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Abstract

We investigate the number of periodic weak solutions for the wave equation with
nonlinearity decaying at the origin. We get a theorem which shows the existence of a
bounded weak solution for this problem. We obtain this result by approaching the
variational method and applying the critical point theory for the indefinite functional
induced from the invariant subspaces and the invariant functional.
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1 Introduction and statement of the main result

Let g(x, ¢, u) be a C! function from [0,77] x R x R to R and T-periodic in ¢. In this paper we
are concerned with the number of weak periodic solutions of the following wave equation
with boundary and periodic conditions:

U — Uxx = g(x’ t; M))

u(0,t) = u(m,t) =0,
(1.1)
ulx, t+ T) = u(x, t),

u;(x,0) = us(x, T) Vxel[0,7],

where T is a rational multiple of . We assume that g satisfies the following conditions:
(gl) g € CY([0,7] x R x R,R) is T-periodic in ¢,
(g2) g(x,t,0) =0, g(x,t,&) = o(]&]) uniformly with respect to x € [0,7] and ¢t € R,
(g3) there exists C > 0 such that |g(x,£,£)| < CVx € [0,7], £ €R, E eR.
Nonlinear problem of this type has been considered by many authors (cf [1-5]).
The purpose of this paper is to show the existence of T-periodic weak solutions of prob-
lem (1.1).
Our main result is as follows.

Theorem 1.1 Assume that g satisfies (g1)-(g3). Then problem (1.1) has at least one bounded
solution.

For the proof of our main result, we approach the variational method and apply the
critical point theory induced from the invariant subspaces and the invariant functional.
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The outline of the proof of Theorem 1.1is as follows. In Section 2, we introduce two Banach
spaces H and E of functions satisfying some symmetry properties, stable by A (Au = w1y, —
Uyy), g such that the intersection of H with the kernel of A is reduced to 0. The search
of a solution of problem (1.1) in the space H reduces the problem to a situation where
A7l is a compact operator. In Section 3, we introduce a functional I defined on E whose
critical points and weak solutions of (1.1) possess one-to-one correspondence. We prove
that I € C'(E,R) and satisfies the Palais-Smale condition. By a critical point theorem for
indefinite functionals (cf. [6]), we prove that there exists at least one solution of (1.1) which
is bounded, and we prove Theorem 1.1.

2 Invariant Banach space
Let Q= (0,7) x (0, T); T is a rational multiple of

2h
T=-"10,
a

where a and b are coprime integers. Let A be the operator defined by

D(A) = {u e C*(Q)|u(0,£) =u(m,t) =0 Vte[0,T],
ulx,0)=ulx,T) Vxel0,x],
ut(x!O)ZMt(xl T) vxe [Oln]}l
A = gy — Uy,
Let A be the adjoint of A in L2(£2). We investigate the weak solutions of

Au =g(x,t,u).

We note that the eigenvalues of A are Ay = j* - (#)2,]« =1,2,...and k=0,1,2,..., and the
corresponding eigenfunctions are

2kt

sinjx sin and sinjxcos

We also note that the set of functions sin jx sin 2”—Tkt, sin jx cos 2”—Tkt is an orthogonal base

for L2(R2). Let u be a function of L2(€2). Then there exists one and only one function of
L%([0,7] x R) which is T-periodic in ¢ and equals z on Q. We shall denote this function
by u. Let us denote an element u, in L2(2), by

. ., a
u= Z uji Sin jx exp lkzt
j>0,k

with
Ujk = l:ljy_k.

We assume that b is even and a is odd. Let H be the closed subspace of L(R2) defined by

H= {u GLZ(Q)’u(x,t) = —u(x,t+ g) ae.xe (0,m),t ER}.
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Then H is invariant under shift: Let 7 € H and 7 be a real number. If v(x, ) = u(x, t + 1),
then v € H. H is invariant under g: Let u € H such that g(u) € L*(2). Then g(«) € H. Let
u(x, t) = ulx, t + %). Then

a

U= E uz (=)~ sin jxexp ik—t.
‘ ]k( ) v p b
>0,k

Therefore
ueH <= u;=0 foranyevenk. (2.1)
Let A; be a linear operator of H defined by

D(A1)) =D(A)NH,

Alu =Au.

Then A; is self-adjoint in H and H N N(A) = {0}, where N(A) is the kernel of A. In fact, let
u € HNN(A). Then

. ., a
u= Z”f’k sin jx exp zkzt,

Ka?

jz—b—27!o = =0

Letj and k be such that

Since bis even and a is odd, k is even. Using (2.1), we have u;x = 0, and therefore HNN(A) =
{0}. The eigenvalues of A; are j% — (ZLTI‘)z, where j is odd and & is even and H NN (A) = {0}.

Given u € H, we write

2wkt
Yo e ,  iisodd ki
Zu,,ksm]xexpz T jiso is even
>0
with
uj,kZEtj,_k.
Let
272
a‘k
E-= {ueH’Z 2_ ?‘ . |u,',k|2<+oo},
jk
o, a‘k _
(u,v) = Z]Z e ujj - Vix foru,vek,
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where (, ) is a scalar product on E. With this scalar product, E is a Hilbert space with a

norm
1
llull = (w,u)2, wuekE.

Let

1
nunr:(/ |u|’) =1
Q

By the classical theorem of Riesz (cf. [7, p.525]), we have

1 1
aT\" A\ 1 1
||u||r§<2> (Du,-,kr) ; rz2,-r o=l
jk

Since for every € > 0

1
0 _ a?k2 |lte <
j odd,k even i* - b—2|
it follows that for every r € [2, +00), there is ¢, € R such that

llllr < crlluell. (2.2)

Let

if 2 a*k?
E, = u’ueE,uj,k:01] - <04,

o Ak
E_ = u‘ueE,uj,k:Olf/ e >0¢.

Then E = E, @ E_. Let P, be the orthogonal projection from E onto E, and P_ be the
orthogonal projection from E onto E_. We can write u = P,u + P_u for u € E.

3 Critical point theorem and the proof of Theorem 1.1
Now, we are going to seek a function u in E such that

Au=gx tu). (3.1)

We consider the associated functional of (3.1),

1
I(u) = —/[—|ut|2+|ux|2]dxdt—/ G(x, t, u) dxdt
2 Ja Q

1
= §(||P+u||2— ||P_u||2)—/ G(x, t,u) dx dt, (3.2)
Q
where
G(x,t,u):/ glx,t,s)ds.
0

By (gl), I is well defined.
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We recall the critical point theorem for the indefinite functional (cf [6]).
Let

B,:{u€H|||u||§r}, aB,:{u€H|||u||:r}.

Theorem 3.1 (Critical point theorem for the indefinite functional) Let E be a real Hilbert
space with E = E; ® E, and E = Ej. Suppose that I € C'(E, R) satisfies (PS), and that
(1) I(u) = %(Lu, u) + bu, where Lu = LiPiu + LyPyu and L; : E; — E; is bounded and
self-adjoint, i = 1,2,
(I2) b is compact, and
(I3) there exist a subspace E CE and sets S C E, Q C E and constants a > w such that
(i) SCEyandI|s > «a,
(ii) Qis bounded and I|yq < w,
(iii) S and 0Q link.
Then I possesses a critical value c > «.

The eigenvalues of A; are Aj =72 - (ZLT]‘)Z, where j is odd and k is even, j =1,2,... and
k=0,1,2,.... Thus A7! is a compact operator.

It is convenient for the following to rearrange the eigenvalues Aj, where j is odd and & is
even, by increasing magnitude: from now on we denote by (;)i1 = Ajx < 0 the sequence
of negative eigenvalues, by (/)1 = Ajx > 0 the sequence of positive ones, so that

CEN S Sy S < Sy S S S (3.3)

i =
We note that each eigenvalue has a finite multiplicity and that n; — —o00, n{ — +00 as
i— 00.

We shall show that the functional I satisfies the geometrical assumptions of the critical
point theorem for the indefinite functional.

By the following lemma, I(x) € C}(E,R) and the solutions of (3.1) coincide with the
nonzero critical points of I(u).

Lemma 3.1 Assume that g satisfies (g1)-(g3). Then I(u) is continuous and Fréchet differ-
entiable in E with the Fréchet derivative

I'(w)h = /Q[—m “hy + vy by — g, t, u)h ) dx dt
= (Pyu,P.h) — (P_u,P_h) - /Qg(x, t,u)hdxdt
forall h € E. Moreover, if we set
F(u) = /Q Glx, t,u)dx dt,
then F'(u) is continuous with respect to weak convergence, F'(u) is compact, and
F'(u)h = /Qg(x, t,u)hdxdt forallheE.

This implies that I € CY(E, R) and F(u) is weakly continuous.
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For the proof of Lemma 3.1, refer to [6].
Lemma 3.2 Assume that g satisfies (g1)-(g3). The problem

U — Uxy in E;
u(0,t) = u(m,t) =0,

(3.4)
ulx, t+T)=u(x,t),

ut(x) 0) = ut(xr T) Vx € [Or ”]
has only a trivial solution.

Proof Let Au = uy — yy. Since HNN(A) = {0}, ENN(A) = {0}. Thus (3.4) has only a trivial
solution. 0

Lemma 3.3 Assume that g satisfies (gl)-(g3). Then I(u) satisfies the Palais-Smale condi-
tion: If for a sequence (u,,), I(u,,) is bounded from above and I' (u,,) — 0 as m — oo, then

(t4m) has a convergent subsequence.

Proof Let (u,,) be a sequence with I(u,,) < M and I'(4,,) — 0 as m — oo. It suffices to

show that (u,,) is bounded. By contradiction, we suppose that | u,,|| — oo as m — co. Let

Wi = 2. Then ||w,, = 1|| and w,, converges weakly to an element, say w. Then we have

T Numl
M I(MM) 1/ 2 2 G(x,t,bim)
< = 10l + | vms]] - / Gt ien) (3.5)
ltmll> = Nl 2 Q[ ()" [0} ] o luml?
Since G(x,t, u) is bounded, letting moo in (3.5), we have
051imP+wm—limP,wm:/[—|wt|2+|wxx|2]. (3.6)
Q
On the other hand, we have
I'(u) / 2 2 gl t, uy)
< D e ] - / gl Ly i), (37)
24,012 Q[ [+ | ] o ltml?

Letting m — oo in (3.7), we have
0= Lim [[Pawy,|* - lim |[P_w,,|* = / [=1wel + W *] = 1Pow]* = [P_w]*.  (3.8)
m—>00 m—>00 Q
By (3.6) and (3.8), lim,— o [|1Ps Wy |? = |IP,w|? and lim,, .« [[P-w,,||? = [|P-w||?. Thus
limy,— o0 [[Wi || = |lwll, so w,, converges strongly to w and by (3.8), w is a weak solution
of the problem

Wy —Wyee =0 inE.

By Lemma 3.2, w = 0, which is absurd for the fact that ||w|| = 1. Thus (i,,) is bounded. [

Page 6 of 8
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Let
Q=(BrNE.)® {relec 3B, NE, 0 <r<R}.

Lemma 3.4 Assume that g satisfies the conditions (g1)-(g3). There exist a subspace E C E
and sets 0B, CE, Q C E and constants p > 0 and o > 0 such that
(i) 9B, CE, and1|aBp >,
(ii) there are e € 3By NE, and R > p such that if Q = (Bg N E_) & {re|0 < r < R}, then
1150 <0,
(iii) there exists uy € E\Q such that ||ug|| > R and I(uy) <0,
(iv) 8B, and 3Q link.

Proof (i) Let u € E,. Since G(x, t, u) is bounded, there exists a constant C > 0 such that

1 1
I(w) = = |Pyul® - = |P_ul? —/ G(x, t, u)
2 2 o

> 1||P+M||2 -C
-2
for C > 0. Then there exist a constant p > 0 and a constant « > 0 such that if u € 9B, N E,,
then I(u) > «.
(ii) Let us choose an element e € By NE,. Let u € (B,NE_) ® {re|l0 <r}. Then u=v + w,
v € B, NE_, w = re. We note that

ifve B,NE_, then [Q[—|vt|2 + |Vx|2] dxdt < n;llv||%2(m <0.

Thus we have

1 1
Iw) = =r* - —||V||2—/ G(x,t,v + re)
2 2 Q
1, 1 _ 9
= Er + 5771 ”V”L2(Q) + Cl

for C; > 0. Then there exists R > p > 0 such thatif # € Q = (Bg N E_) @ {re|0 < r < R}, then
I(u)]3q < 0.

(iii) Let us choose uy € E\Q. By (ii), I(xo) <O0.

(iv) S and Q link at the set {e}. O

Proof of Theorem 1.1 By Lemma 3.1, I(u) is continuous and Fréchet differentiable in E.
By Lemma 3.3, the functional [ satisfies the (PS) condition. We note that /(0) = 0. By
Lemma 3.4, there are constants p > 0, « > 0 and a bounded neighborhood B, of 0 such that
I|38,ne, > @,and therearee € 9By NE, and R > p such thatif Q = (BRNE_)®{re|0 < r<R}.

Let us set
Ir= {y € C(Q,H)|y =id on 8Q}.
By Theorem 3.1, I possesses a critical value ¢ > «. Moreover, ¢ can be characterized as

= inf I .
= Jnf gl (r)

Page 7 of 8
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Thus we prove that I has at least one nontrivial critical point, we denote by # a critical
point of I such that I(iz) = ¢. We claim that ¢ is bounded. In fact, we have

¢ < max I(tugp),
0<t<1

and by (g3),
2 1 2 1 2
I(tuo) = t°( S IPruoll” = s IIP-uoll” ) = [ Gl t, Tuo) dxdt
2 2 o
= T2||Mo||2—/ G(x, t, Tuo) dx dt
Q
< Gt fluoll® + G

for some constant C; > 0. Since 0 < t <1, ¢ is bounded:

c<C. (3.9)

We claim that # is bounded. In fact, by contradiction, &ty + i, = g(%, ¢, ) and, forany K > 0,
maxg |u#(x, t)| > K imply that

1
c=1(@1) = 5(||p+a||2— ||P_17l||2)—/ G, t, i) dx dt
Q

is not bounded, which is absurd to the fact that ¢ = I(i) is bounded. Thus # is bounded, so
(1.1) has at least one bounded weak solution, and hence we prove Theorem 1.1. O
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