Kim and Kim Boundary Value Problems 2013, 2013:214 0 BOU nda ry Value PrOblemS

http://www.boundaryvalueproblems.com/content/2013/1/214 a SpringerOpen Journal

RESEARCH Open Access

Positivity of the infimum eigenvalue for
equations of p(x)-Laplace type in RN

In Hyoun Kim' and Yun-Ho Kim?**

“Correspondence:
kyh1213@smu.ackr Abstract
’Department of Mathematics
Education, Sangmyung University,
Seoul, 110-743, Republic of Korea

Full list of author information is . . . N
available at the end of the article - le(¢(X, |VU|)VU) =Aflou)  inRE

We study the following elliptic equations with variable exponents

Under suitable conditions on ¢ and f, we show the existence of positivity of the
infimum of all eigenvalues for the problem above, and then give an example to
demonstrate our main result.

MSC: 35D30; 35J60; 35J92; 35P30;47J10

Keywords: p(x)-Laplacian; variable exponent Lebesgue-Sobolev spaces; weak
solution; eigenvalue

1 Introduction
The variable exponent problems appear in a lot of applications, for example, elastic me-
chanics, electro-rheological fluid dynamics and image processing, etc. The study of vari-
able mathematical problems involving p(x)-growth conditions has attracted interest and
attention in recent years. We refer the readers to [1-4] and references therein.

In this paper, we are concerned with the eigenvalue problem of a class of equations of

p(x)-Laplacian type
—div(p(x, |Vul) Vi) = Af(x,u) inRY, (E)

where the function ¢(x,¢) is of type |t[?®-2 with continuous nonconstant function p :
RN — (1,00) and f : R¥ x R — R satisfies a Carathéodory condition. Recently, the au-
thors in [5] obtained the positivity of the infimum of all eigenvalues for the p(x)-Laplacian
type subject to the Dirichlet boundary condition. As far as the authors know, there are
no results concerned with the eigenvalue problem for a more general p(x)-Laplacian type
problem in the whole space RV,

When ¢(x,t) = |t[P®)-2, the operator involved in (E) is called the p(x)-Laplacian, i.e.,
Apyut = div(] VulP®)-2Vy). The studies for p(x)-Laplacian problems have been extensively
performed by many researchers in various ways; see [5-11]. In particular, by using the
Ljusternik-Schnirelmann critical point theory, Fan et al. [8] established the existence of
the sequence of eigenvalues of the p(x)-Laplacian Dirichlet problem; see [12] for Neu-
mann problems. Mihailescu and Radulescu in [13] obtained the existence of a continuous

family of eigenvalues in a neighborhood of the origin under suitable conditions.
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The p(x)-Laplacian is a natural generalization of the p-Laplacian, where p > 1 is a con-
stant. There are a bunch of papers, for instance, [14-18] and references therein. But the
p(x)-Laplace operator possesses more complicated nonlinearities than the p-Laplace op-
erator, for example, it is nonhomogeneous, so a more complicated analysis has to be care-
fully carried out. Some properties of the p-Laplacian eigenvalue problems may not hold for
a general p(x)-Laplacian. For example, under some conditions, the infimum of all eigen-
values for the p(x)-Laplacian might be zero; see [8]. The purpose of this paper is to give
suitable conditions on ¢ and f to satisfy the positivity of the infimum of all eigenvalues for
(E) still. This result generalizes Benouhiba’s recent result in [6] in some sense.

This paper is organized as follows. In Section 2, we state some basic results for the vari-
able exponent Lebesgue-Sobolev spaces, which are given in [19, 20]. In Section 3, we give
sufficient conditions on ¢ and f to obtain the positivity of the infimum eigenvalue for the
problem (E) above. Also, we present an example to illustrate our main result.

2 Preliminaries

In this section, we state some elementary properties for the variable exponent Lebesgue-
Sobolev spaces, which will be used in the next section. The basic properties of the variable
exponent Lebesgue-Sobolev spaces can be found from [19, 20].

To make a self-contained paper, we first recall some definitions and basic properties
of the variable exponent Lebesgue spaces L”®(RN) and the variable exponent Lebesgue-
Sobolev spaces WP®)(RN),

Set

C,(RN) = {h e C(RN): inf h(x)> 1}.

xeRN

For any / € C,(RN), we define

h, = sup h(x) and h_= inf h(x).

xeRN xeRN

For any p € C,(R"), we introduce the variable exponent Lebesgue space
P (RN) := {u : 4 is a measurable real-valued function, / |u(x)|” ® Iy < oo},
RN

endowed with the Luxemburg norm

u(x) p(x)

||u||Lp(x)(RN):inf{)L>0:/ dxsl}.
R

N

The dual space of L#®(RY) is LF'®)(RN), where 1/ 'p(x) +1/p'(x) = 1. The variable exponent
Lebesgue spaces are a special case of Orlicz-Musielak spaces treated by Musielak in [21].
The variable exponent Sobolev space W?®(RN) is defined by
WO (RN) = [y e IPW (RY) 1 |Vu| € LFP (RY) ],

where the norm is

||M||W1,p(x)(RN) = ||u||Lp(x)(RN) + ||VM||Lp(x)(]RN)- (2.1)
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Definition 2.1 The exponent p(-) is said to be log-Hoélder continuous if there is a constant
C such that

C
|P(x) —P()/)| = m (2.2)

for every x,y € RN with |x — y| <1/2.

Smooth functions are not dense in the variable exponent Sobolev spaces, without addi-
tional assumptions on the exponent p(x). Zhikov [22] gave some examples of Lavrentiev’s
phenomenon for the problems with variable exponents. These examples show that smooth
functions are not dense in variable exponent Sobolev spaces. However, when p(x) satis-
fies the log-Holder continuity condition, smooth functions are dense in variable expo-
nent Sobolev spaces, and there is no confusion in defining the Sobolev space with zero
boundary values, Wé’p (x)(RN ), as the completion of C5°(RN) with respect to the norm
||M||W1,p(x>(RN) (see [23, 24]).

Lemma 2.2 [19, 20] The space L’ (RN) is a separable, uniformly convex Banach space,
and its conjugate space is LV (RN, where 1/p(x) + 1/p'(x) = 1. For any u € L’ (RN) and
v € P ®(RN), we have

/ uvdx
RN

Lemma 2.3 [19] Denote

1 1
< (,7 + ,7) ]yt vy 1V ey < 208l e ey 1Vl o -

P(u)=/ [ulP® dx  for all u e LP¥(RN).
RN

Then
(1) p() >1(=1; <1) if and only if |ull e g, > 1 (= 1; < 1), respectively;
2) el > 1, then ”“'um @) = P = ||u||j @y
éf“u”l}?x) RN) < 1 th@n ”ulLﬂ(x IRN < ,O(M) < ||1/l|| (RN)

Lemma 2.4 [11] Let g € L®(RN) be such that 1 < p(x)q(x) < oo for almost all x € RN. If
ue L‘I @(RN) with u #0, then

1) if lull o @y > 1, then ||14||Z_ D (EN) S < el oy ey < ||M||Lp<x ) (RN

2) if ull pwaw @y < 1, then ||lull < Jl|uja®

RN M ot vy < 12t e @ (RN)"

Lemma 2.5 [23] Let Q C RN be an open, bounded set with Lipschitz boundary, and let p €
C.(Q) with 1 < p_ < p, < N satisfy the log-Holder continuity condition (2.2). If g € L>°(R)
with q_ > 1 satisfies

Np(x)

——— forallx e Q,
N - p(x) f

q(x) <p*(x):=
then we have
lep(x)(Q) s Lq(x)(Q),

and the imbedding is compact if infycq(p* (x) — q(x)) > 0.
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Lemma 2.6 [25] Suppose that p: RN — RN is a Lipschitz function with 1 < p_ < p, < N.
Let g € L°(RN) and p(x) < q(x) < p*(x) for almost all x € RN. Then there is a continuous
embedding W"P®(RN) < L1®(RN),

3 Main result
In this section, we shall give the proof of the existence of the positive eigenvalue for the
problem (E), by applying the basic properties of the spaces L#®(RN) and W'?@®(RN),
which were given in the previous section.

Throughout this paper, let p € C, (RN) satisfy the log-Hélder continuity condition (2.2)
and X := Wé’p(x)(RN) with the norm

[|z¢]| x = inf{k >0 :/
RN

which is equivalent to norm (2.1).

Vu(x) [P*

dx < 1},

Definition 3.1 We say that u € X is a weak solution of the problem (E) if

f ¢(x,|Vu|)Vu(x)-V(p(x)dxzkf fx, u)p(x) dx
RN RN
forall p € X.

Denote
le{xeRN:1<p(x)<2}, sz{xeRN:p(x)ZZ}

(we allow the case that one of these sets is empty). Then it is obvious that RN = ©; U Q,.
We assume that:
(H1) p,ge C.(RN), p(x) <N,and 1< p_ < p, <q_ < g, <p*(x).

(HJ1) ¢ :RN x [0,00) — [0, 00) satisfies the following conditions: ¢(-, ) is measurable
on RY for all n > 0 and ¢(x, -) is locally absolutely continuous on [0, 0o) for
almost all x € RV,

(HJ2) There are a function a € LF ®(RN) and a nonnegative constant b such that

| (x, [v])v| < alx) + blyP®@

for almost all x € RN and for all v € RN,
(HJ3) There exists a positive constant ¢ such that the following conditions are satisfied
for almost all x € RN:

) ¢ _
¢(,n) > cn?™®2  and na(x,n)w(x, 1) > cpf®2 3.1)

for almost all € (0,1). In case x € Q2,, assume that condition (3.1) holds for
almost all n € (1, 00), and in case x € Q;, assume that for almost all € (1, 00)

instead

0
$(rm)=c and n%(x,n) +plm) = c. (3.2)
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(HJ4) Forallx € RN and all £ € RN, the estimate holds
0= a(x,é;‘) : E §P+(Do(x, |$|)’

where ﬂ(x! é) = ¢(x’ |‘§|)$
Let us put

Do(x,t) = /0 o (x,n)ndn

and define the functional & : X — R by

O(u) = /I;N d>0(x, Vu(x)|)dx.

Then ® € CY(X,R) [5], and its Gateaux derivative is

Vu(x) | ) Vu(x) - Vo(x) dx.

(¢ﬁ&¢%=ANMm

(3.3)

Let f : RN x R — R be a real-valued function. We assume that the function f satisfies

the Carathéodory condition in the sense that f (-, £) is measurable for all £ € R and f'(x, -) is

continuous for almost all x € RN. Denote

()=
Y W - qWw)

for almost all x € RY,

where ¢ is given in (H1) and g(x) < r(x) < p*(x). We assume that

(F1) Forall (x,£) € RN x R, f(x,£)t > 0, and there is a nonnegative measurable function

m with m € LY@ (RN) such that
If (x,1)] < m(x) 2|7
Denoting F(x,t) = fot f(x,s)ds, it follows from (F1) that

m(x)

(FI) 0<F(x¢t) < (—|t|q<x> for all (x,£) € RN x R.

q(x)

Define the functional ¥, [; : X — R by

W(y) = /I;N F(x,u)dx and I (u)=®(u) - AV (u).

Then it is easy to check that W € CY(X,R), and its Gateaux derivative is

(Wg)= | fleuptds

for any u, ¢ € X. Let us consider the following quantity:

o Jan Polx, [Vl dx

A= in
ueX\(0}) [ F(x, u) dx

(3.5)

Page 5 of 12
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For the case of ¢(x, [¢]) = [t[?®)2 and f(x, t) = m(x)|t|7¥-2¢, where m(x) satisfies a suitable
condition, Benouhiba [6] proved that A* > 0. In this section, we shall generalize the con-
ditions on f and ¢ to satisfy A* > 0 still.

The following lemma plays a key role in obtaining the main result in this section.

Lemma 3.2 Assume that assumptions (H)3)-(HJ4), (H1), and (F1) hold and satisfy

1
(H2) q.- FP-<d-
then the functionals ® and V satisfy the following relations:

(1) B
lulx 0 W(y) o (36)

and

()

oo W) o 3.7)

Proof Applying Lemmas 2.2, 2.4 and 2.6, we get

|l11(u)| = ‘/RNF(x,u)dx

=
RN

2
= 2] o vy || 12417 |

mx (%) )79 | dx

q(x)

)
L4®) (RN)

2
q q-
= ey (1 oo o, + 190 )

2C
< P 721l 0 vy (laell 5 + el (3.8)

for some positive constant C. Let # in X with ||u||x < 1. Then it follows from (HJ3), (HJ4),
(3.8) and Lemma 2.3(3) that

b+
Jan @olx, |Vul) dx - p%HMHx

— 4C - — 4C N
wellmll e @lluly ™~ 25 lmll e @y lluly

(3.9)

P (u)
S

Since g_ > p,, we conclude that

D(u
—— —> o0 as|u|lx — 0.

(1)

Next, we show that relation (3.7) holds. From (H2), there exists a positive constant §

such that g, — (1/2)p_ < § < q_, and thus we have

p->2(q, —98)>2(g--9). (3.10)
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Let £(x) be a measurable function such that

ot p |
px) + 8y (x)" p*(x) + 8 — q(x)

| Py px)
<o) <min e s ) -
holds for almost all x € RN and
S(E—i +1> <q._. (3.12)

Then we have £ € L*(RN) and 1 < £(x) < y(x). Let u € X with |Ju|lx > 1. Then it follows
from (F1’) and Lemma 2.2 that

1
W) < — / () |ul? |1 dix
q- JRN

2
= Z ”m""l(s ||L‘5(x)(RN) ” | 70072 ||L‘3’(x)(RN)'

Therefore, without loss of generality, we may suppose that ||mz|u|’|| @ Ny > 1. From the
inequality above, by using Lemma 2.3, Lemma 2.2 and Lemma 2.4 in order, we have

1
2 o
|ll’(lfi)| < q_ (‘A;N ml(x)|u|8€(x)> “ |u|q(x)—5 ”Ll’(x)(RN)

4 1 1
@ T S || 7= -5
< P LT
q- L &) (RN) L @7 (RN)
(' 5 )
= —lmlify e, 2l > 6 + [Jul] @,
q- LY ®)(RN) LM(’C)(%)/(RN) Lalé(x)(%) &)
q+—90 q--38
S (L RSl L e (RN))’
where o = fm_ i”m"”(")(RN)”'
1 HWIIILy(x)(RN) <L
By Young’s inequality, we get
4 2wk
V()| < — il gy (el +lul®
| | q- LY@ (R )( LBZ(x)(% @) ) &)
2(q+-9) 2(q--9)
+ ”””L(q(x)-a)e’(x)(RN) + ”u”L(q(x)—zS)Z’(x)(RN))'
Using (3.11), we get that
y@)Y
p<oee)(25) <, <@ -5)E e <p' )

holds for almost all x € RN. Hence it follows from Lemma 2.6 that

4C 284 _
WG] = = e (Il ™ + a3 (313)
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for some positive constant C. Therefore, we obtain that

|¢m Slully
V() |~ 287 =3 '
A2, gy el =+ el 377
From (3.10), with the inequality above, we conclude that relation (3.7) holds. O

Lemma 3.3 Assume that (HJ1)-(HJ3) and (H1) hold. Then & is weakly lower semi-
continuous, i.e., u, — u in X implies that ®(u) < liminf,_, o, O(u,).

Proof Suppose that u,, — u in X as n — 00. Since (HJ3) implies that @’ is strictly mono-

tone on X, we have that ® is convex, and so,
qD(un) = @(u) + <q>/(u)r Uy — M)
for any n. Then we get that
lim inf ®(u,) > ®(u) +lim inf (Cb/(u), U, — u) = O(u).
n—00 n—oo
The proof is complete. 0

Lemma 3.4 Assume that (H1) and (F1) hold. For any K € [0, 00) and all u € X, the follow-
ing estimate holds:

1

2C "

f meMs—(f mmmymw@ﬂw&% (3.14)
|x|>K q- \Jx|>=K

where y, is either y, or y_.

Proof Applying Lemmas 2.2, 2.4 and 2.6, we get

m(x)

/ F(x,u)dxg/ 0019 d
el=K =k q(x)

2
< Zmll o eerim=ion 1499 | v
q- ({xeRN:|x|>K}) ” | L76) (RN jx(=KY)

1
2 n
q q-
= q_—(/IxIZKm(x) dx) (HMHL:(x)(RN) + ”uHLr(x)(RN))

2C
< _—

=L (/lleKWI(x)dx) " (leell¥ + Nl k)

for some positive constant C. g

Lemma 3.5 Assume that (H1) and (F1) hold. For almost all x € RN and all t € R, the
following estimate holds:

() r(x)
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Proof Since g(x)(y (x))’ = r(x), estimate (3.15) is obtained from (F1’) and Young’s inequal-
ity. a

Lemma 3.6 Assume that (H1) and (F1) hold. Then WV is weakly-strongly continuous, i.e.,
u, — u in X implies that V¥ (u,) — V(u).

Proof Let {u,} be a sequence in X such that u#,, — u in X. Then {u,} is bounded in X. By
Lemma 3.4, for each ¢ > 0, there is a positive constant K, such that

/ F(x,u,)dx <& and / Fx,u)dx <¢ (3.16)
|x[=Ke [x|=Ke
holds for each # € N. It follows from Lemma 3.5 that the Nemytskij operator

u— F (x, u(x))

is continuous from L'® (B, (0)) into L'(Bg, (0)); see Theorem 1.1 in [26]. This together
with Lemma 2.5 yields that

/ F(x,u,)dx — F(x,u)dx. (3.17)
o[ <Ke | <K

Using (3.16) and (3.17), we deduce that W (u,) — W(«) as n — oo. The proof is complete.
O

We are in a position to state the main result about the existence of the positive eigenvalue
for the problem (E).

Theorem 3.7 Assume that (HJ1)-(HJ4), (H1), (H2), and (F1) hold. Then A* is a positive
eigenvalue of the problem (E). Moreover, the problem (E) has a nontrivial weak solution for
any A > A

Proof 1t is trivial by (3.5) that A* > 0. Suppose to the contrary that A* = 0. Let {u,} be a
sequence in X \ {0} such that

. D(uy)
lim =

=0.
n—00 lll(un)

Asin (3.9), we have

D(u,) —q_
‘—” > Cllully ™

W (1t,)

for some positive constant C. Since p, < g_, we obtain that ||u,| x — oo as n — co. Hence
it follows from Lemma 3.2 that

. D(uy)
lim =
w00 W)

)

which contradicts with the hypothesis. Hence we get A* > 0. The analogous argument as
that in the proof of Theorem 4.5 in [5] proves that A* is an eigenvalue of the problem (E);
see also Theorem 3.1 in [6].


http://www.boundaryvalueproblems.com/content/2013/1/214

Kim and Kim Boundary Value Problems 2013, 2013:214 Page 10 of 12
http://www.boundaryvalueproblems.com/content/2013/1/214

Finally, we show that the problem (E) has a nontrivial weak solution for any A > 1*.
Notice that u is a weak solution of (E) if and only if # is a critical point of I;. Assume that
A > A" is fixed. Let u € X with |u| x > 1. With the help of (H]3) and (HJ4), it follows from

proceeding as in the proof of relation (3.13) in Lemma 3.2 that

L

c 5 4 284+ 2qs—8
A(u)zp—nuni —Aq—||m||§y(x)(RN)(||u||X‘  lul 370

+

Since p_ > 2(q, — 8) > 28(€,/L_), the inequality above implies that [; (z) — oo as |u|x —
oo for A > A%, that is, I, is coercive. Also since the functional I, is weakly lower semi-
continuous by Lemmas 3.3 and 3.6, we deduce that there exists a global minimizer #, of
I, in X. Since X > A*, we verify by definition (3.5) that there is an element w in X \ {0} such
that ®(w)/¥(w) < A. Then I, (w) < 0. So we obtain that

Li(uy) = inf L(v)<O.
veX\{0}

Consequently, we conclude that u £ 0. This completes the proof. O
Now, we consider an example to demonstrate our main result in this section.

Example 3.8 Let p € C(RY) with 2 < p(x) < N satisfy the log-Hélder continuity con-
dition (2.2). Suppose that @ € L% ®(RN), and there is a positive constant @y such that
a(x) > ag for almost all x € RV, Let us consider

px)-2

px)—2

—div((a(x) + |Vu|2) 2 Vu) = am(x)|u|®™ 2y in RV, (Eo)
In this case, put
()= (x)
o (%, [v]) = (alx) + |V|2)pT2 and  Po(x,|v]) = I%(a(x) + |v|2)pT

for all v € RN, Denote the quantities

*

P&) (%)
” S ﬁ(a(x) +|Vul>)7 dx 4 - Jen (@(x) + \Vul?)7 dx
= 1n an = 1m
uex\(0) Jan % )1 dx * T uex\(o) S ()| 1] 1) dx

If conditions (H1)-(H2) hold, then we have
() 0<hr,<A%,
(i) A* is a positive eigenvalue of the problem (Eg),
(iii) the problem (Ep) has a nontrivial weak solution for any A > 1*,
)

(iv) A is not an eigenvalue of (Eg) for A < A,.

Proof 1t is clear that conditions (HJ1)-(HJ4) and (F1) hold. From the definitions of A, and
A*, we know that

Ty, <<y,

b+ p-
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and thus 1, < A*. Also, from the same argument as that in Theorem 3.7, we have A* > 0,
and thus X, > 0. Applying Theorem 3.7, the conclusions (ii) and (iii) hold. Let A < . Sup-
pose that A is an eigenvalue of the problem (Ey). Then there is an element v € X \ {0} such
that

p&)
/ (a(x) + |VV|2)T dx — )»/ m(x)|v|7®) dx = 0.
RN RN

By the definition of A,, we get that

P&)
2

k*/ m(x)|v|q(x)dx§f (a(x)+|Vv|2) dx
RN RN

= A/ m(x)|v|q(x)dx<k*/ m(x)|v|7® dx,
RN RN

a contradiction. O
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