined with a monotone iterative technique to
investigate the positive solutions of BVP (1.2). The main features of the present paper are as
follows. Firstly, compared with [5], the problem we discussed here is systems of multipoint
boundary value problem and nonlinear term permits singularity not only at t = 0 but also
at x,y,x',y’ = 0. Secondly, compared with [15], the relative compact conditions we used
are weaker. Furthermore, an iterative sequence for the solution under some normal type
conditions is established which makes it very important and convenient in applications.

The rest of the paper is organized as follows. In Section 2, we give some preliminaries
and establish several lemmas. The main theorems are formulated and proved in Section 3.
Then, in Section 4, an example is worked out to illustrate the main results.

2. Preliminaries and Several Lemmmas

Let

FC[J,E] = {x eC[J,E]: ”f(ti” }
te]

(2.1)

DC![],E] = {xecl[] E]:s ”x( )” oo, sup||x'(£)]| <oo}.

te] t+ te]
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Evidently, C'[J,E] c C[J,E], DC'[J,E] C FC[J,E]. It is easy to see that FC[], E] is a Banach
space with norm

el = sup B (2)
and DC![], E] is also a Banach space with norm
lxllp = max{llx|[f, lx'llc}, (2.3)
where
x'llc = supllx’ (£)]]. (24)
te]
Let X = DC![J, E] x DC![], E] with norm
G, Iy = max{llxllp, lyllp},  V(xy) € X (2.5)

Then (X, ||+, -||x) is also a Banach space. The basic space using in this paper is (X, ||, :||x)-

Let P be a normal cone in E with normal constant N which defines a partial ordering
in Eby x < y.If x <y and x #y, we write x < y. Let P, = P\ {0}. So, x € P, if and only if
x > 6. For details on cone theory, see [4].

In what follows, we always assume that xo, > X7, Yoo > Y5, X5, Y € Pi. Let Poy = {x €
P:x>M\xj}, P ={y € P:y > y;} (A > 0). Obviously, Py, Py C P, for any A > 0. When
A =1, we write Py = Py, P = Py, thatis, Bhb={x € P:x>x3},P1={y € P:y 2>y}
Let P(F) = {x € FC[J,E] : x(t) > 0,Vt € J},and P(D) = {x € DC'[],E] : x(t) > 6, x'(t) >
0, Vt € J}. It is clear, P(F), P(D) are cones in FC[],E] and DC![], E], respectively. A map
(x,y) € DC'[],E]nC2[],, E] is called a positive solution of BVP (1.2) if (x,y) € P(D) x P(D)
and (x(t), y(t)) satisfies (1.2).

Let a, ap, ap, ax denote the Kuratowski measure of noncompactness in
E, FC[J,E], DC'[J,E] and X, respectively. For details on the definition and properties
of the measure of noncompactness, the reader is referred to [1-4]. Let L[], ] be all Lebesgue
measurable functions from J, to J. Denote

-2

Do p” legl, D1 o ﬂlél (26)
1- zzfal:l 1- z -3 26 21
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Let us list some conditions for convenience.

(Hy) f,g € C[J+ x Poy x Poy x P1y x Pyy, P] for any A > 0 and there exist a;, b, ¢; € L[], J]
and h; € C[J, x J,,J] (i =0,1) such that

Il f (&, x0, x1, yo, y1) | < ao(t) + bo(t)ho (llxoll, 121 ll, lvoll, lyall),
VteJ,, xi€Py, yi€P1(i=0,1),

g (t, x0, x1, o, y1) | < a1 (t) + by (&) hy (llxoll, 11l llyoll, ly1ll),
Vte ], x;€Py, yi € P (i=0,1), (2.7)

ILf (, x0, %1, yo, 1) | . g (t, x0, x1, 0, 1)
co(t) (lloll + lleall + llyoll + llyall) ’ c1(8) (llxoll + llea [l + llyoll + llyall)

as x; € P, yi € P1(i = 0,1), |[xoll + [lxall + llwoll + [y2ll — oo,

uniformly for t € J,, and

fmmm:@<m f@mw:w<m fqmaumhq<w (i=0,1). (2.8)
0 0 0

(Hy) For any t € J,, R > 0 and countable bounded set V; C DC! [J, PRl Wi C
DC'[J, Pl (i =0,1), there exist L;j(t), K;;(t) € L[], J] (i,j = 0,1) such that

1
a(f(t, Vo(t), Vi(t), Wo(t), Wi(1)) < D Loi(D)a(Vi()) + Koi(Ha(Wi(t)),
i=0

(2.9)
1
a(g(t, Vo(t), Vi(t), Wo(t), Wi (1)) < D Lu(a(Vi(t)) + Kyi(Ha(Wi(t)),
i=0
with
O+ L)+ Ko@) (1 +9) +La(9) + Kn(@)lds <3 (=01, @10)
0
where Pjp = {x € P, x > x7, ||x|| <R}, P[y = {y € P,y > y;, llyll < R}.
(Hs) te Jy, x5 <xi <X;, Yy <yi <y;(i=0,1) imply
ft,xo,x1,90,1) < (%0, %1, Yo Y1)
(2.11)

g(t,xo0,x1,y0,y1) < g(t, %0, X1, Yo, Vy)-

In what follows, we write Q; = {x € DC'[J,P] : x(t) > x}, Vt € J,i = 0,1}, Q, = {y €
DC'[],P] : yO(t) > vy, Vte J,i=0,1},and Q = Q1 x Q,. Evidently, Q1, Q», and Q are closed
convex sets in DC![J, E] and X, respectively.
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We will reduce BVP (1.2) to a system of integral equations in E. To this end, we first
consider operator A defined by

A(x,y) () = (A1(x,y) (1), A2 (x,y) (1)), (2.12)

where

m-2

m-2 & oo
Ai(x,y)(t) = T[< 2 a~§,~>xw + le f f(r,x(1),x' (1), y(1),y (T))des]

+ f I+wf(Trx(T)/x'(T),y(T),y’(T))dT ds + txg,,
o (2.13)

Ay(x,y)(t) = Z Biéi | Yoo + Z ﬂl ’ mg(‘r,x('r),x'(T),y(T),y’(T))dT ds
Z
i= 1 i i=1 s

J I+w8(7 x(1),x'(1),y(7),y'(7))dTr ds + tye,.
(2.14)

Lemma 2.1. If condition (H) is satisfied, then operator A defined by (2.12) is a continuous operator
from Q into Q.

Proof. Let

— 1 1 1
o mm{ se; (1+ S0 aid 2/ (1- S0P ) ) 561 (1+ S0 B2/ (1- 5152 51) ) }
(2.15)

] gl Nyl
r—mm{ NN > 0. (2.16)

By virtue of condition (H;), there exists an R > r such that

Il £ (& x0, 1, 0, y1) || < eaco @) (lIxoll + lxall + ||yl + [[wa]l), ¥t € Jo, xi € P, yi € Pr(i=0,1),
Ixoll + lrll + [lyoll + [l ]l > R,
”f(ter/xl/yO/yl)” < aO(t) + MObO(t)/ vt e ]+/ X; € PO/ yi € Pl (l =0, 1)/

lxcoll + lleall + [y |l + [l |l < R,
(2.17)
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where

My = max{hg(up, u1,v0,v1) : ¥ <u;,v; <R(@{E=0,1)}. (2.18)

Hence

Il f (£, x0, 21, yo, y1) | < eoco(t) (llxoll + lxill + llvoll + ly1ll) + ao(t) + Mobo(t),
Vt € ]+,xi € Po, Yi € P, (l = 0,1)

(2.19)

Let (x,y) € Q, we have, by (2.19)

£ (£ x(®), x'(1), y(®), y' )]

Ix)l 'Ol Ny®OI  y' @O
t+1 * t+1 - t+1 * t+1

< epco(t)(1 + t)( ) +ao(t) + Mobo(t)

< eoco())(1+ B (Il + 1% llc + 1yl + 11y lle) + ao(t) + Mobo(t) (2.20)

< 2epco(t) (1 + £) (Ilxllp + lyllp) + ao(t) + Mobo(t)
<deoco(t) (1 +1)|[(x, y)|lx + ao(t) + Mobo(t), Vte ],

which together with condition (H;) implies the convergence of the infinite integral
[ 10,050, w060,y () . (221)
0
Thus, we have

t pt+oo t a+too
fof £ (2, x(r), %' (2), (1), ¥/ (r))dr ds sfof 1 (7, x(2), % (2), y(z), (7)) dr ds

+o0 pt
sj j 1 (7, x(z), % (7), y(r), /(7)) |ds d
0 0

< tfo If(s,x(s),x'(s),y(s),y'(s)llds, Vte],,
(2.22)
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which together with (2.13) and (H;) implies that

t at+oo me2
A1 (x, y) (B < j ’[ I f (7, x(7), x (), y(7),y (7)) |dT ds + t]|x0, || + M” o
0/ s Z
m-2 Em-2 [+00
1o Zm T_sm2, Z “ifo f If (7, x(7), %' (7), y(7),y' (7)) lld7 ds
Sf(ﬂw"ﬂw(r)/x’<~r>,y<r>,y’<r))||dr+||xw||) %n el
m=2 +00
1C Z 2, dien- (fo If (7, x(7),x'(7), y (1), y (T))IIdT).
(2.23)
Therefore, by (2.15) and (2.20), we get
A —t 151
l 1(1x+yt> @l SI ||f(7- x(1),x'(7),y(1),y (T))||d7-+ %o + lel—llil” Xoo|
s ([ W x0 X0y, Y )l
=1 %ii=1 0
) <1 ' #Zé )l )l + .+ ]
(2.24)

m-2 _ ¢
n 1.,.21';“12‘; (B
1-35 a

1 1 m-2
—I(x, 1+ —— Y aiéun ) (a + Mb;
<5l yl+ < T 2 2>(o )

m_z . .
o (14 2 s “fl %o
1-3"

Differentiating (2.13), we obtain

Al (x,y)(t) = jt f(s,x(s),x'(s),y(s),y'(s))ds + xc. (2.25)
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Hence,

14, (x, ) ()] < f 1 (s, x(5), % (5), y(5), ¥'(5)) lds + [l

< deocy | (x, )l + ap + Mobj + || o] (2.26)
1 * *
EH(‘X’ )||X+aO+M0bO+ ”xoo”r VtE]

It follows from (2.24) and (2.25) that

m_2 LA
1416, )l < 216 )l + (1 : %> (a3 + Maby) + < %i—,@) ol
(2.27)

So, Ai(x,y) € DC'[], E]. On the other hand, it can be easily seen that
m—2 Tz

- Zgz i (2.28)
Al(x,y)(t) > x0 2 x5, VEE].

Ai(x,y)(t) >

So, A1(x,y) € Q1. In the same way, we can easily get that
1 m—2 ﬁzém 2 m—2 ﬁlél
lA2(x, Y)llp < 511 Yk + <1 (ai + Mib]) +( 1+ Yol
2 1- ZI 1 i Zz 1 i

,Blél
1P

A’z(x/]/) >y >yy, VEE],

Ax(x,y)(t) > 5 Y2 Y 2 Y, VEE],

(2.29)

where M = max{hy(uo, u1,v0,v1) : ¥ <uj, v; < R(i =0,1)}. Thus, A maps Q into Q and we
get

1
IAG Dllx < 511Gl + 7, (2.30)

where

m-2 m-2 .z
y = max{ <1 § it Biem2 > (ay + MB}) + <1 4 it >||xw||,
1= a 1= 2305

m—2 m—2
(10 BB ey (1 ZEEE Yy )

(2.31)



Boundary Value Problems 9

Finally, we show that A is continuous. Let (X, V), (X, ) € Q, || (X, Ym) — (X, Y)llx —
0(m — o). Then {(xm, ym)} is a bounded subset of Q. Thus, there exists r > 0 such that
sup,, |[(Xm, Ym)llx <7 form >1and ||(X,y)|[x < 7+ 1. Similar to (2.24) and (2.26), it is easy to
have

”Al (xm/ ym) - Ay (E, y) ”X

+o0
SI
0

, S Gk o f 1 (5 %m(8), Xon(5), Y (5), Yin(S)) - f (5, %(5), ¥ (5), 7(5), 7 (5)) | .

1-3"%a
(2.32)

| £ (51X (), %10(5), Y (), () = £ (,%(5), % (5), 5(5), ¥/ (9)) | s

It is clear,
F(txm (), X (), Ym (1), vy (8)) — f (£, X(F), X "), Y(t), Y (t)) asm-—oo,Vte ], (2.33)
and by (2.20),

1 (8, % (8), X (8), Yo (8), Y () = £ (£, %(8), T (1), T(1), T 1)) |
< 8epco (t)(l + t)T + 2[10(1’) + ZMon(t) (234)
=op(t)€L[],J]], m=1,23,...,Vte],.

It follows from (2.33) and (2.34) and the dominated convergence theorem that
lim f £ (3, %m(8), %, (S), Ym(3), Yo (8)) = f(5,%(5),X (5),Y(5), 7 (5))]||ds = 0. (2.35)
m— oo 0

It follows from (2.32) and (2.35) that ||A1(%Xm, Ym) — A1(X,Y)||p — 0asm — oo. By the same
method, we have || Az (Xm, Ym) — A2(X,V)||p — 0asm — oo. Therefore, the continuity of A is
proved. O

Lemma 2.2. If condition (H) is satisfied, then (x,y) € Q N (C?[]., E] x C?[J,, E]) is a solution of
BVP (1.2) ifand only if (x,y) € Q is a fixed point of operator A.

Proof. Suppose that x € Q n (C?[J;, E] x C?[];,E]) is a solution of BVP (1.2). For t € J,
integrating (1.2) from t to +oo, we have

X (t) = Xop + f  F5x(9), 29,59,y (9)ds,
(2.36)

Yt =Yoo +J g(s,x(s),x'(s),y(s),y'(s))ds.

t
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Integrating (2.36) from 0 to t, we get

x(t) = x(0) + t, + f fwf (7, %(2), %'(7), y(), ¥ (7)) dr ds, (237)
0/ s

+0o

t
Y1) = y(0) + by + jo g(r,x(1),2'(7), y(r), /(7)) dr ds. (2.38)

S

Thus, we obtain

¢ oo
x(gi) = x(0) + &ixe + IO f(r,x(1),x' (1), y(r),y (r))dr ds,
(2.39)

& ptoo
y(&) =y(0) +&ye + fo g(7,x(1),x' (1), y(1),y' (r))dr ds,

which together with the boundary value conditions imply that

m— m— ¢ oo
x(0) = #ﬁizm [<;12ai§i>xw + ;:aifofs f(r,x(1),x'(7),y(7),y'(7))dr ds], (2.40)

y(0) = Z— [<Z ﬂz§1>ym + Z ﬁzf g(T/x(T),x’(T),y(T),y’(T))dT dS]- (2.41)
i=1 F1 i=1 s

Substituting (2.40) and (2.41) into (2.37) and (2.38), respectively, we have

& ptoo
x(t) = ; [(Z algl>xw + Z alf j f<r,x<r),x'<r>,y<r>,y’(r))drds]
Z 0/ s

+ I J+mf(7rx(T)/x'(T),y(T),y’(T))dT ds + txo,,
v (2.42)

¢ oo

y(®) = "2 B [<Z ﬁ@)yw + Z ﬂzf (7, x(7),x'(7),y(7),y'(r))dr dS]
i i=1

S

+ f J g(t,x(1),x'(1),y(1),y'(r))dr ds + tye.
0/ s

It follows from Lemma 2.1 that the integral J'gj’:wf(’r,x(T),x’(T),y(T),y’(T))dT ds and the

integral fgj;m g(t,x(7),x'(7),y(7), y'(7))dT ds are convergent. Thus, (x, y) is a fixed point of
operator A.
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Conversely, if (x,y) is fixed point of operator A, then direct differentiation gives the
proof. O

Lemma 2.3. Let (Hy) be satisfied, V C Q is a bounded set. Then (A;V)(t)/ (1 +t) and (A;V)(t) are
equicontinuous on any finite subinterval of | and for any € > 0, there exists N; > 0 such that

<e, |Ai(xy)(h) - Al(xy) ()| <e (2.43)

Ai(x,y)(h) _ Ai(x y)(t)
1+ t1 1+ tz

uniformly with respect to (x,y) € V as t;,t, > N; (i =1,2).

Proof. We only give the proof for operator A;, the proof for operator A, can be given in a
similar way. By (2.13), we have

¢+
Ar(x,y) (1) = T [(Zal«;)xw + Za f f(TIx(T)’x,(T)fy(T),]/I(T))des]
- ft f+wf(T,x(T)/x,(T)’y(T)'y,(T))dT ds + tx.,
0/ s

§i +00
T1- Z a [(Zalél>x°‘° + Z fo L f(Trx(T)rx/(T),y(T),y'(T))des]

+00 t
+ X + tL f(s,x(s),x'(s),y(s),y'(s))ds + Josf(s,x(s),x'(s),y(s),y'(s))ds.
(2.44)

For (x,y) € V, t; > t;, we obtain by (2.44)

Ai(x,y) () A(x,y)(h)
1+ tl B 1+ t2

1
1 le ai

‘ 1 B 1
T11+H 1+t

[ /m-2 m-2 ¢ t+oo
x <Zaigi>nxmn+ o f(nx<T>,x'<T>,y<r>,y'<T>)des]

i=1 i=1
o] ‘ .|
1+H 1+t Yoo
t +00 12 !
. 1+1tf £(s, x(s),x'(s),y(s),y'(s))ds
1)t
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tl t2

0 1f—tlf(s,x(s),x'(S),y(S),y'(S))dS _ jo ﬁf(s,x(s),x'(s)rl/(s),y'(s))ds

1
1-3"

1 1
< —
- 1+t1 1+t2

[ /m-2 m-2 & A+oo
x (Z a@) e+ Y[ [ fr ), € @), 500,y @)ar ds]
! =1 s

i=1 i

151 ty H ty +o0 / ,
i 1 +1 - 1 +t2‘ . ”xOOH * ‘1 +1H B 1 +1 ' ‘ J-O f(s,x(s),x (S)fy(s)/y (S))ds
ty
* 1i_1t1 - % ' JOf(S/x(S),x’(S),y(s),y'(s))ds
1 iztz :f(sfx(S)IX’(S),y(S),y’(S))ds
1 1 t
' ‘ T+t T+6]| f (5f(5,x(5),%'(5), y(5), /() ds
i
[ s xo 6,01 )|

(2.45)

Then, it is easy to see by (2.45) and (H;) that {A;V (t)/(1+t)} is equicontinuous on any finite
subinterval of J.

Since V. C Q is bounded, there exists r > 0 such that for any (x,y) € V, ||(x,y)|x < 7.
By (2.25), we get

[145 (x, ) (1) = Ay (x, ) () ]| =

1)
t f(s,x(s),x'(s),y(s),y'(s))ds

(2.46)
153
< f [4egre(s)(1 + ) + ap(s) + Mobg(s)]ds.

3]

It follows from (2.46) and (H;) and the absolute continuity of Lebesgue integral that { A| V ()}
is equicontinuous on any finite subinterval of J.
In the following, we are in position to show that for any € > 0, there exists N; > 0 such

uniformly with respect to x € V as t;,t, > N.

that

Ai(x,y)(h)  Ai(xy)(t)
1+H 1+t

<e, |AI(xy)(t) - Al(xy) ()] <e (2.47)




Boundary Value Problems 13

Combining with (2.45), we need only to show that for any € > 0, there exists
sufficiently large N > 0 such that

ty

t
“jo o (56(6),%(9), 406,y (9)ds ~ | 7 F(5,x(6), (), y(6), ¥/ (4)) ds

<e (248)

forall x € V as t;,t, > N. The rest part of the proof is very similar to Lemma 2.3 in [5], we
omit the details. O

Lemma 2.4. Let V be a bounded set in DC'[], E] x DC'[], E]. Assume that (H,) holds. Then

A V(¢ ,
ap(A;V) = max supa<¢), supa((A;V)' (1)) ¢- (2.49)
te] 1+t te]
Proof. The proof is similar to that of Lemma 2.4 in [5], we omit it. O

Lemma 2.5 (see [1, 2]). Monch Fixed-Point Theorem. Let Q be a closed convex set of E and u € Q.
Assume that the continuous operator F : Q — Q has the following property: V. C Q countable,
V cco({u} UF(V)) = V is relatively compact. Then F has a fixed point in Q.

Lemma 2.6. If (Hs) is satisfied, then for x,y € Q, x® < y@, t € J (i = 0,1) imply that (Ax)? <
(An)?, teT(=0,1).

Proof. 1t is easy to see that this lemma follows from (2.13), (2.25), and condition (H3). The
proof is obvious. U

Lemma 2.7 (see [16]). Let E and F are bounded sets in E, then

a(D x F) = max{a(D),a(F)}, (2.50)

where a and a denote the Kuratowski measure of noncompactness in E x E and E, respectively.

Lemma 2.8 (see [16]). Let P be normal (fully reqular) in E, P = P x P, then P is normal (fully
reqular) in E x E.

3. Main Results

Theorem 3.1. If conditions (Hy) and (Hy) are satisfied, then BVP (1.2) has a positive solution
(x,y) € (DC'[J,EINC?[J}, E]) x (DC'[J, EIN C*[J1, E]) satisfying () (t) > x5, (@) (1) > y;
forte J(i=0,1).

Proof. By Lemma 2.1, operator A defined by (2.13) is a continuous operator from Q into Q,
and, by Lemma 2.2, we need only to show that A has a fixed point (x, %) in Q. Choose R > 2y
and let Q* = {(x,y) € Q : |[(x,y)|lx < R}. Obviously, Q* is a bounded closed convex set in
space DC'[], E] x DC![], E]. It is easy to see that Q* is not empty since ((1+1)x, (1 +1)Yyo) €
Q. It follows from (2.27) and (3.6) that (x,y) € Q* implies A(x,y) € Q, that is, A maps Q*
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into Q*. Let V = {(xp, ym) : m =1,2,...} C Q" satistying V C co{{(ug,vp)} U AV} for some
(ug, vo) € Q*. Then ||(xn, Ym)|lx < R. We have, by (2.13) and (2.25),

Al (xm/ ym) (t)

m-2 2 & oo
—1 S [<Z a; §l>xoo 2. DliJ‘O L F (T, %m(T), 2, (T), Y (T), Y, (7)) dT ds]

1=

t atoo

[ [ F 000 25, (0 () s

A,l (xm’ ym)(t) = J‘t f(S, xm(S), x;n(s)/ ym(s), y;n(S))ds + Xopo-
(3.1)

By Lemma 2.4, we have

_ ' (Al V) (t)
ap(AV) = max{stlel}aa((/hV) (), s:gatx(—l i ) }, (3.2)

where A\V () = {A1(Xp, ym)(®) : m = 1,2,3,...}, and (A;V)'(t) = (A} (X, Ym)(t) : m =
1,2,3,...}.

By (2.21), we know that the infinite integral fgoon(t,x(t),x’(t),y(t),y’(t))”dt is
convergent uniformly for m = 1,2,3,.... So, for any € > 0, we can choose a sufficiently large
T > 0 such that

f I x(0,20), 50,y O)ld < (3.3)

Then, by [1, Theorem 1.2.3], (2.44), (3.1), (3.3), (H,), and Lemma 2.7, we obtain

a<(A11‘:)t(t)> <27 f a({f (s, %m(5), x1,(8), Ym(S), Yo (8)) : (%m, ym) € V})ds + 2¢

2| a5 (5545 U9, V) (o) € V] 26
<2y Z““ F(52%m(5), 20 (8), Yon($), Yi(5)) : (ims Un) € V)l

2 (15,050 2051, Y9, Yl e i) € V s+ e
< @Dy +2)[ ([ (530 (5), X0(5) Y (5), Y (5)) 5 (o) € Vs

< (D + 2>aX<V>f0°°<Loo<s> + Koo(8))(1+ ) + (Lot (5) + Kor(s))ds + e,
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a((A}V)(h) < ZIO a({f(s,%m(5), x1,(8), Ym (), You(8)) : (Xm, ym) € V})ds + 2e

< Zax(V)fom(Loo(S) + KOQ(S))(l + S) + (L()l (S) + K()l (S))dS + 2e.

(34)
It follows from (3.2) and (3.4) that
ap(A1V) < 2Dy +2)ax (V) f :O(Loo(s) + Koo(s))(1+ ) + (Lou(s) + Kou(s))ds.  (3.5)
In the same way, we get
ap(A2V) < (2D1 + 2)ax(V)f:o(Llo(S) +Kio(s)) (1 +5) + (L11(s) + K11 (s))ds. (3.6)

On the other hand, ax (V) < ax{co({u} U (AV))} = ax(AV). Then, (3.5), (3.6), (H;), and
Lemma 2.7 imply ax(V) = 0, that is, V is relatively compact in DC!'[J,E] x DC'[J,E].
Hence, the Monch fixed point theorem guarantees that A has a fixed point (x, ) in Q*. Thus,
Theorem 3.1 is proved. O

Theorem 3.2. Let cone P be normal and conditions (H1)—(Hs) be satisfied. Then BVP (1.2) has a
positive solution (x,y) € Q N (C?[J., E] x C?[J', E]) which is minimal in the sense that u® (t) >
x(t), v () >y (t), t € J (i = 0,1) for any positive solution (u,v) € QN (C2[J,, E]xC2[J,, E])
of BVP (1.2). Moreover, || ((x,))|lx < 2y+||(uo, vo)||x, and there exists a monotone iterative sequence
{(un(t), va(1))) such that u“’(t) — 701,08t - () asn — oo (i = 0,1) uniformly on J
and ul\(t) — X'(t), vi(t) — Y'(t) asn — oo forany t € J,, where

& oo
uy(t) = ﬁ [<Z a; §,>xm + Z j f(, x5, x5, y5, yo)dr ds]
A e (3.7)

t atoo
+ I f f (T, x5, x5, y5, y5)dr ds + txe,,
0/ s

&i oo
vo(t) = [<Z ﬁ@)ym + Z ﬂlf 8 (7, x5, X0, Y5, y5)dT dS]
l i=1 s

(3.8)

+oo
+ I f g (T, x5, x5, y5, y5)dr ds + tye,,
0/ s
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1
_le a;

m-2 m-2 ¢ p+oo
x [(Z ai§i>xoo +> “iJO f (@t (7), 1, (7), 01 (1), 0, (7)) dT dS]
i=1 i=1 s

u,(t) =

t a+oo
+ J I f(r,una (1), ), 1 (T), 001 (7), 0, (7))dTds + tx,,, Vi€ ]J(n=1,2,3,..),
0/ s
(3.9)

1
W) = g
ot 1-3m2 6

m-2 & ptoo
X [( ﬂ1§1>yoo + Z ﬂzf g(T, U1 (T), uln_l (1), vp-1(T), U;_l (T))dT dS]

i=1 s

t p+o0
+J f (1, up1 (1), 1, (T),0p-1(7), 0, _((T))dTds + ty,, Vi€e]J(n=1,23,...).
0/ s
(3.10)

Proof. From (3.7), one can see that (19, v9) € C[],E] x C[], E] and
+00
uy(t) = f £ (s, x5, x5, 8, v5)ds + Xop. (3.11)
t

By (3.7) and (3.11), we have that u(()i) > X 2 x5 (i=0,1) and

t pA+oo
* * * * i= lél
||uo<t>||sf f ||f(r,xo,xo,yo,yo)||olrols+t||xoo||+—Z ol
0/ s

m-2

ém-2 (00
a; Ilf (T, x5, x5, v5, ya)||dT ds
1 Z s Jo J‘s f (7, x5, %5, Y5, ¥5)

i “§1

1ol
al

+oo
< t(f 1 (5,0 x5yt ) T + ||xm||) +
0

i= 1

Z igm- 2<I I1f (T, xo,xo,yo,yO)HdT)

1 Zmz di =1

m-2
M” Xool

< tUO ao(s) + bo(s)ho (Ixl, Ixg Nyl Nl S

S o ([ ants) ool el Ll s ).
1 Zz 1 Qii=1
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+o0
Iy < [ 17 (o, vyl + o
t

+0oo
< IO ao(s) + bo(s)ho (Ilxgl 1511 Ly, gl ds + [lxesl,

(3.12)

which imply that |jug|[p < co. Similarly, we have ||vg||p < oo. Thus, (uy,v9) € DC'[],E] x
DC![], E]. It follows from (2.13) and (3.9) that

(un, 0n)(t) = A(tn-1,000)(F), Vi€, n=1,2,3,.... (3.13)

By Lemma 2.1, we get (u,,v,) € Q and

1
|etn, o) llx = 1A (Un-1, 0n-1)lIx < E”(un—lfvn—l)”X +y. (3.14)
By Lemma 2.6 and (3.13), we have

(x5, ) < (1) 0,0 ) < (w0, 0 (®) <+ < (ud (1), 00 1) <+, Ve J(=0,1).
(3.15)

It follows from (3.14), by induction, that

ool <1+ (5)r - (3) v+ () Howoy

1-(1/2)" 3.16
<TEZDD w0l o

<2y + [(uo, )llx (n=1,2,3,...).

Let K = {(x,y) € Q : [[(x,y)llx < 2y + ||(10,v0)||x}. Then, K is a bounded closed convex
set in space DC![J, E] x DC![], E] and operator A maps K into K. Clearly, K is not empty
since (ug,v9) € K. Let W = {(u,,v,) : n =0,1,2,...}, AW = {A(u,,v,) : n =0,1,2,...}.
Obviously, W ¢ Kand W = {(ug, v9) } UA(W). Similar to above proof of Theorem 3.1, we can
obtain ax(AW) = 0, that is, W is relatively compact in DC'[], E] x DC![], E]. So, there exists
an (x,y) € DC'[],E] x DC'[J,E] and a subsequence {(unl.,vn].) 17 =123,...} ¢ Wsuch
that {(un,, vn)(t) : j =1,2,3,...} converges to (E(i) (t),y(i)(t)) uniformly on J (i = 0,1). Since
that P is normal and {(ug)(t),vff) (t)) :n=1,2,3,...} is nondecreasing, it is easy to see that
the entire sequence {(uS)(t), vif) (t)) :n=1,2,3,...} converges to (E(i)(t),y(i) (t)) uniformly on
J (i = 0,1). Since (u,,v,) € K and K are closed convex sets in space DC'[], E] x DC'[], E],
we have (x,v) € K. Itis clear,

f(s,un(s),1,(5), vn(5), V) (s)) — f(s,%(s),X (s),Y(s), Y (s)), asn— oo, Vs€J,. (3.17)
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By (H;) and (3.16), we have

1f (5, 14n(5), 1, (5), 0 (5), D (5)) = £ (5, %(5), X (5), F(5), 7 (5))
< 8e9c(s) (1 + )| (1, 0a)llx, +2a0(s) +2Moby(s) (3.18)
< 8eoc(s)(1 + ) (2y + [l (1o, 90) 1) +20(s) + 2Moby(s).

Noticing (3.17) and (3.18) and taking limit as n — oo in (3.9), we obtain

& p+oo
X(t) = T [<Z a1§1>xw + Z a; f . f(7,%(1),% (1), y(r), 7 (7))dT ds]
. ’ (3.19)
J‘ f+wf(T, X(7),% (1), y(7),V (7))dT ds + txe.
In the same way, taking limit as n — oo in (3.10), we get
& (oo
y(t) = [(Z ﬁ@:)yw + Zﬁzf 8(7,X(1), X (7),y(1),y (T))deS]
l i=1 s
(3.20)

t pAtoo
+ f f g(7,%(7),x' (1), y(7),y (7))dr ds + tyes,
0/ s

which together with (3.19) and Lemma 2.2 implies that (x,y) € KN C?[],,E] x C*[],,E] and
(x(t),y(t)) is a positive solution of BVP (1.2). Differentiating (3.9) twice, we get

wy(t) = —f(t, una (t), 1,1 (1), 0ua (1), 0, (1), Vte ], n=1,23,.... (3.21)
Hence, by (3.17), we obtain
Tim () =~ £ (60, % (0, 70,7 (1) =%'(), Ve .. (3:22)
Similarly, we have

Tim o (1) = —g (1, %(), (1), 7(1), 7 (1) =7'(t), Vte]. (3.23)

Let (p(t),q(t)) be any positive solution of BVP (1.2). By Lemma 2.2, we have (p,q) € Q
and (p(t),q(t)) = (A(p,q))(t), for t € J. Itis clear that p@ (t) > x; > 6, g (t) > y; > 0 for any



Boundary Value Problems 19

t € J(i = 0,1). So, by Lemma 2.6, we have p (¢) > u(()i) ), g (t) > véi)(t) forany t € J (i =
0,1). Assume that p®@ (t) > ufle(t), q @) > vflizl(t) fort € J,n>1(i = 0,1). Then, it follows
from Lemma 2.6 that (A" (p,9)(£), AY (p, 9)(£)) > (A (1, 051)) (), AY (st 1, 0,1)) (1)) for
teJ(i=0,1),thatis, (p@(t),q?"(t)) > WP 1), 0P (1)) fort € J (i = 0,1). Hence, by induction,
we get

pOt) >x0), V) >y Vte](i=0,1,m=0,1,2,...). (3.24)

Now, taking limits in (3.24), we get p® (t) > X (t), @ (t) > 7V (t) for t € J (i = 0,1), and the
theorem is proved. O

Theorem 3.3. Let cone P be fully reqular and conditions (Hy) and (H3) be satisfied. Then the
conclusion of Theorem 3.2 holds.

Proof. The proof is almost the same as that of Theorem 3.2. The only difference is that, instead
of using condition (Hj), the conclusion ax(W) = 0 is implied directly by (3.15) and (3.16),
the full regularity of P and Lemma 2.4. O

4. An Example

Consider the infinite system of scalar singular second order three-point boundary value
problems:

1/3
Ve 1 , , 1 1
R Ty <2 £t gm0+ 20+ Yl * e B 0 >
1
+ m In(1 + x,(t)),
1 1 1\ 4.1)
)= R a ey <1 PO S ey 0 >

——In(1+v5, (1),
+6e3t2(1+t) 1'1( +y2n( ))

50) = 351, X0 = 1 1a0) = D), Vi) = o (121,200,

Proposition 4.1. Infinite system (4.1) has a minimal positive solution (x,(t),yn(t)) satisfying
xXn(t), x,(t) > 1/m, y,(t), y,(t) 21/2nfor 0 <t <+o0(n=1,2,3,...).

Proof. Let E = co = {x = (x1,...,Xu,...) : X, — 0} with the norm ||x| = sup, |x,|. Obviously,
(E, |l - II) is a real Banach space. Choose P = {x = (x,) € ¢o : x, >0, n =1,2,3,...}. Itis
easy to verify that P is a normal cone in E with normal constants 1. Now we consider infinite
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system (4.1), which can be regarded as a BVP of form (1.2) in E with ay =2/3, p1 =3/4, é1 =
1, x0 =(1,1/2,1/3,...), o = (1/2,1/4,1/6,...). In this situation, x = (x1,...,X,,...), U =
(Ui, ..o un,o.), y=Wi, .., Yn,...), 0= (v1,...,0n,...), f = (f1,..., fn,...), in which

fu(t ) ! <2 + Xy + Yy + 1 ! >1/3
X, U, Y, V) = ———————— X Upy + U3y + —— + —————
! 4 3n2vt(1 +t) n ¥ Yn T tan T Oon 2n2x, 8nluy,

1
+ m 11’1(1 + xn),
(4.2)

tx,u,yv)= ————(1+xzp+tthan + —— + ———
gnlt,x,,y,0) 6m3V/2 (1 + t)< o T 32y, 4n3vzn>

1
—— In(1 ).
t e T om)
Let xj = xo = (1,1/2,1/3,...),¥5 = Yo = (1/2,1/4,1/6,...). Then Py, = {x =
(x1,%0,000,Xp,..) 1 xp 2 A/m,n=1,23,...}, Pu={y =Y, Y2 Yn,--.) 1 Yn = A/2n,n =
1,2,3,...}, for A > 0. It is clear, f,g € C[J; x Poy x Doy x P1y x Pyy, P] for any A > 0. Notice that
e > V2, e > \/tfort > 0, by (4.2), we get

1 11 1/3
Ifbxuny o)< s [(Z ol + ]+ ol + ||y||) +In(1+ ||x||>],
(4.3)

1 1/5
lg (k%10 y,0) 1< [+ Il + ) V2 + a1+ o],

which imply (H;) is satisfied for ag(t) = 0, bo(t) = co(t) = 1/3vt, ai(t) = 0, bi(t) = c1(t) =
1/6V# and

11 1/3
ho(uo, u1, uz, us) = (— + Uy +uy +up + u3> +In(1 + up),
4 (4.4)

1/5

hi(ug, ur, uz,uz) = (d+ug+up) > +In(l + us).

Let f1 = {fL, o fho ), f2 = (fAf... 2.}, and g' = (g,g),....g, ...}, & =
(g3, 83,...,8%,...}, where

1 1 1 1/3
1
t/ rYr Y, =——2 ~Non . o2 7 45
faltix,uy.0) 3n2\/¥(1+t)< +x"+y"+u2"+v3"+2n2xn+8n3uzn> (+5)
1
f2(t,x,u,y,v) = 3FATH In(1 + x,), (4.6)
1 1 1 \°
1
Lx,u,y,v)=———(1+xg+ s+ — + ——— , 47
gnltix1y,0) 6n3€/t7(1+t)< e Ry 4n3vzn> @n

1
2 —
g (tx,u,y,v) = ) In(1 + vyy,). (4.8)
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Lett € J., R > 0be given, and {z™} be any sequence in f!(t, P}, Plr, P

, Pogs Pogs Pigs Pi), where z™ =
(zim),. . .,zf,m), ...). By (4.5), we have

(m) 1 /11 13
OSZn SW Z+4R (n,m=1,2,3,) (49)

So, {z™} is bounded and by the diagonal method together with the method of constructing
subsequence, we can choose a subsequence {m;} C {m} such that

{zf{")} 5%, asi—oo(n=1,2,3..), (4.10)

which implies by virtue of (4.9)

0<Z, < 3n2ﬁ<z+4R> (n=1,2,3,...). (4.11)

Hence z = (z1,...,Zy,...) € co. It is easy to see from (4.9)—(4.11) that

”z(’"") —E” =sup|z{"™ - Z,| — 0 asi— oo. (4.12)
n
Thus, we have proved that f1(t, Pz, Pirs Pirs Pyy) is relatively compact in co.

Foranyte€ J,,R>0, x,y,x,y € D C Py, we have by (4.6)

f,f(t,x, u,y,v) - fnz(t,f,ﬁ,y,ﬁ)' = mﬂn(l +x,) —In(1+x,)|

(4.13)
< 1 |2 — X
T 3e2(1+t) 1+¢,
where ¢, is between x,, and x,. By (4.13), we get
1
2 201 = = = = = = =
”f (t,x,u,y,v) - f°(t,x,1, y,v)” < mllx— x|, x,y,xy€D. (4.14)

In the same way, we can prove that g*(t, By, Pogs Prr.s
can also get

PjR) is relatively compact in cp, and we

1
2 25 a 75| < = - —
”g (t,x,u,y,v) - g°(t,%,u,y,0) ” S AT D lo-2|, x,y,xy€D. (4.15)

Thus, by (4.14) and (4.15), it is easy to see that (Hz) holds for Loo(t) = 1/3e* (1 +t), K11 (t) =
1/6€%(1 + t). Thus, our conclusion follows from Theorem 3.1. This completes the proof. [
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