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Abstract

The present paper is concerned with an indirect method to solve the Dirichlet and
the traction problems for Lamé system in a multiply connected bounded domain of
R", n = 2. It hinges on the theory of reducible operators and on the theory of
differential forms. Differently from the more usual approach, the solutions are sought
in the form of a simple layer potential for the Dirichlet problem and a double layer
potential for the traction problem.
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1 Introduction

In this paper we consider the Dirichlet and the traction problems for the linearized n-
dimensional elastostatics. The classical indirect methods for solving them consist in
looking for the solution in the form of a double layer potential and a simple layer
potential respectively. It is well-known that, if the boundary is sufficiently smooth, in
both cases we are led to a singular integral system which can be reduced to a Fred-
holm one (see, e.g., [1]).

Recently this approach was considered in multiply connected domains for several
partial differential equations (see, e.g., [2-7]).

However these are not the only integral representations that are of importance.
Another one consists in looking for the solution of the Dirichlet problem in the form
of a simple layer potential. This approach leads to an integral equation of the first kind
on the boundary which can be treated in different ways. For n = 2 and Q simply con-
nected see [8]. A method hinging on the theory of reducible operators (see [9,10]) and
the theory of differential forms (see, e.g., [11,12]) was introduced in [13] for the n-
dimensional Laplace equation and later extended to the three-dimensional elasticity in
[14]. This method can be considered as an extension of the one given by Muskhelish-
vili [15] in the complex plane. The double layer potential ansatz for the traction pro-
blem can be treated in a similar way, as shown in [16].

In the present paper we are going to consider these two last approaches in a multiply
connected bounded domain of R” (1 > 2). Similar results for Laplace equation have
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been recently obtained in [17]. We remark that we do not require the use of pseudo-
differential operators nor the use of hypersingular integrals, differently from other
methods (see, e.g., [[18], Chapter 4] for the study of the Neumann problem for Laplace
equation by means of a double layer potential).

After giving some notations and definitions in Section 2, we prove some preliminary
results in Section 3. They concern the study of the first derivatives of a double layer
potential. This leads to the construction of a reducing operator, which will be useful in
the study of the integral system of the first kind arising in the Dirichlet problem.

Section 4 is devoted to the case n = 2, where there exist some exceptional bound-
aries in which we need to add a constant vector to the simple layer potential. In parti-
cular, after giving an explicit example of such boundaries, we prove that in a multiply
connected domain the boundary is exceptional if, and only if, the external boundary is
exceptional.

In Section 5 we find the solution of the Dirichlet problem in a multiply connected
domain by means of a simple layer potential. We show how to reduce the problem to
an equivalent Fredholm equation (see Remark 5.5).

Section 6 is devoted to the traction problem. It turns out that the solution of this
problem does exist in the form of a double layer potential if, and only if, the given
forces are balanced on each connected component of the boundary. While in a simply
connected domain the solution of the traction problem can be always represented by
means of a double layer potential (provided that, of course, the given forces are
balanced on the boundary), this is not true in a multiply connected domain. Therefore
the presence or absence of “holes” makes a difference.

We mention that lately we have applied the same method to the study of the Stokes
system [19]. Moreover the results obtained for other integral representations for sev-
eral partial differential equations on domains with lower regularity (see, e.g., the refer-
ences of [20] for C' or Lipschitz boundaries and [21] for “worse” domains) lead one to
hope that our approach could be extended to more general domains.

2 Notations and definitions
Throughout this paper we consider a domain (open connected set) Q € R”, n > 2, of
the form 2 = QO\U;Z] Qj, where Q; (j = 0, ..., m) are m + 1 bounded domains of R”
with connected boundaries X; € c** (A e (0, 1]) and such that Qi C o and
S_Zj NQy = @,j,k=1,..,m,j+k For brevity, we shall call such a domain an (m + 1)-
connected domain. We denote by v the outwards unit normal on £ = 0Q.

Let E be the partial differential operator

Eu = Au + kVdivu,

where u = (uy, ..., u,) is a vector-valued function and k >(# - 2)/n is a real constant.
A fundamental solution of the operator - E is given by Kelvin’s matrix whose entries
are
L2 k2 Sijlog|x —y| + ke G =) ifn=2
Py = | 27\ 206 )T T 00y ey ) '
gy (k2 =y k(=) - )
2k+1) 7 2—n  2(k+1) |x —y|n

), ifn>3, .

Wp

i,j=1, .. n o, being the hypersurface measure of the unit sphere in R".
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As usual, we denote by £(u, v) the bilinear form defined as
E(y,v) = 20im(u)ein(v) = 20m(u)ein(u),

where ¢, (1) and 0y, (1) are the linearized strain components and the stress compo-
nents respectively, i.e.

1 k-1
em(u) = B + o), oin(u) = em(u) + - dineji(u).
Let us consider the boundary operator L* whose components are
qu = (k—f)(diV u)vi+vj8jui+évj8iuj, i=1,..,n, (2)

& being a real parameter. We remark that the operator L' is just the stress operator
20;,v,, which we shall simply denote by L, while LY*+2) s the so-called pseudo-stress
operator.

By the symbol .7, we denote the space of all constant skew-symmetric matrices of
order n. It is well-known that the dimension of this space is n(n - 1)/2. From now on
a + Bx stands for a rigid displacement, i.e. 4 is a constant vector and B € .%,. We
denote by R the space of all rigid displacements whose dimension is n(n + 1)/2. As
usual {ej, ..., e,} is the canonical basis for R”.

For any 1 < p <+ we denote by [L”(Z)]” the space of all measurable vector-valued
functions u = (uy, ..., u,) such that |u]” is integrable over X (j = 1, .., n). If & is any
non-negative integer, LZ(E) is the vector space of all differential forms of degree &
defined on X such that their components are integrable functions belonging to L(X) in
a coordinate system of class C' and consequently in every coordinate system of class

C'. The space [LZ(E)]" is constituted by the vectors (vy, ..., v,,) such that v; is a differ-

ential form of LZ(Z)(]' =1,...,n) [W" 2(2)]" is the vector space of all measurable
vector-valued functions u = (u, .., u,) such that #; belongs to the Sobolev space whr
X G=1..,n).

If B and B’ are two Banach spaces and S : B — B’ is a continuous linear operator, we
say that S can be reduced on the left if there exists a continuous linear operator S : B’
— B such that §'S = I + T, where I stands for the identity operator of Band T: B —
B is compact. Analogously, one can define an operator S reducible on the right. One
of the main properties of such operators is that the equation Sor = 8 has a solution if,
and only if, (3, B) = 0 for any 7y such that $*y = 0, S* being the adjoint of S (for more
details see, e.g., [9,10]).

We end this section by defining the spaces in which we look for the solutions of the
BVPs we are going to consider.

Definition 2.1. The vector-valued function u belongs to SPif, and only if, there exists
¢ € [LP(X)]" such that u can be represented by a simple layer potential

u(x) = /2 C(x, y)e(y)doy,, xeQ. (3)

Definition 2.2. The vector-valued function w belongs to Drif, and only if, there exists
we [WY(2)]" such that w can be represented by a double layer potential
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wi) = [ L@, xee, @
where [L,I'(x, y)" denotes the transposed matrix of L,[T'(x, y)].

3 Preliminary results

3.1 On the first derivatives of a double layer potential

Let us consider the boundary operator L° defined by (2). Denoting by I’(x, y) the vec-
tor whose components are I';;(x, y), we have

£ L2+ =5k k(s +1) i —x) (¥ — %) | (p — 2p)vp(¥)
EAP ==, {[ 204k T k1) p—ap ] [y — xln )

= (2+k)8 [(Vj = x)vi(y) — (i — xi)”j()’)] }
2(k+1) ly — x| '

We recall that an immediate consequence of (5) is that, when ¢ = k/(2 + k) we have

LI (x, )] = O(x — 1), ©)

while for & # k/(2 + k) the kernels Lfy[Fj (x, )] have a strong singularity on X.
Let us denote by w* the double layer potential

w (x) = /Zui(y)Ljy[rf(x,y)]day, j=1, ..., n 7)

It is known that the first derivatives of a harmonic double layer potential with den-
sity ¢ belonging to WP(3) can be written by means of the formula proved in [[13], p.
187]

as(x,
*d/): o(y) Séiy)’)doy = dx/):dfﬂ()’) Asna(x,y), x€Q. (®)

Here * and d denote the Hodge star operator and the exterior derivative respectively,

s(x, y) is the fundamental solution of Laplace equation

1
2 log|x —yl, ifn=2,
s(xy) = 1

_ 2—n, f > 3
(2—n)wn|x 1 ifn>

and s(x, y) is the double /-form introduced by Hodge in [22]

su(x,y) = Z s(x,p)dxt .. dxhdy ... dyh.

Jj1<..<jn

Since, for a scalar function f and for a fixed /4, we have *df A dx" = (-1)""'9,f dx,
denoting by w the harmonic double layer potential with density ¢ € W"?(X), (8)
implies

Inw(x) = —On(de)(x), x€Q ©)

where, for every y € L} (Z),

On(¥)(x) = * (/E delsn_a(x, VI AY() A dxh> , xeQ. (10)

Page 4 of 25
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The following lemma can be considered as an extension of formula (9) to elasticity.

Here du denotes the vector (du;, ..., du,,) and v = (y1, ..., ¥,,) is an element of [L’]’(E)]”.

Lemma 3.1. Let w* be the double layer potential (7) with density u € [W"*(Z)]".
Then

ol (x) = Ki(du)(x), xeQ j s=1,...,n, (11)

where

K5 (9) () = O4(v) (%) — L g /2 0Ky (6 ¥) AYi(y) Ady” . dy, (12)

(n o 2)| hijs...jn

Ki(x, ) = LkE+1) (n—a)(—x) k= (2+k)E

Twp2(k+1)  ly—al ks 1) WV (13)

and ©y, is given by (10), h = 1, ..., n.
Proof. Let n > 3. Denote by M" the tangential operators M" = v,0; - v;oy, h, i = 1, ..,
n. By observing that

ni [(XnXj\ 8ijXnvn _ XiXXpVh
|x|” |x|”*2 !

we find in Q

wf (1) = _Cjn /Eui(y) {51‘]‘ n = xn)vn(y) _ R(E+1) [(Yh — xn) (¥ _xj)]

ly —xin 2(k+1) 7 [y — x|
k—(2+Rk)E  g[ly—x>"
T 2(k+ 1) MY][ 2-n “doy:
’ k(& + ; - i — X
Lo e L[ [0
k—(2+k)E

- ij
2k + 1) My [s(x y)]} doy.
An integration by parts on X leads to

0= [ )™, [ gy {163 D2 00 900 =)

av, 2(k+1) ly —xI?

- (&f:l’;)é ah]-} S5 1oy == [ 355’;; Po, ~ [ M) 5 1)
Therefore, by recalling (9),

a0 (x) = ©4(du)(x) — / M ()] 0, [KE (x, 9)ldoy. (14)

If fis a scalar function, we may write

MM (f)do = 12346 A dyds L dxn,

Page 5 of 25
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This identity is established by observing that on £ we have

1 . 1 :

n 2)'%3 Ndf AdxB . do = (n—2) SOy, fe A =
1

(n—2)1 Spaz 8l vy, O, f do = 8] v, 9y, f do = (vdif — vidhf)dor.

Then we can rewrite (14) as

dawf (x) = O (duy) (x) — (n _1 2 span /E 00, [Ky (6, )] A dug(y) A dy? . dy.

Similar arguments prove the result if # = 2. We omit the details. O

3.2 Some jump formulas
Lemma 3.2. Let fe L'(2). If n e X is a Lebesgue point for f, we have

lim / Fr)as ”)(y{n 9 i, -

- (vp = mp) (v — m) 1o
1) — o
W%—2%M%MDMﬂﬂM+/ﬂﬂ% P g,
2 z ly —nl
where the limit has to be understood as an internal angular boundary value'.
Proof. Let hy;(x) = x,x;|x|™. Since h € C™(R"\{0}) is even and homogeneous of degree
2 - n, due to the results proved in [23], we have
)

lim f £, ¢ ”)(”,, ’doy=—us(n)ypj(n)f(n)+/z foa, T g, (16

ly —mnl"
where yi(n) = =272 F (hy)(v,), F being the Fourier transform
Fe) = [ ne >y
IRn

(see also [24] and note that in [23,24]v is the inner normal). On the other hand

Flig)w) =, L Fls () ==, @) ==, L ()
and, since
nf2—2
F(P™) = r(:/z ki

(see, e.g., [[25], p. 156]), we find

7'["/2_2 7.[n/2—2

(n—2)r(n/2-1) (n—2)r(n/2-1)

Finally, keeping in mind that e, = n 77%/T(n/2 + 1) and T(n/2 + 1) = n(n - 2)I'(n/2 -
1)/4, we obtain

F(hyj)(x) = I (xi1x17%) = (8pjlel % = 2xplx ).

nn/2

n—2)r(n/2 —1) (8pj = 2vj(m)vp(n)) = —a;” (85 — 2v(n)vp(n)).

¥pi(n) = =2 (

Combining this formula with (16) we get (15). ©

Page 6 of 25
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Lemma 3.3. Let ¢ L‘{ (X) Let us write y as y = wudx" with
vpn = 0. (17)

Then, for almost every N € %,

lim O,(4)() =~ Ys(n) + O.(¥) (1), (18)

where O is given by (10) and the limit has to be understood as an internal angular
boundary value.

Proof. First we note that the assumption (17) is not restrictive, because, given the 1-
form y on 3, there exist scalar functions y;, defined on T such that v = y,dx" and (17)
holds (see [[26], p. 41]). We have

0= L« [alsts N’ .. dpapaa .. aac) -

J1<e.<jn-2
R T /Z e lsCx V() ¥n(y)doy = 8y, /E A [sCe PV (y)¥n(y)doy
J1<e..<jn-2
and then

lim ©5(y)(x) = —;5§hvi(n)vk(n)wh(n) +O5(y)(n)

a.e. on X. From (17) it follows that 85 viveyn = vivivys — vy = ¥ and (18) is
proved. O

Lemma 3.4. Let y € L’]’( 3). Let us write y as y = wadx" and suppose that (17) holds.
Then, for almost every N € X,

. 1 123... 3 j3 jn —
i Lol [ ki Ao -

k— . .
Loy s s | 1 8z [akionnave)sa

(19)

where K* is defined by (13) and the limit has to be understood as an internal angular
boundary value.
Proof. We have

1 123... i in
(n—2)! Slijg...j,,n /; 3xstj(x: DAY AdY .. dy =
1
n— L [ K5 ) -
SQL%@uwwmwmww

Keeping in mind (13), formula (15) leads to

. 1 . )
lim sﬁﬂﬁ%ﬁmwAmwwwme

=1 (n—2)!
k—(2+k)

s [k(é +1) (85 — 2vi(m)vi(n))vs(n) — 4(k+1)

A oy | w00

1 123..n & i3 jn
* 2! g /2 0K, V) AU () Ady> .. dyi.

Page 7 of 25
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On the other hand

Tk 1 k—(2+k ; k 1
‘th [4((3—2: 1% (85 — 2vjvr)vs — 4(; ++1))$ Sljvs] vy = th |:i81jv5 — Z(é: 1; vjvlvs] vy =
k 1 k—
|:§5le§ - 2((;:: 13 VleVsi| (i — viyn) = Tk +Sl) Vjvsi — ivivslﬁj,

and the result follows. O
Lemma 3.5. Let yy = (Y1, ..., V) € [L} ()] Then, for almost every n € %,
lim (ke = £)IC5 () (x)vi() + v (A () (x) + Ev (K (V) ()] =

(20)
(e — £)K (¥) m)vi(n) + v (A () + & ()5, (¥) (),

KCébeing as in (12) and the limit has to be understood as an internal angular bound-
ary value.
Proof. Let us write y; as y; = widx" with

wyin=0, i=1, ..., n (21)
In view of Lemmas 3.3 and 3.4 we have

k—

B = =00+,

)+ S (0) | )5 0) )

Therefore
tim [ (ke — £ )G (9) (x)vi(n) + v (A () (x) + £ (A (¥) (0)] =
DY) (n) + (k= £ (¥) (m)viln) + vi()KC5 () () + Evi (MK (¥) (),

where
1 ke —
@) = -6 [ 0+ (s 1y e+ 3 ]
1 k— 1 k—
+Vj [—21//17 + (2(k +$l) Vitan + ivhiﬁm) vj] +&v [—21//1'1' + (2(k fl)vﬂﬁhh + ivhllfhj> Vi] .

Conditions (21) lead to

1 k—¢& k—¢& k—¢&
oY) =—, [(k—f) (1— k+1> T hal _§k+1i|‘)i1ﬁhh-
The bracketed expression vanishing, ® = 0 and the result is proved. O
Remark 3.6. In Lemmas 3.2, 3.3, 3.4 and 3.5 we have considered internal angular
boundary values. It is clear that similar formulas hold for external angular boundary
values. We have just to change the sign in the first term on the right hand sides in
(15), (18) and (19), while (20) remains unchanged.

3.3 Reduction of a certain singular integral operator
The results of the previous subsection imply the following lemmas.

Lemma 3.7. Let w* be the double layer potential (7) with density u € [W"?(X)]".
Then

LS (wf) = L, (wf) = (k — &)X (du)vi + viKC5;(du) + £vKC; (du) (22)
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a.e. on X, where Li(uﬁ)and 5 (wé)denote the internal and the external angular
boundary limit of L-(w°) respectively and [Ctis given by (12).

Proof. 1t is an immediate consequence of (11), (20) and Remark 3.6. O

Remark 3.8. The previous result is connected to [[1], Theorem 8.4, p. 320].

Lemma 3.9. Let R : [[P(Z)]" — [Lg (2)]"be the following singular integral operator

Ro(x) = / AT (5, 1)le(y)doy. (23)

Let us define RS - [L‘;(E)]" — [LP(Z)]™o be the singular integral operator

RE(W)(x) = (k= €)X (¥) (0)vilx) + v ()RG5 (¥) (%) + §v ()5 () (). (24)
Then

R%Rg = —i(p +(T%)%, (25)
where

1) = [ LN nlpt)io, 26)

Proof. Let u be the simple layer potential with density ¢ € [L?(Z)]”. In view of
Lemma 3.7, we have a.e. on X

R (Rp) = (I — &)KC; (du)v; + viKCs;(du) + Ev;KC: (du) = L (wF),
where w* is the double layer potential (7) with density #. Moreover, if x € €,
w0 = [ u) L 10wl =~ [ LG Tyx0) doy
and then, on account of (26),
Lfuf = —1L$u+TE(L§u) _! 1(/)+T§<,0 + TS 1(p+Ts<p = —1(p+(TE)2(p.
2 2\2 2 4

0O

Corollary 3.10. The operator R defined by (23) can be reduced on the left. A reducing
operator is given by R* with & = k/(2 + k).

Proof. This follows immediately from (25), because of the weak singularity of the ker-
nel in (26) when & = k/(2 + k) (see (6)). O

3.4 The dimension of some eigenspaces
Let T be the operator defined by (26) with ¢ = 1, i.e.

To(x) = f LM )le()do,, xe, 27)

and denote by T* its adjoint.
In this subsection we determine the dimension of the following eigenspaces

Vi={¢€[L”(E)]":$;¢+T*<p=0}; (28)

Page 9 of 25
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Wi={tpe[Lp(E)]"::l:;(p+T<p=O}. (29)

We first observe that the (total) indices of singular integral systems in (28)-(29) van-
ish. This can be proved as in [[1], pp. 235-238]. Moreover, by standard techniques, one
can prove that all the eigenfunctions are holder-continuous and then these eigenspaces
do not depend on p. This implies that

dimV, =dimW_, dimV_=dimW,- (30)

The next two lemmas determine such dimensions. Similar results for Laplace equa-
tion can be found in [[27], Chapter 3].
Lemma 3.11. The spaces V,and W_have dimension n(n + 1)m/2. Moreover

Ve={nXZj:h=1,...,n(n+1)/2,j=1,...,m},

where {vj, : h = 1 .., n(n + 1)/2} is an orthonormal basis of the space Rand X Xjis the
characteristic function of ¥;.
Proof. We define the vector-valued functions aj, j = 1, ..., m as @j(x) = (a + Bx)ng(x),

x € X. For a fixed j = 1, ..., m, the function o;(x) belongs to V,; indeed

@B 9+ [ LTI B 0oy = @ Bes )+ [ LTI @+ By, -

1 1
—2(a+Bx)+ 2(t/1+Bx) =0, xeX

because of
ozj(x) X € Qj,
[ mre e, - { gtz e x, 61
z 0 X ¢ Qj.
Now we prove that the following n(n + 1)m/2 eigensolutions of V,

wpi(x) = vh(x)xg(x), h=1,...,n(n+1)/2,j=1,... mxe X

n(n+1)/2 m
are linearly independent. Indeed, if Z Z chjwpj = 0, we have
h=1 j=1
n(n+1)/2
Z cvr(x) =0, xeX;j=1,...,m.
h=1

Then, by applying a classical uniqueness theorem to the domain Q,

n(n+1)/2

Z cvn(x) =0, xeQj=1,...,m,
h=1

from which it easily follows that

j=0, h=1,...,n(n+1)/2,j=1,...,m.

Thus, dim V, > n(n + 1)m/2. On the other hand, suppose ¢ € W_ and let u be the
simple layer potential with density ¢. Since E, = 0 in ;and L.u =0 on X, u = a +

Blx on each connected component Qj,j=1,..,m and u = 0 in R"\Q,. Note that this

Page 10 of 25
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is true also for n = 2, because ¢ € WW_ implies / @do =0. We can define a linear map
b

7 as follows
7 W_ — (R" x )"
¢ — (a*,B',...,a", B™).
If 7(¢) = 0, from a classical uniqueness theorem, we have that ¢ = 0 in R”. Thus, 7 is
an injective map and dim W_ < n(n + 1)m/2. The assertion follows from (30). O
Lemma 3.12. The spaces V_and W, have dimension n(n + 1)/2. Moreover V_is consti-

tuted by the restrictions to X of the rigid displacements.
Proof. Let ¢ € R. If x € %, we have

:lza(x) + /): (L, T (x, y)] «(y)doy = ;a(x) - ;a(x) =0,

thanks to
—a(x) xeQ,
/ L, (x, ) e(y)doy, = § —a(x)/2x € %,
z 0 x e Q.

This shows that the restriction to ¥ of o belongs to V_ and then
dimV_ > dimR =n(n+ 1)/2. On the other hand, suppose ¢ € W, and let u be the
simple layer potential with density ¢. Since Eu = 0in Q and L,u =0on X, u = a + Bx
in Q. Let o be the linear map

oW, —>R'x I,
¢ — (a, B).

If n > 3, we have that o(¢) = 0 implies # = 0 in R” and then ¢ =0 on X, in view of

classical uniqueness theorems.
If n = 2, define W? = {q& € W+// ¢ do = 0}. We have olwo is injective and its
b

range does not contain the vectors ((1, 0), 0) and ((0, 1), 0)%. Therefore dim Wf <1
On the other hand, dim W, — 2 < dim Wfand then dimW, <3. In any case,
dim W, < n(n + 1)/2 and the result follows from (30). ©

4 The bidimensional case

The case n = 2 requires some additional considerations. It is well-known that there are
some domains in which no every harmonic function can be represented by means of a
harmonic simple layer potential. For instance, on the unit disk we have

/ log|x —ylds, =0, x| <1.
ly1=1

Similar domains occur also in elasticity. In order to give explicitly such an example,
let us prove the following lemma.
Lemma 4.1. Let X be the circle of radius R centered at the origin. We have

f lx —y|? log |x — ylds, = 2rR(R* logR + (1 + logR)Ix|*), |x| <R. (32)
R
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Proof. Denote by u(x) the function on the left hand side of (32) and by Q the ball of
radius R centered at the origin. Let us fix xo € Zz. For any x € X; we have

/ |x — y|2 log |x — ylds, = |xo — y|2 log |xo — ylds,

R P

and then u is constant on . Moreover
Au(x) = 4/ (1 +loglx —yl)ds,
P

and then also Au is constant on Xz. Since Au is harmonic in Qp and continuous on

Qp it is constant in Qf and then

Au(x) = Au(0) =4 g (1 +loglyl)dsy = 8w R(1 +1ogR), xe Q.
R

The function u(x) - 27zR(1 + log R) |x|* is continuous on g, harmonic in Qz and

constant on Xz. Then it is constant in Qg and
u(x) — 2R(1 +logR)|x]* =u(0) = / ly|> log lyldoy = 27R> logR.
R

0O

Corollary 4.2. Let X be the circle of radius R centered at the origin. We have
R
/;:R F,j(x, y)dsy = 8ij4(k o 1) (k—2(k+2)1logR), |x| <R. (33)

Proof. Since

(1 —p1)°

ey ds, + 27 R,
R

EIn / Ix — ¥ log |x — y|ds, = 2/ log |x — ylds, + 2
TR P
formula (32) implies

2
f Co=m) e _ar, W <R
s X =V

In a similar way

2
f Co=r)ye _ar W <R
s X =V

From (32) we have also

312/ e — yI? log |x — yIds, =2/ (a _m(xzz_ i, 0, 1w <R
T S lx — yl

Keeping in mind the expression (1), (33) follows. 0O
This corollary shows that, if R = exp[k/(2(k + 2))], we have

/ I'(x,y)eids, = [ T(x,y)eads, =0, |x| <R.
ER ER

This implies that in Qp, for such a value of R, we cannot represent any smooth solu-
tion of the system E, = 0 by means of a simple layer potential.

Page 12 of 25



Cialdea et al. Boundary Value Problems 2011, 2011:53 Page 13 of 25
http://www.boundaryvalueproblems.com/content/2011/1/53

If there exists some constant vector which cannot be represented in the simply con-
nected domain Q by a simple layer potential, we say that the boundary of Q is excep-
tional. We have proved that

Lemma 4.3. The circle Lz with R = explk/(2(k + 2))] is exceptional for the operator A
+ kVdiv.

Due to the results in [28], one can scale the domain in such a way that its boundary
is not exceptional.

Here we show that also in some (m + 1)-connected domains one cannot represent
any constant vectors by a simple layer potential and that this happens if, and only if,
the exterior boundary %, (considered as the boundary of the simply connected domain
Qo) is exceptional.

We note that, if any constant vector ¢ can be represented by a simple layer potential,
then any sufficiently smooth solution of the system Eu = 0 can be represented by a
simple layer potential as well (see Section 5 below).

We first prove a property of the singular integral system

ad .
/ goj(y)a Cij(x,y)dsy =0, xeX,i=1,2. (34)
> Sx

Lemma 4.4. Let Q € R? be an (m + 1)-connected domain. Denote by Pthe eigenspace
in [IP(2))? of the system (34). Then dim P = 2(m + 1).
Proof. We have

8Fi]’ 1 0 (k + 2)5,']' k (}/i — x,')(yj — x]')
) = - log |t — ds
a5, N7 2 s, ( 2+ 1) BTy sy Y

and, since

O (i—v)5—w) _  %—¥ X~V (i —yi)(x —y) 0

= . -2 X — =
e lx—y? o=yl T —y? lx — yI3 85x| /
) ) (xi —yi)(x—y;)
7 log |x — Y loglx—y| -2 loglx —y| =
% o og |x y|+x;axi oglx — | k—y? 95 OB e =l

N C S O [ C R A -
2(x,-xj— |x_y’|2] 8SxIOglx—y|+(’)(Iy—xl” D

(the dot denotes the derivative with respect to the arc length on X), we find®

d (xi —yi)(x —¥)

o oy O
X

We have proved that*

1 k+2

a
— Sii 1 h—1
27 2(k + 1) v 0Sy oglx —yl+ Oy =)

a
05y Fyx7) =

and then the system (34) is of regular type (see [15,29]). From the general theory we
know that such a system can be regularized to a Fredholm one. Let us consider now
the adjoint system

9 .
/ ¢ o Tijlxy)dsy =0, xeXi=12. (35)
= Sy
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It is not difficult to see that the index is zero and then systems (34) and (35) have
the same number of eigensolutions.

The vectors €ixs;(i=1,2,j=0,1,...,m) are the only linearly independent eigenso-
lutions of (35). Indeed it is obvious that such vectors satisfy the system (35). On the
other hand, if  satisfies the system (35) then

of .~
/Zwasds—o

for any fe [C” (R*)]?. This can be siproved by the same method in [[13], pp. 189-
190]. Therefore y has to be constant on each curve X; (j = 0, ..., m), i.e. y is a linear
combination of eixg,(i=1,2,j=0,1,...,m). o

Theorem 4.5. Let Q. € R? be an (m + 1)-connected domain. The following conditions
are equivalent:

L there exists a Holder continuous vector function ¢ # Osuch that
/ C(x,Y)e(y)dsy, =0, xeX%; (36)
b>

1L there exists a constant vector which cannot be represented in Q by a simple layer
potential (i.e., there exists ¢ € R? such that ¢ & SP);

III. %, is exceptional;

IV let ¢1; ..., Pomso be linearly independent functions of Pand let cy = (04, Bix) € R?
be given by

/F(x,y)<pj(y)dsy=cjk, Xe€X, j=1,...,2m+2,k=0, 1,...,m.
)

Then
detC =0, (37)
where
®@1,0 *°° ®2m+2,0
C-= X1m - OC2m+2,m

:81,0 e ;82m+2,0

Igl,m e Ig2m+2,m

Proof. I = 11. Let u be the simple layer potential (3) with density ¢.

Since u# = 0 in Q, and then on X, we find that # = 0 also in Q; (k = 1, ..., m) in view
of a known uniqueness theorem.

On the other hand L, - L.u = ¢ on X and ¢ = 0 on X, k = 1, ..., m. This means that

/ I'(x,y)e(y)ds, =0, xe€ Q.

o

If 1I is not true, we can find two linear independent vector functions y; and y, such
that

fz o) (s, = xe = 1,2
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Arguing as before, we find y; = 0 on X4, k = 1, ..., m, j = 1, 2, and then

/ T(x, y)¥i(y)dsy =e, x€Qo,j=1,2.
o
Since ¢, 1, y, belong to the kernel of the system

0]
[ ranveds o, xex,
%o Sx

Lemma 4.4 shows that they are linearly dependent. Let A, y;, 4 € R such that (4, y3,
U2) = (0, 0, 0) and

AQ + 1Y + o2 =0 on Xo.

(38)
This implies

/2 P p) () + 10 () + v (y))dsy = 0, x € D,

0

ie. pie; + poey = 0, and then p; =y, = 0. Now (38) leads to A¢p = 0 and thus 4 = 0,
which is absurd.

II = IIL If %, is not exceptional, for any c € R? there exists p € [CH(Zo)]? such that

/ C'(x,y)e(y)ds, =c, x € Qo.

Zo
Setting
_ ey e o,
QD(Y) - {0 y c E\ZO/

we can write

/ C(x,y)e(y)ds,=c, xe,
>

and this contradicts II.

Il = IV. Let us suppose detC # 0. For any ¢ = (&, B) € R? there exists A = (1, ...,
Aams2) solution of the system

2m+2 2m+2

Z)\jajk=a, Z)\jﬂjk=ﬂ, k=0,...,m,
j=1 =1

ie.

2m+2

ijcjk=c, k=0,...,m.
j=1

Therefore

2m+2

[ ren Y o0 <o xex.

j=1
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2m+2
Arguing as before, this leads to Z Aj9j =0 on X for k = 1, ..., m. Then X, is not
j=1
exceptional.
IV = L From (37) it follows that there exists an eigensolution A = (14, ..., A2,,,,2) of
the homogeneous system

2m+2
D k=0, k=0,...,m.
j=1

Set

2m+2

o(x) = Y Agj(x).

j=1

In view of the linear independence of ¢y, ..., ¢2,..2, the vector function ¢ does not
identically vanish and it is such that (36) holds. O

Definition 4.6. Whenever n = 2 and % is exceptional, we say that u belongs to SPif,
and only if,

u(x) = / C(xY)e(y)dsy +c, x€ L, (39)
b
where ¢ € [LF(X)]* and c € R

5 The Dirichlet problem

The purpose of this section is to represent the solution of the Dirichlet problem in an
(m + 1)-connected domain by means of a simple layer potential. Precisely we give an
existence and uniqueness theorem for the problem

ueSP,
Eu=0 ing, (40)
u=f on Y,

where fe [W"(2)]".
We establish some preliminary results.
Theorem 5.1. Given @ € [L’l’ ()] there exists a solution of the singular integral sys-

tem
[ @ nlet)o, = o), ¢ W@ vex (@1)
if, and only if,
/Ey/\a)l:o, i=1,....n (42)

for every y e LZ_Z(E) (g =p/(p — 1))uch that y is a weakly closed (n - 2)-form.
Proof. Denote by R* : [szz():)]n — [L9(Z)]" the adjoint of R (see (23)), i.e. the

operator whose components are given by

mwm=£wmAmmanxez
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Thanks to Corollary 3.10, the integral system (41) admits a solution ¢ € [LP(X)]” if,
and only if,

/Etlfi/\wi=0 (43)

for any ¢ = (¢, ..., ¥y) € [L:LZ(E)]" such that R*y = 0. Arguing as in [13], R*y = 0
if, and only if, all the components of y are weakly closed (n - 2)-forms. It is clear that

(43) is equivalent to conditions (42). O
Lemma 5.2. For any fe [W"P(2)]" there exists a solution of the BVP

we SP,
Ew=0 inQQ, (44)
dw=df onZX.

It is given by (3), where the density ¢ € [LF(X)]” solves the singular integral system R¢
= df with R as in (23).
Proof. Consider the following singular integral system:

[ ddr o), - 4, xex, (45)

in which the unknown is ¢ € [L”(X)]” and the datum is df ¢ [Lq(E)]". In view of
Theorem 5.1, there exists a solution ¢ of system (45) because conditions (42) are
satisfied. O

In the next result we consider the eigenspace F of the Fredholm integral system
1 k/ (ke+
— V@ +/EL,/( P )Y (y)do, =0, xe X,

The dimension of F is nm. This can be proved as in [[30], p. 63], where the case n =
3 is considered.
Theorem 5.3. Given ¢y, ¢y, ..., ¢,, € R”, there exists a solution of the BVP
ve S,

Ev=0 in L, (46)
v=c¢, onXpk=0,...,m.

It is given by
m n ) )
v = 3D - ) [ ) e, ve @)
z

h=1 i=1

where Wy; € F(h=1,...,m, i=1,..., n)satisfy the following conditions
/ U (x, y)Wni(y)doy = Sweei, x € Quk=1,...,m.
b

Proof. Let y, ..., W,,,, be nm linearly independent eigensolutions of the space F. For a
fixed j = 1, ..., nm we set

Vi(x) = ./2 C(x, y)¥i(y)doy, xe Q.

Page 17 of 25
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Then L}i/(’”z) Vj=0on 2. As in [[30], Theorem III, p. 45], this implies that V; is con-

stant on each connected component of R"\Q2. Then V; = 0 in [R"\QO5 and Vj(x) = a;? in

Q y (k =1, .. m).For every k = 1, .., m, consider the n x nm matrix D, defined as fol-

lows
ko k k
ayy 412 0 A m
Dk = f e e e e
ko k k
an 1 an,2 an,nm

The nm x nm matrix D = (D; ... Dy,) has a not vanishing determinant. Indeed, if
det D = 0, the linear system D) = 0 admits an eigensolution A = (44, ..., ,,,,) € R™™.
Hence the potential

W(x) = > AVi(x)
j=1

vanishes not only on R"\Qg, but also on Q (k = 1, ..., m). Since this implies W = 0
on X, we find W = 0 in Q, thanks to the classical uniqueness theorem for the Dirichlet

problem. Accordingly, W = 0 all over R”, from which Z:yll Aj¥j =0 and this is

absurd.
Foreachh =1,..,mandi=1, .., n, let (Affl, e ,Affnm) € R™ be the solution of the
system

nm
h ko _ ) -
Z}Li/jaj _(Shkel, k= 1,...,m
j=1
Setting

nm
Vii(x) = Y _ALVi(x), xeQ
j=1

we get EVy; =0, Vi,i|y, = 0 and

nm
h _k
Viils, = Z )»ilja]- =6mei, k=1,...,m.
j=1

Put
m n ) )
v(x) = Z Z (¢, — co) Vn,i(x) + co.
h=1 i=1

The potential v belongs to S?, thanks to the isomorphism ¢ introduced in the proof
of Lemma 3.12 (for n = 2 see Definition 4.6). Moreover

m n
v(®)ls, = Y D (6, — co)dmei + co,

h=1 i=1

ie.v=ckonZX(k=0,1,.. m). This shows that v is solution of (46). O
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We are now in a position to establish the main result of this section.

Theorem 5.4. The Dirichlet problem (40) has a unique solution u for every fe [W"*
X)) If n > 3 or n = 2 with % is not exceptional, u is given by (3). If n = 2 and X, is
exceptional, it is given by (39). In any case, the density ¢ solves the singular system (45).

Proof. Let w be a solution of the problem (44). Since dw = dfon X, w = f + ¢, on X,
(h =0, ..., m) for some ¢, € R". The function u = w - v, where v is given by (47), solves
the problem (40).

In order to show the uniqueness, suppose that (3) is solution of (40) with f= 0. From
Corollary 3.10 it follows that the condition # = 0 on X implies that

1 2
— 0 (Tk/(k+z)) 0=0, (48)

where T**?) is the compact operator given by (26). By bootstrap techniques, (48)
implies that ¢ is a Hélder function on X. Then u belongs to [C'*(£2) N C?(2)]" and
we get that

/ E(u,u)dx =0,
Q

from which
E(w,u)=0 inQ. (49)

The solution of (49) is u(x) = a + Bx, where a € R” and B € .#, are arbitrary. Finally,
u = 0 in Q by virtue of the classical uniqueness theorem for the Dirichlet problem. 0O

Remark 5.5. In order to solve the Dirichlet problem (40), we need to solve the sin-
gular integral system (45). We know that this system can be reduced to a Fredholm
one by means of the operator R***2) This reduction is not an equivalent reduction in
the usual sense (for this definition see, e.g., [[10], p. 19]), because A/(R*(+2)) « (0},
N (R™(+2)) being the kernel of the operator R*'**?),

R*%*2) otil] provides a kind of equivalence. In fact, as in [[31], pp. 253-

However
254], one can prove that N/(R*(**2)R) = A/(R). This implies that if y is such that there
exists at least a solution of the equation R = y, then R = y if, and only if, R*/*+?
R¢ = Ry,

Since we know that the system R¢ = df is solvable, we have that R¢ = df if, and only
if, ¢ is solution of the Fredholm system R*'**2R¢ = R*¥*+2)gf.

Therefore, even if we do not have an equivalent reduction in the usual sense, such

Fredholm system is equivalent to the Dirichlet problem (40).

6 The traction problem
The aim of this section is to study the possibility of representing the solution of the
traction problem by means of a double layer potential. As we shall see, in an (m + 1)-
connected domain this is possible if, and only if, the given forces are balanced on each
connected component %; of the boundary.

More precisely, we consider the problem

w € DP,

Eu=0 in €, (50)
Lw=f onZX%,
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where fe [LP(Z)]" is such that

/ f(x)(a+ Bx)dox =0, aecR' Be. % (51)
»

We shall prove that, in order to have the existence of a solution of such a problem,
condition (51) is not sufficient, but it must be satisfied on each X;, j = 0, 1, ..., m (see
Theorem 6.2 below).

If f satisfies the only condition (51), we need to modify the representation of the
solution by adding some extra terms (see Theorem 6.4 below).

Lemma 6.1. Let i ¢ D?be a double layer potential with density y € [W"*(X)]". Then

/;Zg(w,w)dx=/;wLw do. (52)

Proof. Let (yx)r=1 be a sequence of functions in [CY(2)]" (0 < h < A) such that Wi —
w in [W(2)]"
Setting

@) = [ LT o,
we have that w;, € [C(Q)]", Ewx = 0 and then
/ E (wy, wy)dx = / wyLwydo . (53)
Q )

From y; — w in [L*(Z)]", it follows that w, — w in [L*(Z)]" because of well-known
properties of singular integral operators.

On the other hand we have that Kj(dyn) — Kyj(dy) in L*(Q). By applying formula
(11), we see that Vw, — Vw in [L*(Q)]”. Moreover, since Ks(dyi) — Kyj(dy) also in
L*(2), (22) shows that Lw; — Lw in [LA(2)]". We get the claim by letting kK — +c in

(53). ©
Theorem 6.2. Given fe [LP(X)]", the traction problem (50) admits a solution if, and
only if,
/ f(x)(a + Bx)do, =0 (54)
2]

foreveryj=0,1, .., m aec R" and B € ., The solution is determined up to an
additive rigid displacement.
Moreover, (4) is a solution of (50) if, and only if, its density y is given by

v = [ T@nede, xex, (55)
b
¢ being a solution of the singular integral system
1
—, 0 T?¢ =f, (56)

where T is given by (27).
Proof. Assume that conditions (54) hold. If u is the double layer potential with den-
sity y € [WYP(2)]”, in view of (22) the boundary condition Lu = f turns into the
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equation
R(dy) =T, (57)

where R’ is given by (24) with ¢ = 1.
On account of Theorem 5.4, if n = 2 and X, is exceptional, any y € [W'?(Z)]* can
be written as

/ I )é() doy + ¢,
)

with ¢ € [I7(£)]% ¢ € R In all other cases, y can be written as (55) with ¢ € [L”
(2)]". In any case, since dy = R@ (R being defined by (23)), we infer R'(dy) = R'R¢.
Keeping in mind Lemma 3.9, we find that equation (57) is equivalent to (56), with
given by (55).

Therefore there exists a solution of the traction problem (50) if, and only if, the sin-
gular integral system (56) is solvable.

On the other hand, there exists a solution ye [L?(Z)]” of the singular integral system

;y+Ty=f (58)

if, and only if, fis orthogonal to V_. In view of Lemma 3.12, this occurs if, and only
if, (51) is satisfied. Then conditions (54) imply the existence of a solution of (58).
Consider now the singular integral system

—;¢+T¢=y. (59)

From Lemma 3.11 the dimension of the kernel N'(=1/2 + T*) =V, is n(n + 1)m/2
and {vnxs; :j=1,...,mh=1,...,n(n+1)/2} is a basis of it. The equation (59) has a

solution if, and only if,
/yvhda=0, j=1,...,mh=1,...,n(n+1)/2. (60)
Z.

Since 7 is solution of (58), conditions (60) are fulfilled. Indeed, picking j = 1, ..., m
and / = 1, .., n(n+1)/2, by integrating (58) on X; we find (see (31))

] ]

/zjf v do = ; /z v do + /E Un () dow fz Le[T(x, )]y (y)doy =
: fzi yondos /2 rir) doy le_ (LT (3, )] () dio = /E udo.

Conditions (60) follow from (54) since the last ones are equivalent to
/ fuwdo =0, j=1,....,mh=1,...,n(n+1)/2.
%

Let ¢ be a solution of (59); taking (58) into account, we have that ¢ solves (56) and
then the traction problem (50) admits a solution.
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Conversely, if u is a solution of (50), from Lemma 3.7, we have that

/Ejf(x)(a + Bx)doy = /VLJ,u(x)(a + Bx)doy = /.L_u(x)(a + Bx)doy.

% Zj

By Lemma 6.1, for any fixed j = 1, .., m we have
/ f(x)(a + Bx)doy = / E(u,a+Bx)dx =0
% &

since £(u, a + Bx) = 0.
Now we pass to discuss the uniqueness. Let u be a solution of (50) with datum f = 0.
As we know, the condition L,u = 0 is equivalent to the singular integral system

— i¢ +T2¢ = 0, @ being as in (55), which can be written as
I
(—2 +T> <(§ +T¢)> =0.

_¢ +Té. (61)

Set

[

Since -E/2+TZ = 0 and the operator -I/2+7T can be reduced to Fredholm one, as
shown by Kupradze [[1], Chapter IV, §7], E has to be Holder continuous. By a similar
argument, the vector-valued function ¢, being solution of the singular integral system
(61), is Holder continuous. Therefore the relevant simple layer potential y belongs to
W(2), i.e. y e D2 By applying formula (52), we get that u is a rigid displacement in
Q. o

We remark that, by Theorem 6.2, a solution of the traction problem (50) can be
written as a double layer potential if, and only if, conditions (54) are satisfied.

In order to consider the problem (50) under the only condition (51), we introduce
the following space.

Definition 6.3. We define ppas the space of all the functions w written as

m n(n+1)/2

w(x) = /X [LEED YR doy+ > S

cjh/ L (x,y) vn(y)doy, xeQ,
=1 h=1 %

where y e [WYP(E)]", (v, : h = 1, ..., n(n + 1)/2} is an orthonormal basis for Rand Cin
e R.
Theorem 6.4. Given fe [LP(X)]" satisfying (51), the traction problem

we DP,
Ew=0 in Q, (62)
Lw=f on ).

admits a solution given by

m n(n+1)/2 1

w = [ Lrenvmdny o [ fouds [ reme)in, xco (63)

j=1  h=1
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where y e [W"P(X)]" is solution of the system

m n(n+1)/2
R (dy)(x) =f(x)—§ hX:l: |§13j| /z,f(t)vh(t) do; |:;Uh(x)x>:,(x) + /;, Le[T(x, y)]vh(y)day] on x. (64)
The solution is uniquely determined up to an additive rigid displacement.
Proof. First observe that

1
. , o) = vp(x) + fzj LT (x,y)|vn(y)doy x € Z;,
: (/ ) y) {f LD (), xe DT,

Y

forh =1, .., n(n+1)/2and j = 1, ..., m. If w is given by (63), taking into account
(57), we find that Lw = f'if, and only if, is (64) satisfied.
Denote by g the right hand side of (64). In view of Theorem 6.2, R'(dy) = g has a
solution if, and only if, / gndo=0forany k=0,1,..,m[=1,.. nn+ 1)/2. By
Xk
integrating on X, (k = 1, ..., m), for every [ we get

m n(n+1)/2

1 1
[ s = [ semein =3 5 L [ somde [ | s o

j=1  h=1

+ / Le[T (x, Y)]Vh(Y)dny} vi(x)do, = / f(x)ui(x)doy
P Zp

m n(n+1)/2

1 1
RO / SO0 [ 505 e
m n(n+1)/2 1
_; h; =) Ljf(t)vh(t)dat [Zh vi(x)doy /2, Ly[T(x,y)]vn(y)doy =
m n(n+1)/2
1%l 8jidnl >
/ o~ ]Z > / SO0
m n(n+1)/2 1
_FZI ; P /Ejf(t)vh(t)dat /z]- vu(y)doy /Ek [LT (%, ) vi(x)do, =
1 12k o 8iiedn
2/th(x)vz(x)dax— ) ; IJE]'I L}f(x)vh(x)dox=0.
On the other hand
m n(n+1)/2 1 1
/E 8Eu(x)dor = /2 Of(x)vz(x)dax—j; hZ = /E S(u()do /E o[ﬂ(x)xz,(x)

+ / Ly[T(x, ) |vn (y)dcry} vi(x)doy = f f(x)vi(x)doy
P o

m n(n+1)/2

1 , B
- Z Z 5 /;:lf(t)vh(t)dot /2) v (y)doy /Eo [LiT (x, y) ] vi(x)doy =

j=1  h=1
m n(n+1)/2

1
[ st 3232 2 [ romods: [ utwmas, -

j=1 =1

/E 0 f(x)vi(x)doy + ]Z; /E ] f(x)vi(x)doy = /Z f(x)vi(x)doy = 0.
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Finally, assume that w is solution of (62) with f = 0. From (63) it follows that 1y ¢ D?
and then w is a rigid displacement in Q by virtue of the uniqueness proved in Theo-
rem 6.2. O

Endnotes
IFor the definition of internal (external) angular boundary values see, e.g., [[23], p. 53].
’If a simple layer potential u, whose density belongs to W2, is such that u(x) = ¢ in
Q, then u(x) = ¢ in Qq. Since u(e) = 0, we find u(x) = 0 in R?\§, and this leads to u
=0inR% ¢ =0.
31t is not difficult to see that xixj — (xi — vi) (x5 — yj)lx — 2 =0(y - xlh),x,y € X.
*We remark that for n > 3 the formula

1 k+2 6,']‘

_ y12—n _ plhn+1
w2W+U2—n@W Y+ Oy —2")

de[Ti(x,y)] = —

is false.

>This is true also for n = 2 because / Yjdo = 0.
b
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