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1 Introduction
In this paper, we are concerned with the existence of positive solutions for the fractional
equation

Dy, u(t) =f(t,u®),u'(t)), te(0,1) (1.1)
with the boundary value conditions
ul)=u/1)=0, s (0)=u"(1),  yu"(0)=u"(), (1.2)

where CD‘{)‘ , is the standard Caputo derivative with 3 < @ <4 and §, y are constants with
§>1,y>1L

Differential equations of fractional order have recently proved to be valuable tools in
the modeling of many phenomena in various fields of science and engineering. Indeed, we
can find numerous applications in viscoelasticity, electrochemistry, control, porous media,
electromagnetism, etc. (see [1-5]). There has been a significant development in the study
of fractional differential equations and inclusions in recent years, see the monographs of
Podlubny [5], Kilbas et al. [6], Lakshmikantham et al. [7], Samko et al. [8], Diethelm [9],
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and the survey by Agarwal et al. [10]. For some recent contributions on fractional differ-
ential equations, see [9-25] and the references therein.

On the other hand, it is well known that the fourth-order boundary value problem de-
scribes the deformations of an elastic beam in equilibrium state. Owing to its importance
in physics, the existence of solutions to this problem has been studied by many authors;
see, for example, [26—30] and references therein. Recently, there have been a few papers
dealing with the existence of solutions for fractional equations of order « € (3, 4].

In [14], Xu et al. discussed the problem

Dy, u(t) =f(t,u(t)), te€(0,1),u(0)=u'(0)=ul)=u(1)=0,

where 3 <o <4 and f € C([0,1] x (0,00)) is nonnegative, Dj, is the Riemann-Liouville
fractional derivative of order . The existence results of positive solutions are obtained by
applying the Leray-Schauder nonlinear alternative theorem.

In [15], Liang and Zhang studied the following nonlinear fractional boundary value
problem:

Dy, u(t) =f(t,u(t)), te€(0,1),u(0)=u'(0)=u"(0)=u"(1)=0,

where 3 <o < 4, f(t,u) € C([0,1] x [0, 00), [0, 00)) is nondecreasing relative to &, D, is the
Riemann-Liouville fractional derivative of order . By means of the lower and upper solu-
tion method and fixed point theorems, some results on the existence of positive solutions
were obtained.

In [16], Agarwal and Ahmad studied the solvability of the following anti-periodic bound-
ary value problem for a nonlinear fractional differential equation:

D, u(t) =f(t,u(), te(0,T),
u(0) + u(T) =0, ' (0)+ 4/ (T) =0,
u”(0)+u’(T) =0, u”(0)+u”(T) =0,

where 3 < @ < 4. The existence results were obtained by the nonlinear alternative theorem.

Inspired by above work, the author will be concerned with the boundary value prob-
lem (BVP for short in the sequel) (1.1)-(1.2). To the best of our knowledge, no contribution
exists concerning the existence of solutions for BVP (1.1)-(1.2). In the present paper, by ap-
plying a new fixed point theorem on cone and Krasnoselskii’s fixed point theorem, some
existence results of positive solution for BVP (1.1)-(1.2) are obtained. It is worth to point
out that the results in this paper are also new even for « = 4 relative to the correspond-
ing literature with regard to the fourth-order boundary value problem. In addition, the
conditions imposed in this paper are easily verified.

The organization of this paper is as follows. In Section 2, we present some necessary
definitions and preliminary results that will be used to prove our main results. In Section 3,
we put forward and prove our main results. Finally, we give two examples to demonstrate

our main results.

2 Preliminaries
In this section, we introduce some preliminary facts which are useful throughout this pa-
per.
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Let N be the set of positive integers, R be the set of real numbers, R, = [0, +00), and
R_ = (—00,0]. Let I = [0,1]. Denote by C}(I,R) the Banach space endowed with the norm
llaellz = llullo + llu'llo, where |la]lo = max;es |[u(¢)| for u € C(I, R).

Definition 2.1 [6] The Riemann-Liouville fractional integral of order « > 0 of a function
y:(a,b] — R is given by

2 y(t) = ﬁ /0 (t - s)“_ly(s) ds, te(a,b].

Definition 2.2 [6] The Riemann-Liouville fractional derivative of order « > 0 of a func-
tion y: (a,b] — R is given by

PN S A N A )
Da+y(t)_l"(n—a)(dt> /0‘ 7(t_s)a—n+1ds’ te(a,b],

where 7 = [«] + 1, [«] denotes the integer part of «.

Definition 2.3 [6] The Caputo fractional derivative of order « > 0 of a function y on (a, b]
is defined via the above Riemann-Liouville derivatives by

n-1 (k)
(CD%,y)(x) = (D;+ [y(t) -y kf“) (t—a)kD(x), x € (a,b].

k=0
Lemma 2.1 [6] Let« >0 and y € Cla,b]. Then
(°D5.15,y)(®) = y(x)
holds on [a, b].

Lemma 2.2 (17] Letn € N withn>2,a € (n—1,n]. Ify € C"V[a,b] and D%,y € C(a,b),
then

n-1 y(k) (ﬂ)

1
pre k!

I,CD%, y(8) = y(t) - (t - a)f

holds on (a, b).

For convenience, we first list some hypotheses which will be used throughout this paper.

(H) feCUxR, xR_R,).
(Hy)) 3<a<4,y>1,8>1.

For i € C[0,1], consider the following BVP:

“DE u(t) = h(t), te(0,1), (2.1)

u(l)=u/(1) =0, 8u”(0) = u (1), yu”(0) =u”(1). (2.2)

We have the following lemma, which is important in this paper.
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Lemma 2.3 Let (H,) hold. Then u € C3[0,1] is a solution of BVP (2.1)-(2.2) iff u € C[0,1]
has the expression as follows:

1
u(t):/ G(t,s)h(s)ds, tel, (2.3)
0

where

Gi(t,s), 0<s<t<l,
G(t,s) = 1(6:) =s=1I< -
Gy(t,s), 0<t<s<l,

and
[(t-9)T1-1-9" (A-t)(1-5)*"
Gt = ['(e) T T@-1
L-21-93 (1-)?[1+28+(5-1)¢] v
- (@-2) " 6(y —1)( -1l (a—-3) (1 =) (2.5)
a-1 ) 2 @-3
Goltys) = (-9 1-1)(1-5) 1-2)>%(1-53)

F@) | Ta-1)  20-Dha-2)
(1-8)*[1+28+(8-1)¢]

a—4
* Sy —DB-Dr@=3) Y (2.6)

Proof Let u € C3[0,1] be a solution of (2.1)-(2.2). Then by Lemma 2.2, we have
u(t) =co + art + et + e3> + 12, h(t), tel, (2.7)
and so

W(t) = ¢ + 20t +3c3t” + IS h(E), tel,
u'(t) = 2¢ + 6c3t + I272h(E), tel,

u"(t)=6c3 +I27°h(t), tel

Thus, by the boundary value condition (2.2), we can obtain

co+ci+ey+e3+If,h(l)=0, (2.8)
1 +2¢ + 3¢z + 15 h(1) = 0, (2.9)
2(1 = 8)cy + 6¢3 + I37*h(1) = 0, (2.10)
6(1—y)cs +I32h(1) = 0. (2.11)

From (2.11), we have

1 o-3
5 — h(1). (2.12)

C3 =

Substituting (2.12) into (2.10), we get

1
c I°73hQ) + 5 I$72h(1). (2.13)

T2y -1E-1)" 6-1)
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So, by (2.13), (2.12), and (2.9), we have

1+6 1
— ) - ——I%72h(1) - I97H(D). 2.14
a 2()/—1)(5—1) 0+ (1) 5_1 0 1) 0+ 1 ( )
Thus, from (2.8), we have
1+268 1
= = I+ ———I%72hQ) + ISR - 12, K1), 2.1
Co 60 —Do -1 h()+2(5_1) oy h() + 15 k(1) - I5, (1) (2.15)

Hence, from (2.7) together with (2.12)-(2.15), it follows that

u(t) = co + a1t + et + c3t> + I5, h(t)

= —I% (1) + (1 - D12 h() + (1 - £)*1%2h(1)

28 -1)
[(28 +1) =3(1 + 8)¢ + 3% + (6 = 1)£3]
+
6(y -1 -1)

IS3hQ1) + IS, h(2). (2.16)
Noticing that
(28 +1) =31 +8)t+382 + (8 -1 =1 —1)*[1+28 + (8 - 1)t],

by Definition 2.1, we have

o) = -5 =1-9*" 1-1-9*2 (1-8)>*1-9*3
" ‘/0[ ') T TTTe-1)  26-1)la-2)
(1-2)*[1+28+(8-1)¢]

"6y -DGE- D@ -3)

/1[ Q-9 Q-pHA-9"7% Q-2)*1-5)"73
LT T T - T 20-Dr(@-2)
(1—£)*[1+28 + (5 - 1)t]

"6y - - D@ -3)

a- s)”“4:|h(s) ds

(1- s)"‘4:|h(s) ds
1
_ / Gt s)h(s)ds, tel.
0

Conversely, if u has the expression (2.3), then from the fact that # € C[0,1], we can easily
verify that

) = -9 =-1-5"2 (@-DA-5"3 (-D1+5+(E-1)]
¢ _/0 [ [ -1) Te-Dh-2) 2(y —1)(8 = 1)I(a — 3)

I 1-9)*2 (t-1DA-95)*3 (=D[1+8+(-1)]
/t [‘ Ta-1)  G-Df@-2)  2(y -1 -Dl(a-3)

") = ET(t—s)*3 (1-s)*3 1+ -1t
¢ ‘/o[F(a—z)+(a—nr(a—z)+(y—1)(5—1)r(a—3)

1 o—
+/ |:( (1—5) 3 + 1+(8_1)t ]h(S)dS, (218)

]h(s) ds

:|h(s) ds, (2.17)

:|h(s) ds

S-DIl'e-2) (y-1DE-LI'(e-3)
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" _ ‘ (t - S)a_4 1 ! 1

hold for ¢ € 1, and u satisfies the boundary condition (2.2).
Again, from (2.16) and Lemma 2.1, we have that “Dg, x(¢) = h(¢), ¢ € (0,1). In addition,
noting that / € C[0,1], it is easy to see that x € C3[0,1] from (2.19). O

For the forthcoming analysis, we need to introduce some new notations.

Letn; = min{gz(gj), 4(;?5)}, and 1, = min{%, %}. Denote
1-s)*2 (1-s)*3 8(1—s)**
= + + ’ €1(0,1),
M) = T T 26 -Dre-2 20 De-_nra_3’ ‘<OY
§-3)1-s5)*3 8(1—s)**
w(s) = 48 -3)1 =) d-s) se[0,1).

@-2)6 -l (@-2) (7 -D)G-Dl(@-3)

It is easy to verify that n1, 9, € (0,1), and wy, w, € C([0,1), (0, +00)) noting that 3 < o < 4,
y>1,86>1.
We also need the following lemma, which will play an important role in obtaining our

main results in Section 3.

Lemma 2.4 Under the assumption (Hy), Green’s function G(t,s) has the following proper-
ties:

(1) G is continuous on [0,1) x [0,1);

(2) G(t,s)>0,t,s€[0,1); Gi(t,8) <0, t,s €[0,1), s #¢t;

(3) G(t,;s) <wi(s), t,s € [0,1); G(t,8) = mwi(s), t € [, 3]s € [0,1);
0 < —Gy(t,s) < wa(s), t,s € [0,1), s £ t; —G(t, ) = nawa(s), t € [%, %], s€[0,1),s#t.

Proof (1) Observing the expression of Green’s function given by (2.4)-(2.6), the conclusion
(1) of Lemma 2.4 is obvious.

(2) We first show that G,(¢,s) <0, t,s € [0,1), s #£.

In fact, if 0 < s < £ <1, then by (2.5) we have

3G1  [(t-5)"2-(1-9""] (1-t)1-5)*7>
at Ma-1) G-l (a-2)
1-)[1+8+(-1)]

S 2(y -1)(6 - (e - 3)

(1-s)*™ (2.20)

Owing to the fact that 3 <@ < 4 and 0 < s < ¢ < 1, we have that (t — s)*7% < (1 — 5)*2,

961 .0 for 0 <s<t<1from (2.20) together with the

Thus, we immediately obtain that =7

condition § > 1, y > 1.

Similarly, we can deduce that

3G, (=92 (1-H1-57 (1-H+38+(E-1)]
a  Ta-1) -DMe-2) 2(y-1)E-1)I(x-23)

(1-s)** (2.21)

for05t<s<1,andso%<0f0r0§t<s<l.

To summarize, % <0 foralls,te€[0,1) withs #t.

Page 6 of 19
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Now, since G(1,s) = Gi(1,s) = 0 for 0 < s <1, and %—f < 0 for ¢,s € [0,1) with ¢ #s, it
follows that G(¢,s) > 0 for all ¢, s € [0, 1).

(3) The proof is divided into four steps.

Step 1. We show that G(t,s) < w;(s) for ¢,s € [0,1).

(i) If 0 <s <t <1, then by (2.5) and the assumption that 3 <o <4, y >1,and § > 1, we

have
1-1-92 Q-£A-5)° A-0’0M+28+@E-1e] = 4
Gi(t,s) < T(o—1) + 206 - 1) (o = 2) * 6(y -1 -1)I'(ax - 3) -9
-2 -3 o
1-5) 1-s) sA-9)" 2 wi(s). (2.22)

S T@-1) "26-Dl(@-2) " 2(—1)GE-D'(@-3)

(ii) If 0 <t < s <1, then by an argument similar to (2.22), we have
Ga(t,5) < wi(s).
Summing up the above analysis (i)-(ii), we obtain
G(t,s) <w(s) fort,se0,1).

Step 2. We show that G(t,s) > mwi(s) for t € [ ] and s € [0,1).
In fact, if 0 <s<tand t € [6, 3], then by (2.5) combined with the assumption that
3<a<4,y>1,8>1,wehave

Q-5 A-5)A-9*2 (1-t)*(1-s)3
Fa) | -1  20-Dha-2)
(1—2)*[1+28+ (8 -1)¢]
6(y -1 -1 (a-3)
1-5)22 2(1-s)*2 2(1 —s)*3 2(1 +28)(1 — 5)*~*
T | 3T@-1) 90-)@-2)  27(7 D@ - («-3)
_ (Qa-5) (1-s)*7? 4 1-s)>3
T 3@-1) T@-1) 9 20-Dl(«-2)
4(1 + 26) S(1 —s)**
T T7s 2y —1)B-Dl(@-3)

Gl(t:s) = -

(1-s)*

> mwi(s), (2.23)

20-5 4 4(1+25)} 20-5 4(1+28) 2a-5 < 4

3(@-1)’ 9’ " 278 3(@-1)’ ~ 275 3@-1) S 9°
Ifte [6 3] with ¢ < s <1, then by an argument similar to (2.23), we have

where n; = min{ min{ } because

Ga(t,s) = mw(s). (2.24)

So, by (2.23)-(2.24), we have
G(t,s) = mwi(s) fors € [0,1),and t € [%, %].
Step 3. Now, we show that

aG(t,
8(t 9 <wy(s) fors,te[0,1),s#t.

Page 7 of 19
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(i) If 0 < s <t <1, then by (2.20) and keeping in mind that 3 <o <4,y >1,8 >1, it
follows that
G, (- 5)*2 s 1-s)*2 . 1-1@Q-s)*3
9t Ta-1 T(-1) (-l (a-2)
1-)[1+8+(-1)]

a—4

Y20 D6 -Dra-3" Y

(1-s)*2 (1-s)*3 8(1—s)x*
=< + +
“T@-1)  (-Dl@-2) (y-1@E-Dl(a-3)

(1-s)*3 (1-s)*3 8(1—s)**
= T-1 " 6-Dr@-2) "y —DE-)(«-3)

a-3 a—

_ (@ +8-3)(1-35) N 8(1—s)** 5 s (2.25)

(@-2)-NlN(@-2) (y-1)@-DI'(a-3)
(ii) If 0 <t <5 <1, then by an argument similar to (2.25), from (2.21), we have

3Gy(t,s) (=572 (1-)1-5)"> (A-t)[1+5+(5-1)t]
Tt T T-1) G-Dr@-2) 20 -DE-1)l(@-3)

< wy(s).

(1 _ S)oz—4

Summing up the above analysis (i)-(ii), and noting Step 2 of the proof as before, it follows
that

0G(t,s)
ot

< — <wsy(s) fors,tel0,1),s#t.

Step 4. It remains to show that

aG(t,s)
at

11
> maws(s) forte [g,g],s €[0,1) with s #¢.

(i) If 0 < s < £ <1, then by (2.20) and the fact that (1 —s)*~2 > (£ — 5)*72, we know that the

relations

G 1-01-95*3 @-[1+8+(8-1)]

9t (G-Dr@-2) 2(;/_1)(5_1)r(o¢_3)(1_s)a_4
_2 (1-s)*3 N (1+8)(1-s)**
=30-D)l(@-2) 3(y-1)@E-)(a-3)
_ 2 —2) . (¢ +8-3)1-s)*"3 +1+5. 8(1 —s)* 4
3@+6-3) @-2)6-)l(@-2) 35 (y-1)@B-1)C(a-3)
> nawa(s)

2(@-2) 1+8
g}, and

hold for ¢ € [%, %], s € [0,1) with s < £, where 1, = min{ 3(0((“373),

_ (a+8-3)1~ 5)*3 8(1—s)**
T @-206-Dr@-2) (y-DE-)(a-3)

wa(s) se[0,1).
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Similarly, we can obtain that

G 11
_8—1,‘2 > nmaws(s) forte |:g,§1| witht<s<1

The proof is complete. 0

Now, we introduce a cone as follows:
P= {u € C'ILR] :u(t) > 0,u/(t) <0,t € u(l) = 0;

w6 2 mlitor 10 = el o[ £.5] |

It is easy to check that the above set P is a cone in the space C'[/, R], which will be used in
the sequel.
We define an operator T on P as follows:

1
Tu = / G(&,5)f (s, u(s),u/(s)) ds, u€P. (2.26)
0
Obviously, under the assumption (H;)-(Ha), the operator T is well defined. Moreover,
1
(Tu) (¢t) = / G;(t, S)f(s, u(s),u/(s)) ds, tel,ueP, (2.27)
0

where G;(t,s) = %Gl(t,s), 0<s<t<l, Gdt,s) = %Gg(t,s), 0<t<s<l, and B%Gl(t,s),
aa—th(t, s) are given by (2.20)-(2.21), respectively.

A function u € C3[0,1] is a positive solution of BVP (1.1)-(1.2) if u(t) > 0, t € I, u #0,
and u satisfies BVP (1.1)-(1.2).

By Lemma 2.3, it is easy to know that a function u € C3[0,1] is a positive solution of BVP
(1.1)-(1.2) iff u € P is a nonzero fixed point of T'. So, we can focus on seeking the existence
of a nonzero fixed point of T in P.

Finally, for the remainder of this section, we give the following two theorems, which are
fundamental in the proof of our main results.

Let X be a Banach space, and let P C X be a cone. Suppose that the functions «, § satisfy
the following condition:

(D) «,B:X — R, are continuous convex functionals satisfying or(Au) = |A|ee(u),

BOu) = |A|(u) for u € X, A € R; ||u|| < kmax{a(u), B(u)} for u € X, and
() < aluy) for uy, uy € P with uy < u,, where k > 0 is a constant.

Lemma 2.5 [31] Assume that r, ry, L are constants with ro >r; >0, L >0, and
Q= {u eX:au)<r,Bu)< L}, i =1,2 are two bounded open sets in X.

Set D; = {u € X : a(u) = r;}. Suppose that T : P — P is a completely continuous operator
satisfying
(C1) a(Tu)<r,u e D1NP; a(Tu) > ry, u € Dy N P;

Page 9 of 19
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(G) B(Tu) <L, u e P;
(Cs) there is a p € (o N P)\{0} such that a(p) # 0 and a(u + Ap) > au for all u € P and
A>0.

Then T has at least one fixed point in (2,\Q1) N P.
Lemma 2.6 [32] Assume that Q,, Q2 are two open subsets of X with 0 € Q) C Q1 C Q,
and let T : P — P be a completely continuous operator such that either

@ NTull < llull, u € PN oQu; | Tull > l|ull, u € PN 3y, or

(i) NTull = llull, u € PN OS2; | Tull < llull, u € PNOKQ:.
Then T has a fixed point in PN (Q,\Q,).

3 Main results
We first prove the following lemma to obtain our main results.

Lemma 3.1 Suppose that (H1)-(Ha) hold. Then the operator T defined by (2.26) maps P

into P, and T is completely continuous.

Proof It is well known that the norms ||u|l; = ||ullo + ||&/|lo and [|x]l2 = max{||u|lo, |#/llo}
are equivalent on C![0,1]. So, we can consider that the Banach space C'[0,1] is equipped
with the norm ||u||, = max{| |0, ||z/||o} in the following proof.

For any u € P, in view of the conclusion (1)-(2) of Lemma 2.4 and the hypotheses (H;)-
(H,), it is easy to see that Tu € C'(,R), (Tu)(t) > 0, t € I, and (Tu)'(t) < 0, t € I observing
(2.26)-(2.27). Moreover, the conclusion (3) of Lemma 2.4 implies that

1
(Tu)(t) =A G(t,s)_f(s,u(s)’u/(s)) ds
1
5/ wl(s)f(s,u(s),u’(s)) ds, tel, (3.1)
0
and
1
(100 = [ 66375 ut50a/ ) s
1
> 771/ wi(s)f (s, u(s),u' () ds (3.2)
0

forte[%,%.

From (3.1)-(3.2), it follows that (Tu)(£) > n1(Tu)(t), t € [%, %], t € 1. Thus,

(Tu)(t) = m I Tullo, te [% %]

Similarly, we can obtain

~(Tw) () = n2 | (Tw)’

11
, tel—==|.
53]

In addition, (7u)(1) = 0. Thus, T: P — P.
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Now, we show that the operator T is compact on P.

In fact, let U be an arbitrary bounded set in P. Then there exists a positive number L
such that ||u||; < L for all u € U, and so AM > 0 such that 0 < f (¢, u(s), u/(s)) <M, t € I for
allue l.

In terms of Lemma 2.4, it follows from (2.26)-(2.27) that

1
0 < (Tu)(t) = / G(¢, s)f(s,u(s),u’(s)) ds
0
1
< M/ wi(s)ds, tel, (3.3)
0
1
0<(-Tu)(t) = / (=Gu(t, 9)f (s, u(s), u/(s)) ds
0
1
§M/ wy(s)ds, tel. (3.4)
0

Because the functions w; and w, are integrable on I, the formulae (3.3)-(3.4) yield that
1 Tullo < Mo, |(T2) llo < Mo, where Mo = M-max{ [y wi(s) ds, [y wa(s)ds}. So, || Tull, < Mo,
That is, TU is uniformly bounded.

On the other hand, for any #,t, € I with t < £y, by setting & = f(¢, u,u’), the formula
(2.26) implies that

[(Tu)(t:) - (Tw)(t1)| =

f (Galtar5)-Gi(t1,9)) ls) ds
0

+/2(Gl(tz,S)—Gz(tl,S))h(S)dS

5]

1
+/ (Ga(t2,9)-Ga(tr,5))h(s) ds

t 5]
SM/ |G1(t2,s)—G1(t1,s)|ds+2M/ wi(s)ds
0 4
1
+M/ |G2(t2,5)—G2(f1,S)|dS. (35)
t

According to (2.4)-(2.5) and by applying the mean value theorem, we have

a—4
Gilta,5) — Ga(t1,9)| < [ N . .| ]m—m,
MNae-1 G-DI'e-2) (y-1D)@E-DI'(e-3)
and so
f 1 |Gi(t2,9)-Gi(t1,5)| ds < Ni|tp — ], (3.6)
0

where Nj = r(j_l) + 1 +

1 s
sl @-2) « G—DE-DI'@-2)"
Similarly, there is another constant N, such that

1
/ (Galt2,5) — Galt1,9)| ds < Nalty — 1] (3.7)
t2
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Again, because the function w; is integrable on I, the absolute continuity of integral of w;
on [f1, t;] ensures that there exists a constant N3 such that

ty
/ wl(s) ds < Ng(tz — tl). (38)
5]
So, (3.5) together with (3.6)-(3.8) implies that there exists a constant N such that the in-
equality

|(Tu)(t2) - (Tw)(t1)| < N(t2 - 1)

holds for any u € U and #, ¢, € I with #; < £,. That is, the set TU is equicontinuous.
Similarly, we can deduce that the set {(T%)'|u € U} is also equicontinuous in terms of
(2.27).
So, as a consequence of the Arzela-Ascoli theorem, we have that TU is a compact set.
Now, we come to prove the operator T is continuous on P.
Let {u,} be an arbitrary sequence in P with u, — o € P. Then there exists an L > 0 such
that

u,(t) € [0,L], u,(t)e[-L,0], tel,n=0,12,....

According to the uniform continuity of f on I x [0,L] x [-L, 0], for an arbitrary number
& > 0, there is a number N > 1 such that

f (& wn(0), u,(8)) — £ (£, u0(8), uy (1)) | < & (3.9)

for all ¢ € I, whenever n > N.
Thus, in view of Lemma 2.4, from (2.26)-(2.27) and (3.9), it follows that

1
(T (®) - (Tu)(8)| < & / w(s)ds, tel,
0

and
1
|(Tun) (£) - (Tu) (2)] 58/ wo(s)ds, tel,
0

whenever n > N. That is, T is continuous on P. O

We are now in a position to state and prove the first theorem in the article. Let constants
1
ky, ky satisfy k; € (0, (fo1 wa(s)ds)™), ko > (2 [T wals)ds)™.
3

Theorem 3.1 Suppose that (H,)-(H,) hold. In addition, there are two constants ry, ry with
%nmm > 11 > 0 such that f satisfies the following condition:

(H3) f(t’xyy) < klrleor (t;xyy) elx [0’ rl] X [_rl’ O]y
f(t,x,9) > kor, for (t,x,y) € I X [%mnzrz,rz] X [=ry, —nara].

Then BVP (1.1)-(1.2) has at least one positive solution u satisfying ri < max;es |u/'(t)| < ry
and max,¢j |u(t)| < ry.


http://www.boundaryvalueproblems.com/content/2013/1/109

Chai Boundary Value Problems 2013, 2013:109 Page 13 of 19
http://www.boundaryvalueproblems.com/content/2013/1/109

Proof We already know that T : P — P is completely continuous by Lemma 3.1.

Let oo(u) = maxes |t/ (£)|, B(u) = maxses |u(t)| for u € P. It is easy to verify that the func-
tions «, B satisfy the condition (D).

Choose a constant L large enough so that L > max{M fol wi(s)ds, o}, where M =
maXyerx/xaf (%), and J = [0,r2], A = [-r3,0]. Set D; = {ue C'(,R) : ae(u) = 1y},
Q= {ue C'(I,R):a(u) < r, B(u) <L}, i = 1,2. Define the function f on I x R, x R_ as
Ft.x,9) =f(t;0(x), 0)), (£,%,9) € I x R, x R_, where ¢(x) = min{x, 2}, ¢(y) = max{y, —r}.

Consider the following ancillary BVP:

CDg x(t) = f(t,x(t),%'(t), te(0.1), (3.10)
x(1)=%'(1)=0, 5x"(0) =x"(1), yx"(0) = 2" (1).
Obviously, the function f is continuous on I x R, x R_ according to the continuity
of f. Thus, by an argument similar to that in Lemma 3.1, the operator T given by Tu =
fol G(t, s)f(s, u(s), u'(s)) ds is also completely continuous on P and maps P into P.

We will prove that T has at least one nonzero fixed point in P by applying Lemma 2.5.
The approach is divided into four steps.

Step 1. We first show that

1 11
llt]lo < Hu/ o u(t) > S ||u/ o, LE€ |:g, §:| for any u € P. (3.11)

In fact, for any u € P, owing to the condition #(1) = 0, we have that u(t) = - ftl u/(s) ds,
tel,andso |ulo < ||]lo-

On the other hand, applying the mean value theorem, for any u# € P, we have that ||«||o >
|u(%) - u(%)l = élu/(§)| for some & € (%, %). Therefore, we have that |u||o > %772||1/||o from
the fact that —u/(&) > n, ||« |0, € € é, %] because u € P. So,

. 11
) Sl Bl
0 6 3

é, %] foru e P.

Step 2. Now, we come to verify that the conditions corresponding to (C;) in Lemma 2.5
hold.

For any u € P with a(u) = 1, we have that u(t) > 0, u'(t) <0, ¢t € I, and ||&/'||p = r1. Thus,
in view of (3.11), we have that 0 < u(t) <r, - <u'(t) <0, t € I. So, according to (H3), we

have

1 /
w(®) = mllullo = Zmns |

keeping in mind that u(£) > ny||ullo, t € [

f(tu@®),d @) =f(t,u®),u' ) <k, tel

Thus, from (2.27) and Lemma 2.4, it follows that

1
—(Tu)'(t) = —/(; Gi(t,s)f (s, u(s), u/(s)) ds

1 1
< /(1r1/ (—Gt(t, s)) ds < kﬂq/ wo(s)ds, tel
0 0
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Thus, maxtd |(Tu)’(t)| < kin fol wy(s)ds < r;, noting that the assumption ki <
/o wa(s 1 Thatis, a(Tu) < ;.

For any u € P with a(u) = ry, then u(¢) > 0, 4/(¢) <0, ¢ € I, and max;; |t/ (¢)| = rp. Thus,
from (3.11), we obtain

—1 <u(t) < —ry<u(t)<- te —1 —1
T u 1, T u ra, .’ ’
3’71772 2= =nr 2= = —nN2r 3

and so

f(t, u(t), u’(t)) :f(t,u(t),u/(t)) >kory, LE |:é ;]

from the condition (H3). Therefore, in view of Lemma 2.4, we have

1
—(Tuw)(t) = —/0 G.(t,8)f (s, u(s), u/(s)) ds

> —/; Gi(t,9)f (s, uls), u/(s)) ds

1
21(2}"2/13( G.(t, s)) s>k2r2n2f3 wo(s)ds, tel

6 6

Thus, max,c; |T'u(t)| > konars fl% wa(s) ds > ry, noting that ky > (172 fl% wo(s)ds)~. That is,
a(Tu) > 1. ’ ’

Step 3. We verify that the conditions corresponding to (C;) in Lemma 2.5 hold.

For any u € P, owing to the fact that 0 < ¢(u(¢)) < ry, —ry < @(¥/(¢)) <0, from the mean-
ing of M, we have immediately that

f(t, u(t), u’(t)) :f(t,¢(u(t)), <p(u'(t))) <M, tel.

Thus,
- 1 -
(Tu)(t) = / G(t,s)f(s, u(s), u/(s)) ds
0
1 1
SM/(; G(t,s)dsSM/(; wi(s)ds, tel.

Hence, ||(Tu)|lo < Mfol wi(s)ds, and so || (Tu)||o < L from the choice of L. Thus, 8(Tu) < L.

Step 4. Finally, take p = O'fol G(t,s)ds with 0 < o < rz(fo1 wy(s)ds)~L. Then, by an ar-
gument similar to that in Lemma 3.1, we can know that p € P. Moreover, 0 < —p/(¢) =
ofo Gtts)ds<of0wz s)ds <ry, t €1,and 0 < p(t) < ro, t € I from (3.11). Thus,
p € (22N P)\{0}, a(p) #0. Again,

a(u+rp) = max |t + Ap'(£)] = max(-u/(¢) + A(=p'(2))

> rmax(—u/(£)) = e (u)

foranyu € P, L > 0.
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So, the conditions corresponding to (Cs) in Lemma 2.5 hold.

Summing up the above steps 1-4 and applying Lemma 2.5, we obtain that BVP (3.10)
has at least one positive solution u € (2\Q;) N P. That is, 1 < [|#'[lo < r2. |lullo < L, and
s0 ||lu]lo < ro from the fact that r, < L and |lu|lo < ||#/|lo by (3.13). Thus, 0 < u(t) <1y, t €1,
0<-u(t)<ry,tel,andu’ #0. Hence,f(t,u(t), u'(t)) =f(t,u(t),u'(t),tel,andso uisa
positive solution of BVP (1.1)-(1.2). The proof is complete. O

Now, we state another theorem in this paper. Let us begin with introducing some nota-
tions.
Let B =R, x R_. Denote fy = liminfmm_}mmintdf(t’x’y) with (x,y) € B, and f° =

x+]yl
fa(ciTyT) with (x,9) € B. Put Ay = (nop1)™, Ay = uy', where uy =

1
fg [G(0,5) — G1(0,5)]ds, 115 = [, (wi(s) + wa(s)) ds, 1o = min{m, 72}, and n; (i = 1,2) are
given in Lemma 2.4.

limsup,, |, _, o MaXee;

Theorem 3.2 Assume that (Hy)-(H,) hold. If foo > A1, f° < Ay, then BVP (1.1)-(1.2) has at

least one positive solution.

Proof As described in the proof of Theorem 3.1, T : P — P is completely continuous.

Again, from f, > A1, it follows that there exists an R; > 0 such that

f&xy)>h(x+1lyl), tel (3.12)

holds when x + |y| > R; withx >0, y < 0.
Take R > ny'R;. Set Qg = {u € C1[0,1] : ||ull; < R}. Now, we show that the following rela-
tion holds:

I Tully > llulli, VYue€dQrNP. (3.13)
In fact, for any u € Q2 N P, we have that u € P with ||u|; = R. Then

u(t) > 0, W) <0, tel

11
u(t) = mllullo, —u'(t) = mlld |lo, te [g, §:|
Thus,
w(e) + [/ @) = mllulo + naf o],
11
> no(llullo + |]|,) =noR >Ry, forte [g, g]. (3.14)

Thus, from (3.12), (3.14), it follows that

f(t, u(t), u’(t)) >MnoR, te [%, %:| (3.15)

Page 150f 19
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Hence, (2.26) together with (3.15) implies that

1
(Tu)(t) = /0 G(t,s)f (s, u(s), u'(s)) ds

1

> /lg G(t, s)f(s, u(s), u'(s)) ds

6

1
3
ZM’?OR/I G(t,s)ds, tel

6

So,

1

1 Tullo = (Tu)(0) = unoR / " G(0,s5)ds. (3.16)

Similarly, we can obtain

|(Twy' ||, = ~(T) (0) > 2amoR ﬁ " [-G(0,5)] ds. (317)

Therefore, noting that A; = (7o)~} from (3.16)-(3.17), we have

I Tully = || Tullo + |

(Tu) ” 0

SV

> kR [ [6(0.5) - Gu(0,9)]ds = hunoua® = R =

3

So, the relation (3.13) holds.
Now, from f° < A,, it follows that there exists an r, > 0 such that

ftxy) <ha(x+1yl), tel, (3.18)
whenever x + |y| <rp, withx >0,y <O0.
Take 0 < r < min{ry, R}. Set , = {u € C*[0,1] : || u|); < r}. We prove the following relation
holds:

| Tully < llull,, VYued2,NP. (3.19)

In fact, for any u € 32, N P, we have u € P and ||ul|; = r. Thus, u(t) > 0, u'(¢) <0,t €1,
and u(t) + [/ (¢)] <r, t € 1. So, by (3.18), it follows that

f(t, u(t), u' (t)) < ho(u() + |u’(t)|) < Aot
Therefore, from (2.26) and in view of Lemma 2.4, we have
1
(Tu)(t) = /0 G(t,s)f (s, u(s), u'(s)) ds

1 1
< Azr/ G(t,s)ds < Azr/ wi(s)ds, tel. (3.20)
0 0

Page 16 of 19
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So,

1
I Tullo Skzr/ wi(s)ds. (3.21)
0

Similarly, we can obtain

||(Tu)'“0 < Agr/()l wo(s) ds. (3.22)
Consequently, noting that Ay = 115, from (3.21)-(3.22), it follows that
I Telly = 1 Tullo + || (Tw)' |
< )»27‘/01 (w1(s) + wa(s)) ds = raapa = r = ||ully.

So, the relation (3.19) holds.

Summing up (3.13) and (3.19), applying Lemma 2.6, the operator T has at least one fixed
point u € (€2:\Q1)NP. Thus u is a positive solution of BVP (1.1)-(1.2). The proof is com-
plete. d

Example 3.1 Consider the following BVP:

D% x(t) =f(t,x(t),x'(2)), te(0,1),

(3.23)
x(1)=%'(1) =0, 8x"(0) =x"(1), yx"(0) = x" (1),

where3<a <4,y >1,8 >1,andf is given by

ftx,y) = {ai(sinV/x)® + a2 (=9)*],  (txy) el xR, xR,

where constants ay, a, are two positive numbers. Then BVP (3.23) has at least one positive
solution.
In fact, assume that the notations ki, k», 11, and 1, are described in Theorem 3.1. Take

. ky ko 6
min{l, —— maxy—%5, —
0<ri< {1, e(ﬂ1+ﬂ2)}’ 2 > ma {azn%’ nmn2

}. Then the inequality
ftx,y) < e[amx’ + azy’]| < elar + ax]r} < kany
holds for (¢,%,y) € I x [0,r1] x [-r1, 0], and the inequality

ft,x,9) > axy® > axnirs > kory

holds for (t,x,y) € I x [0, +00) X [=r2, —12r2].
So, by Theorem 3.1, BVP (3.23) has at least one positive solution.

Example 3.2 Consider the following BVP:

D% x(t) =f(t,x(t),x' (), te(0,1),

(3.24)
xD)=x1)=0, S'(0)=a"(1),  yx"(0)=x"(1),

Page 17 of 19
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where3<a <4,y >1,8 >1, andf is given by
ftxy) =e€[a(x+ |y|)ﬂ +ay(sinxy)’], (Lxy) el xRy xR,

where constants a;, a, are two positive numbers and a constant 8 > 1. Then BVP (3.24)
has at least one positive solution.
In fact, observing that f», = +00, f° = 0, the conclusion follows from Theorem 3.2.
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