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Abstract
In this paper, we obtain the unique solution for the following periodic problem

X"()=g(t,x@),X (1), telab),
x(@) =x(b), X'(a@)=x(b),

where g : [a,b] x R? — R is a continuous function, by constructing an auxiliary
system with bounded solutions. The upper and lower solution method and an
anti-maximum principle are employed to establish the monotone iterative sequences
and obtain the extremal solutions for the auxiliary system.
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1 Introduction

This paper is concerned with the unique solution to the following periodic problem:

x'(t) = g(t, (), %' (¢)), t€(a,b),

(1.1)
x(a) =x(b),  «'(a)=x'(b),

where g : [a,b] x R?2 — R is a continuous function.

It is well known that the upper and lower solution method together with the iterative
technique is a powerful tool for proving the existence results for boundary value problems
(see [1-12] and the references therein). Recently, the case when the upper solution and
the lower solution are in the reversed order has received some attention (see [2—9] and
the references therein). The monotone approximation method can be used in the case the
lower and upper solutions are in the reversed order < «. This method works for any
boundary value problem such that a uniform anti-maximum principle holds. This is the
case for the Neumann and periodic problems.
© 2013 Yang et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.boundaryvalueproblems.com/content/2013/1/88
mailto:yangaij2004@163.com
mailto:whl982032@163.com
http://creativecommons.org/licenses/by/2.0

Yang et al. Boundary Value Problems 2013, 2013:88 Page 2 of 12
http://www.boundaryvalueproblems.com/content/2013/1/88

For example, Cabada et al. in [3] used iteration schemes based on problems like

o) = 2kla), —a,_| + Aoy, =f(t, 01,00 _1) + Aoy,

a,(a) =a'(b) =0,
discussed a Neumann boundary value problem

u'(t) =f(t,u(t),u(t), telabl,
x'(a) =x'(b) = 0.

In [4], Torres and Zhang considered a kind of 27 -periodic boundary value problem. The
strategy of this paper was to exploit an anti-maximum principle for the linear equation in
order to construct a monotone approximation scheme converging to the solution.

In [8], Zuo et al. further developed the monotone method and invested the T-periodic
solution of

y'(0) =f(t,5@®),y(w(®)), teR. 1.2)

They used the monotone iterative technique with upper and lower solution in reversed
order to define two sequences that converge uniformly to extremal solution of (1.2). How-
ever, they did not construct the explicit expression of the monotone iterative sequences.

We have investigated the periodic problems (1.1) in [13] by introducing the following
auxiliary periodic system:

u'(t) = f&,u(t), o (t), v(2)),
V() = £, v(8), v (2), u(?)),
u(a) = u(b), u'(a) = u'(D),
v(a) =v(b),  V(a)=V(D),

where f : [a,b] x R? — R is a L'-Carathéodory function, and f (¢, u, w, u) = g(¢, u, w).

Motivated by the above works, we are mainly concerned with the periodic problem (1.1).
One might have noticed that computing the iterative sequences {«,} and {8, } can be a dif-
ficult work in those existed papers. In this paper, by adopting an auxiliary periodic system
and an anti-maximum principle which are different from that in the reference [13], we also
obtain the unique solution for the problem (1.1).

Here, we introduce the following auxiliary periodic system:

u’ (t) + Ku(t) = f(t, u(t), u'(¢), v(t)) + Kv(t), te(a,b),
V() + Kv(t) =f (¢, v(t), V' (£), u(t)) + Ku(t), te(a,b),
u(a) =u(b),  u'(a)=u'(b),
v(a)=v(b),  V(a)=V (D),

(1.3)

where f : [a,b] x R? — R is a continuous function and f (¢, u, w, u) = g(¢, u, w), the constant
K is defined in Section 3.
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The organization of this paper is as follows. We shall introduce some useful lemmas
in Section 2. The main results and their proof about auxiliary periodic (1.3) are given in
Section 3. Section 4 gives the unique solution of (1.1) and an example is introduced.

2 Related lemmas
For the convenience of the reader, we give some lemmas which will be used in the next
section. Firstly, recall the continuation theorem of Mawhin.

Lemma 2.1 [12] Let X and Y be two Banach spaces with norms | - | x and || - ||y, respec-
tively, and Q C X an open and bounded set. Suppose L : X NdomL — Y is a Fredholm
operator of index zero and N, : Q@ — Y, A € [0,1] is L-compact. In addition, if

(Al) Lx #ANx for » € (0,1), x € (domL \ kerL) N 9<2;

(A2) Nx¢ImL forx ekerL N o

(A3) deg{/QN|gnwerr» 2 NkerL,0} # 0, where Q: Y — Y is a projection such that

ImL =ker Q and ] : Im Q — kerL is a homeomorphism.

Then the abstract equation Lx = Nx has at least one solution in Q.

Secondly, to prove the validity of the monotone iterative technique, we present the anti-

maximum comparison principle as follows.

Lemma2.2 (1] Letp € R,q>0,0 € LY(a,b) and A € R. Suppose u is a solution of

x"(8) + 2p|x' (8)| + qx(¢) = o (¢), te€(a,b),
x(a) —x(b) =0, x'(a)-x'(b)=A

(2.1)

forsome A >0 and o > 0. Then u > 0 provided that p > 0 and 0(q,p) > b;—“, where

L__ arctanh &£ 27‘7,
A P-q ?
9(61,19) = %, 0<gq :pz, (2.2)

_1
v a-r?

0<q<p?

(Z —arctan —£=), 0<p’<q.

: i
Finally, recall some classical integral inequalities.
Lemma 2.3 [14] Ifu € C'{a,b) is such that % = 0, where 1 = b%a fab u(s)ds. Then

b-a

lalls < =2 |, Nulloo < Vo—al|ud|,. (2.3)

T

3 Extremal solution for (1.3)
Functions o, B € C?[a, b] are said to be a pair of lower and upper solutions to (1.3) if they
satisfy

o’ (t) + Ka(t) = f(t,a(t), o (t), B(t) + KB(£), te(ab),
a(a) = a(b), o'(a) > o' (b),
B (&) + KB(t) <f(¢t, B(), B'(2),a(t)) + Kee(t), t € (a,b),
Ba)=pBb),  B'la) <B'(b)
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For given «, B € Cla, b], we shall write 8 < « if 8(£) < «(¢) for all ¢ € [a, b]. In such a case,

we shall denote
[B,a] = {u € Cla,b]: B(t) <u(t) <alt),te [a,b]}.
Assume that there exist constants N > 0, M,L > 0 and K > 0 such that L — K > 0, we

need the following hypotheses:
(H1) For given «, 8 € Cla, b] with 8 < «,

[f (t,%,91,2) = f(t,%,y2,2)| <Nly1 = yal,  Vx,z € [Bal,y1, 92 € R;
(H2) For<ay <x <a,B<z1 <z <aq,

St x1,y,21) = f(E,%2,9,22) = M(x1 — x2) — L(z1 — 22);
(H3) 1- 22N - (2)2K > 0;
(H4) b-a<20(K, %‘/), where 6 is defined in (2.2).

In order to develop the monotone iterative technique for (1.3), we shall first consider the

existence of solutions for the following periodic problems:

u”(t) + Ku(t) = Fe, (t, /' (t)), te<(a,b),
u(a) = u(b), u'(a) = u'(b)

(3.2)

and

V'(t) + Kv(t) = F e (t,V'(t), tel(a,b),
v(a)=v(b),  V(a)=Vv(b)

(3.3)

for each fixed &, € [B8, o], here

F‘?,n(t: w) :f(t"i:"% 77) + K7, F’%S(t’ w) :f(tr n, W"i:) +K§.

Lemma 3.1 Assume that (H1), (H3) and (H4) hold. Then the problems (3.2) and (3.3) have

unique solutions.
Proof In order to apply Lemma 2.1 to (3.2), we choose the Banach spaces X = C![g, b] with

the norm ||z = max{|| |0, |||}, Wwhere ||st|| oo = MaX;e(qp) [4(2)], and Y = Cla, b]. Define

the linear operator
L:domLCX—Y, [Lu)®) =u"(t)
and the nonlinear operator

N:X—Y, (Nu)®)=Fe,(tu(0)-Ku(),

Page 4 of 12
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here,

domL = {ueX:ueCablula)=ub)ua) =ub).
Let

(Pu)(t) =u, (Qu)(t) =u,

where u = fah u(s)ds. Then, kerL = {c e domL : ¢ € R} and

1

b-a
b

ImL = {ue Y:/ u(s)ds:O}.

Now, Im L is closed in Y. It is easy to see that ImL = ker Q and dimkerL =1 =dimImQ =
codimIm L. Thus, L is a linear Fredholm operator with index zero.
Furthermore, let L, = L|gom nkerr and K, : Im L — dom L N ker P denoting the inverse of

L, be given by

b
(Kpu)(t):/ k(t, s)u(s) ds,
where

1 (s—a)2t-b-s), a<s<t=<b,

k(¢,s) :=
(©9) 20-a) |(b-s)a+s-2t), a<t<s<bh.

Obviously, QN and K,(I — Q)N are continuous. By Arzela-Ascoli theorem, we can show
that K,(I- Q)N (Q) is relative compact for any open bounded set 2 C X. Moreover, QN (2)
is bounded. Thus, N is L-compact on Q2.

In the following, we complete the remainder proof by four steps.

Step 1. Define ©; = {u € domL \ kerL : Lu = ANu, » € (0,1)}. For any u € Q;,

u'(t) = AFg,, (¢, ' (£)) — AKu(?). (3.4)
Integrating (3.4) on [a, b] to obtain
1 b
Ku = 5= / F: (s, u’(s)) ds. (3.5)
Setx = u —u, thenx € domL, x = 0, " = /. It follows from (3.4) and (3.5) that
2 b
X" (t) = MFs, (t, x/(t)) — MKx(t) - P / Fg, (s, x/(s)) ds. (3.6)
- a

Notice that ¥ = 0, by Lemma 2.3, we have

%l < Vb —alx],.

b—
Ills < =[],

Page 5 of 12
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In view of (H1), we have

|Fe (6, w)| = |f(t,6,w,m) + Kn|
< (&6, wm —f(t£0,m] + |f(&.£0,n)] + Kl
<Nw|+C

for some constant C. Multiplying (3.6) by x(¢) and integrating it on [a, b], we can obtain

b ) b b )
f |¥'(6)|"dt = -1 / x(t)Fs (6, %' (£)) dt + LK / ()| dt

b b b
51(/ yx(t)|2dt+N/ |x(t)||x/(t)|dt+C/ |x(2)| dt

bh—a\2 b b 1/ b :
5K<Ta> f |x’(t)|2dt+N(/a |x(t)|2dt> (/ Ix’(t)|2df)

1

b 2
+ C«/b—a(/ |x(t)|2dt)

b-a\’  b-a cb-a?
= (k(222) N 4 P e,

Notice the condition (H3), we can find a constant M; > 0 such that ||x'||, < M; and also

I%llco < /b —aM;. Now,

NM,; C
|u|_K7f |F§,,su s))|ds_K /|u(t)‘dt+K K«/m X

implies

C
lulloo < lI¢lloo + %] < Vb —aMy + ———

=M.
< m 2

Since u(a) = u(b), there exists g € (a, b) such that #'(ty) = 0. Then

b
u'(t)] 5/ |u"(¢)| dt
b b
5/ |Fg,,,(t,u/(t))|dt+l(/ |u(t)| dt

<NvVb—-—aM;+C(b-a)+K(b-a)M,

= M?))

i.e |t]l0o < M;3.Hence, Q; is bounded.
Step 2. Let Q5 = {u € ker L : QNx = 0}. For u € Q,, we have u = c € R, and

b

1
QNc = b=al. [Fe,n(2,0) — Kc] dt = 0.

Page 6 of 12
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Then

1 b c
)/ Ffvﬂ(t’O)dt andso |c| < = <My,

““Kb-a K=

that is, €2, is bounded.

Step 3. Let 2 D ©; U ©, with € open and bounded. Clearly, conditions (Al) and (A2)
in Lemma 2.1 are satisfied. The remainder is to verify (A3). To this end, we define an iso-
morphism J: ImQ — kerL by J = I. Let

H(M,,bL) :/LM+(1—/L)]QNM, (Mrﬂ)€§x [0,1],

b
H(u, ) = pu + 5 e / (Fg,,7 (s, u’(s)) - Ku(s)) ds.

It is easy to see that H(u, u) # 0 for (u, ) € (32 NkerL) x [0,1]. Hence,

deg{JON |gnerr, 2 NkerL, 0}
= deg{H(-,0), 2 NkerL,0}
=deg{H(-1),2NkerL,0}
=deg{l,2NkerL,0}

#0.

Lemma 2.1 yields that Lu = Nu has at least one solution.

Step 4. We claim that the problem (3.2) has a unique solution. Suppose to the contrary,
that there exist two solutions #; and u, of (3.2).

Let u = up — uy, by (H1) and (H4),

u”(t) + Ku(t) = F,(t, uy(t)) — Fsp (£ u,(2))
= (6,60, uy(2),n(2)) - f (6 £ (), u; (£), n(2))
> —N|ujy(t) - u ()]

= —N|u/(t)|.

Applying Lemma 2.2, we have u(£) > 0 on [a, b]. That is, uy > u;. Also, we can obtain
u1 > uy by the same method. Thus, u; = u,.

By a similar argument, we can obtain the existence of unique solution for the problem
(3.3). O
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Now, we investigate the extremal solution of the periodic system (1.3). For given «, 8 € X,
we consider the approximation schemes

o =0, Bo = B>

o, + Ko, = f(t, 01,00, Bu1) + KBy,

By + KBu =f(t, Bu-1, By 1) + Koty 1, (3.7)
ay(a) = ay(b), a,(a) = a, (D),

Bu(a) = Bu(D), B(a) = B,,(b),

Now, we give the main result for (1.3).

Theorem 3.1 Assume that o, B are a pair of lower and upper solutions of (1.3) defined by
(3.1) such that B < o. Suppose that (H1)-(H4) hold.

Then there exist two monotone iterative sequences {a,},{B,} C [B, ], non-increasing and
nondecreasing, respectively, defined by (3.7) such that a,, — u*, B, — v* (n — 00) uni-
formly on t € [a, b], and the pair (u*,v*) is a solution of (1.3) satisfying

B<v'<u'<a.
Moreover, any solution (u,v) of (1.3) with B <u <«, B <v <o« is such that
vi<u<u®, vi<v<u®.

Proof Let R = {(u,v) € Cla,b] x Cla,b] : u > 0,v < 0} be an ordered normal cone, the
order is defined by

(ui,v1) < (u2,v2) = w1 <uy, ViZ V)

for any (u1,v1), (uz,v2) € R. We define the operator T: [B8,a] X [B,a] > X x X by T'(§,n) =
(#,v), where u and v are the unique solutions of problems (3.2) and (3.3), respectively, with
given &, 7 € [B, a]. Firstly, we claim that the mapping T has the following properties:

i) Ba) <T(a,B) < (@, B);

(ii) T(&1,m) < T(62,m2), when (§1,m) < (62,m2), §i,mi € [B ), i=1,2.
We start with (i). Set (o4, 81) = T(«, 8), w = @ — «1. From (H1) and (H2), we have

w'(t) + Kw(t) > f (¢, a(2), &' (8), B(2)) + KB() —f (£, (2), o1 (2), B(2)) = KB(2)
> —N!a’(t) - a{(t)| = —N|w/(t)

, te(a,b).

Obviously, w(a) = w(b) and w'(a) > w/(b). By Lemma 2.2, we have w > 0, and so o > 0.
A similar argument shows that 8; > 8. Thus, T(«, 8) < («, B). Set w = o; — S, then

w'(£) + Kw(t) > f (t, a(t), a1 (£), B(2)) + KB(t) —f (¢, B(2), B'(2), a(2)) — Kax(2)
= [f (&, a(0),01(2), B(D) - f (£, x(2), B(2), B()) ]
+[f (&), @), B(t) —f (¢ B@), B'(8),a(1))] - K((2) - B(£))

Page 8 of 12
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> —Nlaj(6) - B(6)| + (M + L - K)(a(t) - ()

> -N|w'(t)

, tel(a,b).

Lemma 2.2 implies that «; > . Similarly, we can check that @ > ;. Hence, (8,a) <

T(a, B).
Now, we prove (ii). Let T(&;,7;) = (ui, vi), i =1,2. Set w = 1 — uy,
w'(£) + Kw(t) = Fey, (& 1y () — Fey o, (8 u1(2))
= f(& &), uy (), ma(2)) - f (£, 6.(8), uy (), m(1)) = K (m(2) - n2(2))
= [f (650, u5(0), n2(8)) = £ (£, E2(0), 1;(8), 12(0)) ]
+[f (& &(8), u, (), m2(0) = £ (£, €0(8), w1 (), m(8)) | = K (&) — ma(2))
> —N|uy(t) - uy ()| + M(&(0) - &.(2)) + (L = K) (m(2) — n2(0))
> -N|w'(t)

, tel(ab).

Applying Lemma 2.2, we get u; > u;. A similar argument shows that v; > v,. Thus,
T(&2,m2) = T(1,m)-

To prove the sequence {«,} and {B,} are bounded, we define {(c,, B,)} by (¢y11, Bus1) =
T (cty> Bn). Notice that {(«,, B,)} is non-increasing and {(B,,®,)} is non-decreasing. It is
clear that {«,} and {B,} are bounded. Hence, there exists a constant C; > 0 such that
max{ || llcos | Bulloo} < Ci forall m € N, and

OlZH(I) + Koty (t) = Fan,ﬂ,, (t: Ol}lﬁl(t)),

Brr1 (&) + K i (£) = Fp,a, (£ B (0)).

Essentially, the same as in the proof of Lemma 3.1 guarantees that there exists a constant
C, > 0 such that max{||et), [l | B, loc} < Co. This shows that {(«,,, B,)} converges in X, i.e.
there exists (u#*,v*) € X so that («,, B.) = u*,v*), Bo < u* < ag, Bo < v* < ap, and also
Bo <v* <u* <ap from (i).

Finally, we will prove that any other solution (¢, v) € X of (1.3) such that (8¢, o) < (&, v) <
(ag, Bo) satisfies

vVi<v<u',  Vi<u<u’

We can proceed as in the proof of (i) to show that (8,,a,) < (4,v) < (@, Bu), i.e. By <
u<ayand B, <v<a, n=0,1,2,.... Hence, v <u < u* and v* <v < u*, ie. (v¥,u*) <
(u,v) < (u*,v"). O

Remark 3.1 Comparing with the main result (Theorem 3.2) in [8], we construct the ex-
plicit expression of the monotone iterative sequences {«,} and {8,} by (3.7) in Theo-
rem 3.1, while reference [8] didn’t do so.

Remark 3.2 Notice that if («,u) is a solution of the auxiliary system (1.3), then u is a
solution of the given problem (1.1) under the assumption f (¢, u, w, u) = g(¢, u, w). Thus, u*
and v* are bounds on solutions of (1.1).


http://www.boundaryvalueproblems.com/content/2013/1/88

Yang et al. Boundary Value Problems 2013, 2013:88 Page 10 of 12
http://www.boundaryvalueproblems.com/content/2013/1/88

If the bounds #* and v* obtained in Theorem 3.1 are equal, then u* = v* is a unique
solution of the problem (1.1). In particular, under appropriate assumptions, this theorem

provides an approximation scheme to the unique solution of (1.1).

4 Unique solution for (1.1)
Theorem 4.1 Suppose that the conditions (H1)-(H4) hold. Then the periodic problem (1.1)

has a unique solution provided that M + L > 2K + NTZ.

Proof If u* > v*, we compute

b
/ (V@) = (u*®)") + K(v* @) - u* ()] (u* () - v*(2)) dt

b
- f [(F(&v @), (v ), u* @) - f (&, u* @), (u* @), V(D))

+ K(u*(t) - v*(t))] (u*(t) - v*(t)) dt

b
5—(M+L—K)/ | () - v ()| dt
b 2 % b / 7112 %
+N(/ |u*(8) = v (©)] dt) (/ |(v:(@®) = (u*(0)) | dt)
=: Q1.

On the other hand,

b
_ / ()" = (@ ®)") + K(v* () —u*@®) ] (v'(t) — u*(2)) dt

b / 7112 b 2
=/ [(v:(®) = (u*(®)) | dt—l(/ |v*(8) —u* ()| dt
= Q2.

If we denote y; = (/7 [u*(£) - v*(£)|*dt)? and y, = ([ |(w*(2)) = (v*(2)) |2 d£)?, then

Q-Q =v; —Kyt +(M+L-K)y} -Nny

N \? N2
= (yz— EJ“) + (M+L—2K—T)y12

>0,
which is a contradiction. O

Example 4.1 Consider the problem

u'(t) =g(t,u(t),u'(t), te(0,2m),
u(0) = u(2m), u'(0) =u'(2m).

(4.1)
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Corresponding to the problem (1.1), we take a = 0, b = 2 and

(t.x9) ¢ o> 1/ 7*\', =& . 4.2)
XY) = ——=+ —x——| —= ) ¥+ —=arctany. .
BB = S %102 T 500" 2\ 200 1002 oy
Let
e ) t o> 1w \*, =« .
W)=t ————X——| — ) T + arctany.
P2 = %102 T 500"~ 4\ 200 1042 oy

Consider the following system:

u’(t) + 75 400 u(t) =f(t u(®), u'(£),v(t) + 400 v(t) t €(0,2m),
VI(8) + Zov(t) = £ (6, v(8), v (8), u(®) + Esu(t), ¢ e (0,27),

(4.3)
u(0) = u(2m), u'(0) = u/'(27),
v(0) = v(2m), V'(0) =v'(2m)
with K = 755 correspondmg to (1.3). Clearly, the system (4.3) has o = 2% and g = —4%
as the lower and upper solutlons respectively according to the deﬁmtlon by (3.1). Take
M= égo ,N = f and L = K = ;. It is easy to check that the conditions (H1)-(H3) hold.
Since K > T’

N? 1 g
9(1(,;) = —(%—arotan#> =52 > 7.
K- K-2

Thus, (H4) is satisfied. Thanks to Theorems 3.1, the system (4.3) has a solution (&*, v*). In
view of the values of N, K, M, L, we have M + L > 2K + ]%2. Hence, Theorem 4.1 implies
that u* = v*, that is, the problem (4.1) has a unique solution.

Remark 4.1 When o = %0, B = 400, and g is given by (4.3), Example 4.1 does not sat-
isfy the conditions imposed in [1, Theorem 3.3] because «, B are not a pair of lower and
upper solutions of Eq. (3.7) in [1]. In fact, our definitions of the lower and upper «, S,
and the monotone iterative sequences {«,,}, {8,} are all different from [1, Theorem 3.3]. In
addition, the ultimate goal of this paper is the unique solution of (1.1) by constructing an
auxiliary system (1.3), which is one of the highlights of this article.
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