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Abstract

In this paper, we study a periodic p-Laplacian equation with nonlocal terms and
Neumann boundary conditions. We establish the existence of time periodic solutions
of the p-Laplacian-Neumann problem by the theory of Leray-Schauder degree.

1 Introduction
In this paper, we consider the periodic boundary problem for a p-Laplacian equation of

the following form:

2—? - div(IVu|p_2Vu) = (m - CD[u])u, (x,2) € QT, (1.1)
du =0, (xt)ed2x(0,T), (1.2)
on

ulx,0)=ulxT), x€£, (1.3)

, ad_n denotes the

outward normal derivative on 9€2, Q7 = Q x (0, T). This problem is motivated by models

where p > 2, Q is a bounded domain in R” with smooth boundary 92

which have been proposed for some problems in mathematical biology. The function u
represents the spatial densities of the species at (x,¢); the diffusion term div(|Vu[P~2Vu)
represents the effect of dispersion in the habitat, which models a tendency to avoid crowd-
ing, and the speed of the diffusion is slow since p > 2; the term (m — ®[u])u models the
contribution of the population supply due to births and deaths; the Neumann boundary
conditions model the trend of the biology population to survive on the boundary. Assump-
tions of m, ®[u] will be introduced in the next section.

The model as (1.1) was first studied by Allegretto and Nistri. In [1] they studied the ex-
istence of nontrivial nonnegative periodic solutions and optimal control for the following
equation:

2—1: - Au=f(x,t,m, ®[ul,u),

with Dirichlet boundary value conditions. Later, many mathematical researchers studied
extended forms of this kind of equation. For example, in [2-7], the authors considered
some nonlinear diffusion equations with nonlocal terms such as the porous equation with
m > 1, the p-Laplacian equation with p > 2 and the doubly degenerate parabolic equation.
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All these problems are the Dirichlet boundary value conditions, and these boundary con-
ditions describe that the boundary we consider in this model is lethal to the species. More-
over, the methods in these papers are all based on the theory of Leray-Schauder degree.
However, there are few results on degenerate periodic parabolic equations with nonlocal
terms and Neumann boundary conditions. Recently, in [8], Wang and Yin considered the

following periodic Neumann boundary value problem:

d

a_btt - Au" = (a-@lul)u, (%) €Qr,
u

— =0, (xt)edQx(0,T),

on

ux,0)=ulxT), xc€,

where m > 1. By the parabolic regularized method and the theory of Leray-Schauder de-
gree, they established the existence of nontrivial nonnegative periodic solutions. Also,
there are many works about reaction diffusion equations without nonlocal term; one can
see [9-13] and the references therein, and the boundary value condition and research
method are different from our work.

In this paper, we consider the periodic solution of p-Laplacian Neumann problem (1.1)-
(1.3). In [14], the authors studied equation (1.1) with the Dirichlet boundary value condi-
tion. Compared with the Dirichlet boundary value condition in [14], the Neumann bound-
ary value condition causes an additional difficulty in establishing some a priori estimates.
On the other hand, different from that in the case of the Dirichlet boundary value condi-
tion, the standard regularized problem of problem (1.1)-(1.3) is not well posed, and thus
a modified regularized problem for (1.1)-(1.3) is considered. In addition, we will make use
of the Moser iterative method to establish the a priori upper bound of the solution of the
regularized problem. By the theory of Leray-Schauder degree, we prove that this modi-
fied problem admits nontrivial nonnegative periodic solutions. Then, by passing to a limit
process, we obtain the existence of nontrivial nonnegative periodic solutions of problem
(1.1)-(1.3). In the process of proving the main results, the nonlocal term, which reflects the
reality of the model (1.1), will cause a difficulty when we establish a lower bound estimate
of the maximum modulus of the solution of the regularized problem. Otherwise, we can
use the method of upper and lower solution to prove the existence of periodic solutions.
At last, the existence theorem shows that the spatial densities of the species are periodic
under the case of nonlinear diffusion.

This paper is organized as follows. In Section 2, we show some necessary preliminaries
including the modified regularized problem. In Section 3, we establish some necessary a
priori estimations of the solution of the modified regularized problem. Then we obtain

the main results of this paper.

2 Preliminaries
In this paper, we assume that

(A1) ®[-]:L%(Q) — R* is a bounded continuous functional satisfying

0 < ®[u] < Kllull}z g
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where K > 0 are constants independent of u, R* = [0, +00),
L*(Q) = {u € L*(Q)|u > 0,a.e.in Q};

(A2) m(x,t) € Cr(Qr) and satisfies that {x € Q % fOTm(x, t) > 0} # ¢, where C+(Qr)
denotes the set of functions which are continuous in  x R and of T-periodic
with respect to ¢.

From (A2), we can see that there exist xg € 2, § > 0, 1y > 0 such that
1 T
T / m(x,t)dt > mqy for all x € B(xg, ).
0
Since equation (1.1) is degenerate at points where u = 0, problem (1.1)-(1.3) has no clas-

sical solutions in general, so we focus on the discussion of weak solutions in the sense of
the following.

Definition 1 A function u is said to be a weak solution of problem (1.1)-(1.3) if u €
LP(0, T; W(RQ2)) N Cr(Q7) and satisfies

f/ (—uz—f +|VulP2VuVe - (m - CD[u])u(p) dxdt=0 (2.1)
Qr

for any ¢ € C(Qy) with ¢(x, 0) = ¢(x, T).

Due to the degeneracy of equation (1.1), we consider the following regularized problem:

du, p2
;t - div((|Vus|2 + 8)p2 Vug) +eu, = (m - dJ[ug])u;, (x,1) € Qr, (2.2)
d
Y _0, (1t)edx(0,T), (2.3)
on
Uy (x,0)=u.(x, T), x€€, (2.4)

where s* = max{0,s} and ¢ is a sufficiently small positive constant. The desired solution
will be obtained as the limit point of the solutions of problem (2.2)-(2.4). In the following,
we introduce a map by the following problem:

ol p=2

Mt - div((|Vu$|2 + s)pz Vug) teu. =f, (xt)€Qr, (2.5)
0]

%o _0, (k1) edQx(0,T), (2.6)
on
Uy (x,0) = u.(x, T), x€Q. (2.7)

Then we can define a map u, = Gf with G: Cr(Q;) — Cr(Qr). Applying classical esti-
mates (see [15]), we can know that ||z, [|z(;) is bounded by ||f||z>(o;) and u, is Holder
continuous in Q7. Then by the Arzela-Ascoli theorem, the map G is compact. So, the map
is a compact continuous map. Let f (1) = (m — ®[u,])u}, where u} = max{u,, 0}, we can see
that the nonnegative solution of problem (2.2)-(2.4) is also a nonnegative solution solving
u, = G((m — ®[u.])u}). So, we will study the existence of nonnegative fixed points of the
map u, = G((m — ®[u,])u}) instead of the nonnegative solutions of problem (2.2)-(2.4).
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3 Proof of the main results
First, by the same method as in [14], we can obtain the nonnegativity of the solution of
problem (2.2)-(2.4).

Lemma 1 Ifa nontrivial function u, € Cr(Qr) solves u, = G((m — O[u.)url), then
us(x,t)>0 forall (x,t) € Qr.

In the following, by the Moser iterative technique, we will show the a priori estimate for
the upper bound of nonnegative periodic solutions of problem (2.5)-(2.7). Here and below
we denote by || - ||, (1 < p < oo) the L7(€2) norm.

Lemma 2 Let 1 € [0,1], u. be a nonnegative periodic solution solving u, = G(A(m —
Dlu,l)u}), then there exists a constant R > 0 independent of 1, € such that

|ue@)| <R (3.1)
where u(t) = ug(-, t).

Proof Multiplying Eq. (2.5) by ! (m > 0) and integrating over 2, we have

1 d

“ || m+2 (m + 1)Pp
m+2dt

Ms(t) ||m+2 + (I’I’l +p)p

241
[V @),

= ”m(x, t) “LOO(QX(O,T)) ”ue(t)HZii’

and hence

m+ C m
) V(@] ) |

d
24O+ s

< Cym+1)|u 0]

m+2’

where C; (i = 1,2) are positive constants independent of u, and m.
Assume that ||, (£)|| 0 # 0 and set

plmy +2) P-p
ap=——7 myg = ——

’ (k=1,2,...),
mi+p p-1

welt) = | (0] 7 12 0),

k-1

then ax < p, my = p*— + my_1. For convenience, we denote by C a positive constant inde-

pendent of k and m, which may take different values. From (3.2) we obtain

d ax a
L@l + [V = Clom+ 1) a0 (33)

m+1)P-2
By using the Gagliardo-Nirenberg inequality, we have

@], = CIVi@I o], (34)
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with

-1 N
o= LMt €(0,1).
my +2 -1N +p

By inequalities (3.3), (3.4) and the fact that || s (¢)[l1 = || sx-1(2) ||$§j, we obtain the following
differential inequality:

p(9/< 1)

| (2) || lux@ ], * + Clome+ D@ |}

d p
2 o] <-

S

< —C|lux(®) H etk (2) H T Clmg 1) | (8) [

@1
Let
Ak = max{l, snguk(t) ”ak ],
we have
g (my+1) b oglmprn) %L
L Jux@[2 = Ome+ 0702 )] 5 {0 T
+ Clmy + 1P| uie(2) || ez (3.5)

For Young’s inequality

/

, -
ab<ead’ +¢ ¥ b1,
wherep/>1,q/>1,a>0,b>0,8>0andl%+%=1,weset

0p-1
1 ’5—kak_1p

a= Huk (t) H mk*z b= (me+1P7, &= 5 M1 )
, plm+2) (my +2)(my + p)(p — 1N +p)
p=li=———-m-1= -my—1,
Qk(xk N((P—l)mk +l9)

then we have

n %1,
(my + 1)P~ 1||Ltk(t)|| ez <= ||Mk(t)“ U akm"g A e

k 1;&01 A
+ Clmy +1 T % . (3.6)

Here we have used the fact that p’ = [y > r > 1 for some r independent of k. In fact, it is easy
to verify that

lim [; = +o0.
k— o0

Denoting

(p—-Dk b 1-6k Por-1

ag = k= o L1

I -1
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and combining (3.6), (3.5), we obtain

_ () %1
012 = om0 2L | o
+ Clmy +1)% %%, } (3.7)
that is,
d o p _aglmp+l) eg—ak 1w
(Wlk + 1)p—2(mk + 1 ||uk ‘ M2 < “uk ‘ 9/]2 my+2 )\’ k

+ Clmy +1)™225,. (3.8)

From the periodicity of u;(¢), we know that there exists ¢y at which ||u(¢) ||y, reaches its
maximum and thus the left-hand side of (3.8) vanishes. Then we obtain

@], = {CT0mc+ 1P+ G+ 1% A,

where

p_olm+1) Loy
Ok My + 2 me+2

O =

Therefore we conclude that

+57 ag-1p m+2 (=) g 9)otp 1P
i@, = {Clme+ ey Y = (COm w1y T B
Since 22 s d "2 and a; are bounded, we have
(lk DO ~ p-Oax lka

(1-6p)e_1p
a0, = P T

where 4’ is a positive constant independent of k. As o = £ EZ’:;Z) < p implies that

A= )e1p - (=G o
p—Okax  —  p-pb

2 < pand Ar_; > 1, we get
Ju(@)],, < CA“3L,,
or

ln||uk(t) ”ak <Ilnit <InC+klnA+plni;,

where A = p? >1. Thus

k=2 k=2
1n||uk(t) < lnCZp +pk YIng + lnA(Z(k ])p’>

i=0 j=0
k-1 _
oy

1
InC +pk’1 Inl +f(k)InA,
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or

k-1
ue(@)], ., < (€7 £ Aro) e,

mp+2 —
where

k—(k+1)p—p< +2pF

k) = o1

Letting k — oo, we obtain
-1
)], = = ¢(max{ L supl 0]} )
On the other hand, it follows from (3.2) with m = 0 that

d
g0l + GV @f) < & u@]

By Holder’s inequality and Sobolev’s theorem, we have
Ju:0)], < 121777 |u.(0)], < CI21> 7 | Va0,
Combined with (3.10), it yields

d
a0l + Gl vel; < Gluo];

By Young’s inequality, it follows that

d
i ”Ms(t)Hi +C ”VME(t) ”127 <Gy,

Page 7 of 11

(3.9)

(3.10)

(3.11)

(3.12)

where C; (i = 1,2) are constants independent of . Taking the periodicity of & into account,

we infer from (3.12) that

|u:0], <C,

which together with (3.9) implies (3.1). The proof is completed.

Corollary 1 There exists a positive constant R independent of ¢ such that

deg(I - G((m - @[us])u;),BR, 0) =1,

where By is a ball centered at the origin with radius R in L*°(Qr).

Proof 1t follows from Lemma 2 that there exists a positive constant R independent of ¢

such that

e # G(A(m — ®[u.))u}), Vu. € dBg, A €[0,1].
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Hence the degree is well defined on Bg. From the homotopy invariance of the Leray-

Schauder degree, we can see that
deg(I - G((m — ®[u.])u}),Bg,0) = deg(I — G(0), Bg,0). (3.13)

From the existence and uniqueness of the solution of u#, = G(0), we have deg(/ -
G(0), Bg,0) = 1. That is, deg({ — G((m — ®[u.])u}), Bg,0) = 1. The proof is completed. [

Lemma 3 There exist constants ro > 0 and gy > 0 such that for any r < ry, € < &y, G((m —

Dlu.l)u}) admits no nontrivial solution u, satisfying
0 < |lue o) <1
where r is a positive constant independent of ¢.
Proof By contradiction, let u, be a nontrivial solution of u, = G((m — ®[u,])u}) satisfying

0 < |ltte|lzoQpy < r. For any given ¢(x) € C5°(R2), multiplying (2.5) by % and integrating
over Q% = Bs(xo) x (0,T), we obtain

I, o e ] (050 F v () v

= // @? (m —&— d:'[ug]) dtdx. (3.14)

By the periodicity of u,, the first term on the left-hand side in (3.14) is zero. As in the proof

of Lemma 2.2 of [14], the second term on the left-hand side in (3.14) can be rewritten as

—2 2
// (|Vu8| +¢) T Vu, <(Z ))dtdx

-2
// (IViel* + ¢ T|v¢|2)dtalx

[ (=l (5)

2
) dt dx,

and thus

I, (w0 ous(£) s

2
5// (1Vuel? + )T |VoP) dt dx. (3.15)
T
Combining (3.15) with (3.14), we obtain

p-2
// (m—e - @[u,]) dtdx<// (IVue* +¢) T|v¢|2)altalx. (3.16)
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Let w; be the first eigenvalue of the p-Laplacian equation on Q2 with zero boundary con-
ditions and ¢; (x) be the corresponding eigenfunction. We have

/ |V¢1lpdx=u1/ ul? dx.
Q Q

And also we know that ¢, can be strictly positive in the subfield Bs(x) C 2. Taking ¢ = ¢,
we have

// (6% (m - & — D)) de dx

5[/ ((1Vuel? +¢) v ) dxdt

< (//* (IVu£|2 +8)1% dxdt) (//* |V¢1|pdxdt>
</‘/* 2% |Vu€|p +8§)dxdt) <T,u1 /l;s(xo) |¢1|de>’%' (3.17)

Multiplying (2.5) by u, and integrating over Q%, from the assumption 0 < ||z || zoo(Qp) < 75
we have

//* |Vu|P dxdt < //* ug(m—a—cb[ug]) dxdt < MTr*|S|, (3.18)
T T

where M = Max(x,eQs, m(x,t) and |2| denotes the Lebesgue measure of the domain .
Combining (3.18) with (3.17), we obtain

//* (¢2(m—8— CD[ug]))dtdx

p-2

2
ik > (M +£P)</ |¢1|de)P. (3.19)
Bs(xo)

In addition, the assumptions (Al), (A2) give

// ¢>f(m—s—<l>[us])dxdtz// o7 (m—e —K|ul},) dxdt
T Qh

T
2/ ¢12/ (m—e—K|ul?,)dtdx
Bjs(x0) 0

> T(mo — & — Kr?|Q|) / #? dx. (3.20)

Bs(x0)

The above two inequalities imply that

2 (o) |11 )7

(3.21)
Sy 97 6

mo—e—Kr|Q|<2Pu|Q| (Mr+ )

Obviously, we can choose suitably small ¢y > 0 and r > 0 such that for any ¢ < &g, r <ry,
the inequality (3.21) does not hold. It is a contradiction. The proof is completed. d
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Corollary 2 There exists a small positive constant r which is independent of ¢ and satisfies
r < R such that

deg(l— G((m - GD[MS])u;),Br,O) =0,
where B, is a ball centered at the origin with radius r in L*°(Qr).

Proof Similar to Lemma 3, we can see that there exists a positive constant 0 < r < R inde-
pendent of ¢ such that

ue # G(A(m — ®uel)ul +1-1), Vu, € 3B, x€[0,1].

Hence the degree is well defined on B,. From the homotopy invariance of the Leray-

Schauder degree, we can see that
deg(I - G((m — ®[u,])u}),B,,0) = deg(I - G(1),B,,0). (3.22)

Lemma 3 shows that #, = G(1) admits no nontrivial solution in B, and it is also easy to see
that u, = 0 is not a solution of u, = G(1). So, we have deg(I — G(1), Br,0) = 0, that is,

deg(I - G((m - @[us])ug),B,, O) =0.
The proof is completed. O

Theorem 1 Ifassumptions (Al) and (A2) hold, then problem (1.1)-(1.3) admits a nontrivial

nonnegative periodic solution u.

Proof Using Corollary 1 and Corollary 2, we know that
deg(I - G(f()),=,0) =1,

where X = Bg \ B,, B is a ball centered at the origin with radius & in L*(Qr), R and r are
positive constants and R > r. By the theory of the Leray-Schauder degree and Lemma 1,
we can conclude that problem (2.2)-(2.4) admits a nontrivial nonnegative periodic solu-

tion u,. By Lemma 3 and a similar method to that in [14], we can obtain

ou,
ot

IVugllror) < C, H <
L2(Q7)

Combining with the regularity results [16] a similar argument to that in [17], we can prove
that the limit function of u, is a nonnegative nontrivial periodic solution of problem (1.1)-
(1.3). O
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