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Abstract
In this paper, the boundary value problem for the differential-operator equation with
principal variable coefficients is studied. Several conditions for the separability and
regularity in abstract Lp-spaces are given. Moreover, sharp uniform estimates for the
resolvent of the corresponding elliptic differential operator are shown. It is implies
that this operator is positive and also is a generator of an analytic semigroup. Then
the existence and uniqueness of maximal regular solution to nonlinear abstract
parabolic problem is derived. In an application, maximal regularity properties of the
abstract parabolic equation with variable coefficients and systems of parabolic
equations are derived in mixed Lp-spaces.
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1 Introduction
It is well known that many classes of PDEs, pseudo DEs and integro DEs can be expressed
as a differential-operator equation (DOE). DOEs have been studied extensively in the lit-
erature (see [–] and the references therein). Note the regularity results for the PDE
studied e.g. in [, –]. The main goal of the present paper is to discuss the maxi-
mal regularity properties of nonlocal boundary value problems (BVPs) for the following
DOE:

n∑
k=

ak(x)
∂u
∂xk

+A(x)u +
n∑
k=

Ak(x)
∂u
∂xk

= f (x), x ∈G ⊂ Rn. (.)

Afterwards, the well-posedness of initial and BVP (IBVP) for the following abstract
parabolic equation:

∂u
∂t

+
n∑
k=

ak(x)
∂u
∂xk

+A(x)u +
n∑
k=

Ak(x)
∂u
∂xk

= f (x, t), t ∈ (,T),x ∈ G,

is derived, where ak(x) are complex-valued functions, A and Ak are linear operators in a
Banach space E, u(x) and f (x), respectively, are an E-valued unknown and data function.
By using this, we obtain the existence and uniqueness result of IBVP for the following
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nonlinear parabolic equation:

∂u
∂t

+
n∑
k=

ak(x)
∂u
∂xk

+ B(t,x,u)u = F(t,x,u,∇u).

Finally, we discuss the application of the above result to systems of parabolic PDEs. Par-
ticularly, we consider the system that serves as a model of systems used to describe pho-
tochemical generation and atmospheric dispersion of ozone and other pollutants. The
model of the process is given by the atmospheric reaction-advection-diffusion systemhav-
ing the form

∂ui
∂t

=
∑

k=

[
aki(x)

∂ui
∂xk

+ bki(x)
∂

∂xk
(uiωk)

]

+
∑

k=

dkuk + fi(u) + gi, x ∈D, t ∈ (,T),

where

D =
{
x = (x,x,x),  < xk < bk ,

}
,

ui = ui(t,x), i,k = , , , u = u(t,x) = (u,u,u),

and the state variables ui represent concentration densities of the chemical species in-
volved in the photochemical reaction. The relevant chemistry of the chemical species in-
volved in the photochemical reaction appears in the nonlinear functions fi(u) with the
terms gi, representing elevated point sources, and where aki(x), bki(x) are real-valued func-
tions. The advection terms ω = ω(x) = (ω(x),ω(x),ω(x)) describe transport of the veloc-
ity vector field of atmospheric currents or wind; see [] and references therein.

2 Definitions, notations, and background
Let E be a Banach space. Lp(�;E) denotes the space of stronglymeasurable E-valued func-
tions that are defined on the measurable subset � ⊂ Rn with the norm

‖f ‖Lp = ‖f ‖Lp(�;E) =
(∫

�

∥∥f (x)∥∥p
E dx

) 
p
, ≤ p < ∞.

The Banach space E is called an UMD-space if the Hilbert operator

(Hf )(x) = lim
ε→

∫
|x–y|>ε

f (y)
x – y

dy

is bounded in Lp(R,E), p ∈ (,∞) (see, e.g., []). UMD-spaces include e.g. Lp, lp spaces
and Lorentz spaces Lpq, p,q ∈ (,∞).
Let

Sψ =
{
λ ∈C, | argλ| ≤ ψ , ≤ ψ < π

}
, Sψ ,κ =

{
λ ∈ Sψ , |λ| > κ > 

}
.

http://www.boundaryvalueproblems.com/content/2014/1/43


Shakhmurov and Sahmurova Boundary Value Problems 2014, 2014:43 Page 3 of 21
http://www.boundaryvalueproblems.com/content/2014/1/43

A linear operator A is said to be ψ-positive in a Banach space E with bound M >  if
D(A) is dense on E and ‖(A + λI)–‖L(E) ≤ M( + |λ|)– for any λ ∈ Sψ ,  ≤ ψ < π , where I
is the identity operator in E, and L(E) is the space of bounded linear operators in E. It is
well known [, §..] that there exist fractional powers Aθ of a positive operator A. Let
E(Aθ ) denote the space D(Aθ ) endowed with the norm

‖u‖E(Aθ ) =
(‖u‖p + ∥∥Aθu

∥∥p) 
p , ≤ p < ∞,  < θ < ∞.

Let E and E be two Banach spaces. By (E,E)θ ,p,  < θ < ,  ≤ p≤ ∞, will be denoted
the interpolation spaces obtained from {E,E} by the K-method [, §..].
Let N denote the set of natural numbers. A set 
 ⊂ B(E,E) is called R-bounded

(see, e.g., []) if there is a positive constant C such that for all T,T, . . . ,Tm ∈ 
 and
u,u, . . . ,um ∈ E,m ∈N,

∫
�

∥∥∥∥∥
m∑
j=

rj(y)Tjuj

∥∥∥∥∥
E

dy≤ C
∫

�

∥∥∥∥∥
m∑
j=

rj(y)uj

∥∥∥∥∥
E

dy,

where {rj} is a sequence of independent symmetric {–, }-valued random variables on �.
The smallest C for which the above estimate holds is called a R-bound of the collection 


and denoted by R(
).
Since we will consider the problem with spectral parameter, we need the concept of the

uniformR-boudedness of a parameter-dependent family of operators. A set
h ⊂ B(E,E)
is called the uniform R-bounded with respect to the parameter h ∈ Q ⊂ C if there is a
constantM independent on h such that

∫
�

∥∥∥∥∥
m∑
j=

rj(y)Tj(h)uj

∥∥∥∥∥
E

dy ≤M
∫

�

∥∥∥∥∥
m∑
j=

rj(y)uj

∥∥∥∥∥
E

dy

for all T(h),T(h), . . . ,Tm(h) ∈ 
h and u,u, . . . ,um ∈ E,m ∈ N and {rj}. It is implied that
suph∈Q R(
h)≤M.
The ψ-positive operator A is said to be R-positive in a Banach space E if the set LA =

{ξ (A + ξ )– : ξ ∈ Sψ }, ≤ ψ < π , is R-bounded.
The operator A(t) is said to be ψ-positive in E uniformly with respect to t with bound

M >  if D(A(t)) is independent of t, D(A(t)) is dense in E and ‖(A(t) + λ)–‖ ≤ M
+|λ| for all

λ ∈ Sψ , ≤ ψ < π , whereM does not depend on t and λ.
Let E and E be two Banach spaces. E is continuously and densely embedded into E.

Let � be a domain in Rn and m be a positive integer. Wm,p(�;E,E) denotes the space of
all functions u ∈ Lp(�;E) that have generalized derivatives ∂mu

∂xmk
∈ Lp(�;E) with the norm

‖u‖Wm,p(�;E,E) = ‖u‖Lp(�;E) +
n∑
k=

∥∥∥∥∂mu
∂xmk

∥∥∥∥
Lp(�;E)

<∞.

For n = , � = (a,b), a,b ∈ R, the spaceWm,p(�;E,E) will be denoted byWm,p(a,b;E,E).
For E = E the spaceWm,p(�;E,E) is denoted byWm,p(�;E).
Sometimes we use one and the same symbol C without distinction in order to denote

positive constants which may differ from each other even in a single context. When we
want to specify the dependence of such a constant on a parameter, say α, we write Cα .
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The embedding theorems in vector-valued spaces play a key role in the theory of DOEs.
For estimating lower order derivatives we use following embedding theorems from [].

Theorem A Suppose the following conditions are satisfied:
() E is a UMD-space and A is an R-positive operator in E;
() α = (α,α, . . . ,αn) is an n-tuple of nonnegative integer numbers and m is a positive

integer such that

κ =
n∑
k=

|α|
m

≤ ,  ≤ μ ≤  –κ,  < p < ∞;

() h is a positive parameter with  < h ≤ h, where h is a fixed positive number;
() � ⊂ Rn is a region such that there exists a bounded linear extension operator from

Wm,p(�;E(A),E) toWm,p(Rn;E(A),E).
Then the embedding DαWm,p(�;E(A),E) ⊂ Lp(�;E(A–κ–μ)) is continuous and for u ∈
Wm,p(�;E(A),E) the following uniform estimate holds:

∥∥Dαu
∥∥
Lp(�;E(A–κ–μ)) ≤ hμ‖u‖Wm,p(�;E(A),E) + h–(–μ)‖u‖Lp(�;E).

Remark . If � ⊂ Rn is a region satisfying the strong m-horn condition (see [, §]),
E = R, A = I , then for p ∈ (,∞) there exists a bounded linear extension operator from
Wm,p(�) =Wm,p(�;R,R) toWm,p(Rn) =Wm,p(Rn;R,R).

TheoremA Suppose all conditions of Theorem A are satisfied and  < μ ≤  –κ.More-
over, let � be a bounded region and A– ∈ σ∞(E). Then the embedding

DαWm,p(�;E(A),E
) ⊂ Lp

(
�;E

(
A–κ–μ

))

is compact.

Theorem A Suppose all conditions of Theorem A are satisfied. Let  < μ ≤  – κ. Then
the embedding

DαWm,p(�;E(A),E
) ⊂ Lp

(
�;

(
E(A),E

)
κ,p

)

is continuous and there exists a positive constant Cμ such that for all u ∈ Wl
p(�;E(A),E)

the uniform estimate holds:

∥∥Dαu
∥∥
Lp(�;(E(A),E)κ,p)

≤ Cμ

[
hμ‖u‖Wm,p(�;E(A),E) + h–(–μ)‖u‖Lp(�;E)

]
.

From [, Theorem .] we obtain the following.

Theorem A Let E be a Banach space, A be a ϕ-positive operator in E with bound M,
 ≤ ϕ < π . Let m be a positive integer,  < p < ∞ and α ∈ ( 

p ,

p + m). Then, for λ ∈ Sϕ

an operator –A


λ generates a semigroup e–xA



λ which is holomorphic for x > . Moreover,
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there exists a positive constant C (depending only on M, ϕ,m, α, and p) such that for every
u ∈ (E,E(Am)) α

m– 
mp ,p

and λ ∈ Sϕ ,

∫ ∞



∥∥Aα
λe

–xA


λ u

∥∥p dx≤ C
[‖u‖p(E,E(Am)) α

m – 
mp ,p

+ |λ|αp– 
 ‖u‖pE

]
.

3 Boundary value problems for abstract elliptic equations with constant
coefficients

Consider first the BVP for the constant coefficients DOE

n∑
k=

ak
∂u
∂xk

+ (A + λ)u = f (x), x ∈G, (.)

mkj∑
i=

[
αkji

∂ iu
∂xik

(Gk) + βkji
∂ iu
∂xik

(Gkb)
]
= , x(k) ∈Gk , j = , , (.)

where

x = (x,x, . . . ,xn) ∈G =
n∏
k=

(,bk), mkj ∈ {, },

x(k) = (x,x, . . . ,xk–,xk+, . . . ,xn) ∈Gk =
∏
j 	=k

(,bj),

Gk = (x,x, . . . ,xk–, ,xk+, . . . ,xn), Gkb = (x,x, . . . ,xk–,bk ,xk+, . . . ,xn);

hereA is a linear operator in a Banach space E, ak are complex numbers, and λ is a complex
parameter.
Let αkj = αkjmk and βkj = βkjmk . Let ωki, i = ,  denote the roots of the equations

akω = , k = , , . . . ,n

and

ηk =

∣∣∣∣∣αk(–ωk)mk βkω
mk
k

αk(–ωk)mk βkω
mk
k

∣∣∣∣∣ .
Condition . Assume;
() E is a UMD-space and A is a uniformly R-positive operator in E for ϕ ∈ [,π );
() ak 	= , ak ∈ S(ϕ)∩C/R+, ϕ + ϕ < π ;
() |αkj| + |βkj| > , ηk 	= , k = , , . . . ,n, j = , .

The main result of this section is the following.

Theorem . Assume Condition . is satisfied. Then problem (.)-(.) has a unique
solution u ∈ W +m,p(G;E(A),E) for f ∈ Wm,p(G;E), p ∈ (,∞), λ ∈ Sψ ,κ with sufficiently
large |λ| and the following uniform coercive estimate holds:

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥ ∂ iu
∂xik

∥∥∥∥
Lp(G;E)

+ ‖Au‖Lp(G;E) ≤ C‖f ‖Wm,p(G;E). (.)

http://www.boundaryvalueproblems.com/content/2014/1/43
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For proving Theorem ., we consider the BVP for the ordinary DOE

(L + λ)u = au()(x) + (A + λ)u(x) = f (x), x ∈ (, ), (.)

Lku =
mk∑
i=

[
αkiu(i)() + βkiu(i)()

]
= fk , k = , ,

where f ∈ Lp(, ;E), fk ∈ Ek = (E(A),E)θk ,p, θk =

 (mk + 

p ), p ∈ (,∞), mk ∈ {, }, αki, βki

are complex numbers, a is a complex number, λ is a complex parameter, and A is a linear
operator in E. Let us first consider the corresponding homogeneous problem:

(L + λ)u = au()(x) + (A + λ)u(x) = , (.)

Lku =
mk∑
i=

[
αkiu(i)() + βkiu(i)()

]
= fk , k = , . (.)

Let ωi, i = ,  be roots of equations aω = . We put αk = αkmk , βk = βkmk and

ηk =

∣∣∣∣∣ α(–ω)m βω
m


α(–ω)mk βω
m


∣∣∣∣∣ .
Condition . Assume the following conditions are satisfied:
() a 	= , a ∈ S(ϕ)∩C/R+, for ϕ + ϕ < π , p ∈ (,∞);
() η = (–)mαβ – (–)mαβ 	= , |αk| + |βk| > ;
() A is a R-positive operator in a UMD-space E,m is a nonnegative integer.

Theorem . Let Condition . hold. Then, problem (.)-(.) has a unique solution u ∈
Wm+,p(, ;E(A),E) for fk ∈ Ek , λ ∈ Sψ with sufficiently large |λ| and the following coercive
uniform estimate holds:

m+∑
i=

|λ|– i
m+

∥∥u(i)∥∥Lp(,;E) + ‖Au‖Lp(,;E) ≤M
∑

k=

(‖fk‖Ek + |λ|–θk‖fk‖E
)
. (.)

Proof In a similar way as in [, Theorem .] we obtain the representation of the solution
of (.):

u(x) =
{
e–xA



λ
[
C + d(λ)

]
+ e–(–x)A



λ
[
C + d(λ)

]}
A–m


λ f

+
{
e–xA



λ
[
C + d(λ)

]
+ e–(–x)A



λ
[
C + d(λ)

]}
A–m


λ f, (.)

where Cij and dij are uniformly bounded operators. Then in view of the positivity of A we
obtain from (.)

m+∑
i=

|λ|– i
m+

∥∥u(i)∥∥Lp(,;E) + ‖Au‖Lp(,;E)

≤ C
∑

k=

[m+∑
i=

|λ|– i
m+

∥∥A– (mk–i)


λ

[
e–(–x)A



λ + e–xA



λ
]
fk

∥∥
Lp(,;E)

http://www.boundaryvalueproblems.com/content/2014/1/43
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+
∥∥AA–mk


λ e–xA



λ fk

∥∥
Lp(,;E)

]

≤ C, (.)

∑
k=

m+∑
i=

|λ|– i
m+

∥∥A–(– mmk
(m+) +

i
 )

λ

∥∥∥∥A– mk
m+

λ e–xA


λ fk

∥∥
Lp(,;E)

+
∥∥AA– mk

m+
λ

[
e–xA



λ + e–(–x)A



λ
]
fk

∥∥
Lp(,;E)

≤ C
∑

k=

[(∫ 



∥∥A– mk
m+

λ

[
e–xA



λ + e–(–x)A



λ
]
fk

∥∥p dx
) 

p

+
(∫ 



∥∥AA– mk
m+

λ

[
e–xA



λ + e–(–x)A



λ
]
fk

∥∥p dx
) 

p
]
. (.)

By virtue of Theorem A we obtain

(∫ 



∥∥A– mk
m+

λ

[
e–xA



λ + e–(–x)A



λ
]
fk

∥∥p dx
) 

p
≤M

∑
k=

[‖fk‖Ek + |λ|–θk‖fk‖
]
. (.)

Moreover, due to the positivity of the operator A and the estimate (.), in view of The-
orem A we get the uniform estimate

∑
k=

(∫ 



∥∥AA– mk
m+

λ

[
e–xA



λ + e–(–x)A



λ
]
fk

∥∥p dx
) 

p
≤M

∑
k=

[‖fk‖Ek + |λ|–θk‖fk‖
]
. (.)

Hence, from (.)-(.) we obtain (.). �

Theorem . Assume Condition . to hold. Then the operator u → {(L + λ)u,Lu,Lu}
for λ ∈ Sψ ,κ and for sufficiently large κ >  is an isomorphism from

Wm+,p(, ;E(A),E)
onto Wm,p(, ;E)× E × E.

Moreover, the following uniform coercive estimate holds:

m+∑
i=

|λ|– i
m+

∥∥u(i)∥∥Lp(,;E) + ‖Au‖Lp(,;E)

≤ C

[
‖f ‖Wm,p(,;E) +

∑
k=

(‖fk‖Ek + |λ|–θk‖fk‖E
)]

. (.)

Proof The uniqueness of solution of problem (.) is obtained from Theorem .. Let us
define

f̄ (x) =

{
f (x) if x ∈ [, ],
 if x /∈ [, ].

We now show that problem (.) has a solution u ∈ Wm+,p(, ;E(A),E) for all f ∈
Wm,p(, ;E), fk ∈ Ek and u = u + u, where u is the restriction on [, ] of the solution of

http://www.boundaryvalueproblems.com/content/2014/1/43
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the equation

(L + λ)u = f̄ (x), x ∈ R = (–∞,∞) (.)

and u is a solution of the problem

(L + λ)u = , Lku = fk – Lku. (.)

A solution of (.) is given by

u(x) = F–L–(λ, ξ )Ff̄ =

π

∫ ∞

∞
eiξxL–(λ, ξ )(Ff̄ )(ξ )dξ ,

where

L(λ, ξ ) = A – aξ  + λ.

It follows from the above expression that

m+∑
i=

|λ|– i
m+

∥∥u(i)∥∥Lp(R;E) + ‖Au‖Lp(R;E)

=
m+∑
i=

|λ|– i
m+

∥∥F–ξ iL–(λ, ξ )Ff̄
∥∥
Lp(R;E) +

∥∥F–AL–(λ, ξ )Ff̄
∥∥
Lp(R;E). (.)

It is sufficient to show that the operator functions

�λ(ξ ) = AL–(λ, ξ )
(
 + ξm)–, σλ(ξ ) =

m+∑
i=

|λ|– i
m+ ξ iL–(λ, ξ )

(
 + ξm)–

are Fourier multipliers in Lp(R;E) uniformly in λ. Actually, due to ϕ + ϕ < π and the pos-
itivity of A we have

∥∥L–(λ, ξ )∥∥ ≤M
(
 + |a|ξ  + |λ|)–, (.)∥∥�λ(ξ )

∥∥ =
∥∥A[

A + λ + |a|ξ ]–∥∥ ≤ C.

It is clear that

ξ
d
dξ

�λ(ξ ) = aξ AL–(λ, ξ ) =
[
aξ L–(λ, ξ )

]
AL–(λ, ξ ).

In a similar way we see that the sets

{
aξ [A – aξ  + λ

]– : ξ ∈ R\{}}, {
A

[
A – aξ  + λ

]– : ξ ∈ R\{}}
are R-bounded. Then, in view of Kahane’s contraction principle and from the product
properties of the collection of R-bounded operators (see e.g. [], Lemma ., Proposi-
tion .) we obtain

R
{
ξ
d
dξ

�λ(ξ ) : ξ ∈ R\{}
}

≤ C.

http://www.boundaryvalueproblems.com/content/2014/1/43
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Namely, the R-bound of the set {ξ d
dξ

�λ(ξ ) : ξ ∈ R\{}} is independent of λ. Moreover, it
is clear that

∥∥σλ(ξ )
∥∥
B(E) ≤ C|λ|

m+∑
i=

[|ξ ||λ|– 
m+

]i( + ξm)–∥∥L–(λ, ξ )∥∥B(E).

Hence, by using the well-known inequality yi ≤ C( + yl), y ≥ , i≤ l for y = (|λ|– 
 |ξ |) and

l =m +  we get the estimate

∣∣∣∣∣
m+∑
i=

|λ|– i
m+ ξ i

∣∣∣∣∣ ≤ C|λ|( + |λ|–|a|ξm+). (.)

From (.) and (.) we have the uniform estimate

∥∥σλ(ξ )
∥∥
B(E) ≤ C.

Due to R-positivity of the operator A, the set

{(|λ| – aξ )L–(λ, ξ ) : ξ ∈ R\{}}
is R-bounded. Then, by estimate (.) and by Kahane’s contraction principle we obtain
the R-boundedness of the set {σλ(ξ ) : ξ ∈ R\{}}. In a similar way we obtain the uniform
estimates

∥∥∥∥ d
dξ

�λ(ξ )
∥∥∥∥
B(E)

≤ C,
∥∥∥∥ d
dξ

σλ(ξ )
∥∥∥∥
B(E)

≤ C.

Consider the set

σ(λ, ξ ) =
{
ξ
d
dξ

σλ(ξ ) : ξ ∈ R\{}
}
,

�(λ, ξ ) =
{
ξ
d
dξ

�λ(ξ ) : ξ ∈ R\{}
}
.

Due to the R-positivity of the operator A, in view of estimate (.), by virtue of Kahane’s
contraction principle, from the additional and product properties of the collection of R-
bounded operators, for ξ, ξ, . . . , ξμ ∈ R, u,u, . . . ,uμ ∈ E, and the independent symmetric
{–, }-valued random variables rj(y), j = , , . . . ,μ, μ ∈N we obtain the uniform estimate

∫
�

∥∥∥∥∥
μ∑
j=

rj(y)σ
(
λ, ξ (j))uj

∥∥∥∥∥
E

dy

≤ C
∫

�

∥∥∥∥∥
μ∑
j=

σ
(
λ, ξ (j))rj(y)uj

∥∥∥∥∥
E

dy

≤ C sup
λ

R
({

ξ
d
dξ

σλ(ξ ) : ξ ∈ R\{}
})∫

�

∥∥∥∥∥
μ∑
j=

rj(y)uj

∥∥∥∥∥
E

dy≤ C.
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In a similar way, the above estimate is obtained for �. So, by [, Theorem .] it follows
that �λ(ξ ) and σλ(ξ ) are the uniform collection of multipliers in Lp(R;E). Then, by using
the equality (.) we see that problem (.) has a solution u ∈Wm+,p(R;E(A),E) and the
following uniform estimate holds:

m+∑
i=

|λ|– i
m+

∥∥u(i)∥∥Lp(R;E) + ‖Au‖Lp(R;E) ≤ C‖f̄ ‖Lp(R;E). (.)

Let u be the restriction of u on (, ). Then the estimate (.) implies that u ∈
Wm+,p(, ;E(A),E). By virtue of the trace theorem (see e.g. [, §..]) we get

u(mk )
 (·) ∈ (

E(A);E
)
θk ,p

, k = , .

Hence, Lku ∈ Ek . Thus, by virtue of Theorem ., problem (.) has a unique solution
u(x) that belongs to the spaceWm+,p(, ;E(A),E). Moreover, we have

m+∑
i=

|λ|– i
m+

∥∥u(i) ∥∥
Lp(,;E) + ‖Au‖Lp(,;E)

≤ C
∑

k=

[‖fk‖Ek + |λ|–θk‖fk‖E +
∥∥u(mk )


∥∥
C([,];Ek )

+ |λ|–θk‖u‖C([,];E)
]
. (.)

From (.) we obtain

m+∑
i=

|λ|– i
m+

∥∥u(i) ∥∥
Lp(,;E) + ‖Au‖Lp(,;E) ≤ C‖f ‖Wm,p(,;E). (.)

Therefore, by Theorem A and by estimate (.) we obtain

∥∥u(mk )
 (·)∥∥Ek

≤ C
(∥∥u(m+)


∥∥
Lp(,;E) + ‖Au‖Lp(,;E)

)
≤ C‖f ‖Wm,p(,;E). (.)

Hence, in view of Theorem . and estimates (.)-(.) we get

m+∑
i=

|λ|– i
m+

∥∥u(i) ∥∥
Lp(,;E) + ‖Au‖Lp(,;E)

≤ C

(
‖f ‖Lp(,;E) +

∑
k=

(‖fk‖Ek + |λ|–θk‖fk‖E
))

. (.)

Finally, from (.) and (.) we obtain (.). �

Now, by using of Theorems ., . we can prove the main result of this section.

Proof of Theorem . Let G = (,b)× (,b). It is clear that

Wm,p(G;E) =Wm,p(,b;X,X) =Wm,p(,b;X)∩ Lp(,b;X),

http://www.boundaryvalueproblems.com/content/2014/1/43
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where

X =Wm,p(,b;E), X = Lp(,b;E).

Let us consider the BVP

a
∂u
∂x

+ a
∂u
∂x

+ (A + λ)u(x,x) = f (x,x), Lkju = , k, j = , , (.)

where Lkj are defined by equalities (.). Problem (.) can be expressed as the following
BVP for the ordinary DOE:

Lu = a
du
dx

+ (B + λ)u(x) = f (x), x ∈ (,b), Lku = , (.)

where B is the operator in X defined by

Bu = a
du
dx

+Au(x), D(Bε ) =W ,p(,b;E(A),E,Lk),
respectively. Since X and X are UMD-spaces (see e.g. [, Theorem ..]), by virtue
of Theorem . we obtain the result that problem (.) has a unique solution u ∈
W ,p(,b;D(B ),X), u ∈ Wm+,p(,b;D(B ),X) for f ∈ Lp(,b;X) and f ∈ Wm,p(,b;
X), respectively. Moreover, for λ ∈ Sψ ,κ and sufficiently large κ >  the following coercive
uniform estimates hold:

∑
i=

|λ|– i

∥∥u(i)∥∥Lp(,b;X)

+ ‖Bu‖Lp(,b;X) ≤ C‖f ‖Lp(,b;X),

m+∑
i=

|λ|– i
m+

∥∥u(i)∥∥Lp(,b;X)
+ ‖Bu‖Lp(,b;X) ≤ C‖f ‖Wm,p(,b;X). (.)

From (.) we find that problem (.) has a unique solution,

u ∈Wm+,p(G;E(A),E
)

forWm,p(G;E, )

and the following uniform coercive estimates hold:

m+∑
i=

|λ|– i
m+

∥∥u(i)∥∥Lp(,b;X)
+ ‖Bu‖Lp(,b;X) ≤ C‖f ‖Wm,p(G;E). (.)

By applying Theorem ., for fk =  and E = X we get the following uniform estimate:

m+∑
j=

|λ|– i
m+

∥∥u(i)∥∥X + ‖Au‖X ≤ C‖Bu‖Wm,p(,b;E). (.)

From estimates (.)-(.) we obtain the assertion for problem (.). Then by con-
tinuing this process n times we obtain the conclusion. �
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4 Boundary value problems for abstract elliptic equations with variable
coefficients

Consider the BVP for DOE with variable coefficients

n∑
k=

ak(x)
∂u
∂xk

+
(
A(x) + λ

)
u +

n∑
k=

Ak(x)
∂u
∂xk

= f (x), x ∈G, (.)

mkj∑
i=

[
αkji

∂ iu
∂xik

(Gk) + βkji
∂ iu
∂xik

(Gkb)
]
= , x(k) ∈Gk , j = , ,

where G, Gk , Gk, Gkb, x(k) are defined as in (.)-(.), ak(x) are complex-valued continu-
ous functions, A(x) and Ak(x) are linear operators in a Banach space E for x ∈ G, and u(x)
and f (x), respectively, are E-valued unknown and data functions. We will derive in this
section the maximal regularity properties of problem (.).
Nonlocal BVPs for DOEs investigated, e.g., in [, , –, , ]. Let αkj = αkjmk and

βkj = βkjmk . Let ωki = ωki(x), i = , , be roots of the equations

ak(x)ω = , k = , , . . . ,n

and

ηk(x) =

∣∣∣∣∣αk(–ωk)mk βkω
mk
k

αk(–ωk)mk βkω
mk
k

∣∣∣∣∣ .

Condition . Assume:
() E is a UMD-space and A(x) is a uniformly R-positive operator in E for ϕ ∈ [,π );
() ak(x) ∈ C(m)(Ḡ), ak(Gi) = ak(Gib), ak 	= , ak ∈ S(ϕ)∩C/R+ for all x ∈G, ϕ +ϕ < π ;
() A(x)A–(x̄) ∈ C(m)(Ḡ;L(E)), A(Gk) = A(Gkb), Ak(x)A–(  –ν)(x) ∈ C(m)(Ḡ;L(E)),

 < ν < 
 , m ∈N;

() |αkjmj | + |βkjmj | > , ηk(x) 	= , k, i = , , . . . ,n, j = , , p ∈ (,∞).

Remark . Let lk = mk , k = , , . . . ,n and ak = (–)mkbk(x), where bk are real-valued
positive functions andmk are natural numbers. Then Condition . is satisfied.

Remark . The periodicity conditions are given due to nonlocality of boundary condi-
tions. For local boundary conditions these assumptions are not required.

Let X =Wm,p(G;E) and Y =Wm+,p(G;E(A),E). Consider the operatorO in X generated
by problem (.), i.e.,

D(O) =Wm+,p(G;E(A),E,Lkj), Ou =
n∑
k=

ak(x)
∂u
∂x

+A(x) +
n∑
k=

Ak(x)
∂u
∂xk

.

The main result is the following.

http://www.boundaryvalueproblems.com/content/2014/1/43
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Theorem . Assume Condition . is satisfied. Then problem (.) has a unique solution
u ∈ Y for f ∈ X, λ ∈ Sψ ,κ and the following uniform coercive estimate holds:

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥ ∂ iu
∂xik

∥∥∥∥
Lp(G;E)

+ ‖Au‖Lp(G;E) ≤ C‖f ‖X . (.)

Proof First we will show the uniqueness of solution. For this aim we use microlocal anal-
ysis. Let D,D, . . . ,DN be rectangular regions with sides parallel to the coordinate planes
covering G and let ϕ,ϕ, . . . ,ϕN be a corresponding partition of unity, i.e., ϕj ∈ C∞

 (G),
σj = suppϕj ⊂Dj and

∑N
j= ϕj(x) = , where C∞

 (G) denotes the space of all infinitely differ-
entiable functions on G with compact support. Now for u ∈ W +m,p(G;E(A),E,Lki) being
a solution of (.) and uj(x) = u(x)ϕj(x) we get

(L + λ)uj =
n∑
k=

ak(x)
∂uj
∂xk

+
(
A(x) + λ

)
uj(x) = fj(x), Lkiuj = , i = , , (.)

where

fj(x) = f (x)ϕj(x) +
n∑
k=

ak(x)
[
C
u

∂ϕj

∂xk
+C

ϕj
∂u
∂xk

]

–
n∑
k=

ϕj(x)Ak(x)
∂u
∂xk

, j = , , . . . ,N . (.)

Freezing the coefficients of (.), extending uj(x) outside of σj up toDj, we obtain the BVP

n∑
k=

ak(xj)
∂uj
∂xk

+
(
A(xj) + λ

)
uj(x) = Fj(x), x ∈Dj, (.)

Lkiuj = , i = , ,k = , , . . . ,n,

where

Fj = fj +
[
A(xj) –A(x)

]
uj +

n∑
k=

[
ak(xj) – a(x)

]∂uj
∂xk

, (.)

andC
i are the usual binomial coefficients. It is clear that Fj ∈Wm,p(Dj;E) = Xj. By applying

Theorem . we obtain the following a priori estimate:

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥∂ iuj
∂xik

∥∥∥∥
Lp(Dj ;E)

+ ‖Auj‖Lp(Dj ;E) ≤ C‖Fj‖Xj (.)

for the solution u ∈ Yj = W +m,p(Dj;E(A),E) of (.) on the domains Dj containing the
boundary points. In a similar way we obtain the same estimates for the domains Dj ⊂ G.
In view of Fj, by Theorem A, in view of the continuity of coefficients, choosing diameters
of suppϕj sufficiently small we see that for all small δ there is a positive continuous function
C(δ) so that

‖Fj‖Xj ≤ ‖f · ϕj‖Xj + δ‖uj‖Yj +C(δ)‖uj‖Xj . (.)
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Consequently, from (.)-(.) we have

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥∂ iuj
∂xik

∥∥∥∥
Lp(Dj ;E)

+ ‖Auj‖Lp(Dj ;E)

≤ C‖f ‖Xj + δ‖uj‖Yj +M(δ)‖uj‖Xj . (.)

Choosing εk <  from (.) we obtain

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥∂ iuj
∂xik

∥∥∥∥
Lp(Dj ;E)

+ ‖Auj‖Lp(Dj ;E) ≤ C
[‖f ‖Xj + ‖uj‖Xj

]
. (.)

Since u(x) =
∑N

j= uj(x) and by (.) we find that the solution of (.) satisfies the esti-
mate (.). It is clear that

‖u‖X =


|λ|
∥∥(O + λ)u –Ou

∥∥
X ≤ 

|λ|
[∥∥(O + λ)u

∥∥
X + ‖Ou‖X

]
.

Hence, by using the definition of Y and applying Theorem A we obtain

‖u‖X ≤ C
|λ|

[∥∥(O + λ)u
∥∥
X + ‖u‖Y

]
.

From the above estimate we have

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥ ∂ iu
∂xik

∥∥∥∥
Lp(G;E)

+ ‖Au‖Lp(G;E) ≤ C
∥∥(O + λ)u

∥∥
X . (.)

The estimate (.) implies that uniqueness of the solution of problem (.). It implies
that the operator O + λ has a bounded inverse in its rank space. We need to show that
this rank space coincides with the space X, i.e., we have to show that for all f ∈ X there is a
unique solution of problem (.).We consider the smooth functions gj = gj(x) with respect
to ϕj on Dj that equal  on supp ϕj, where supp gj ⊂Dj and |gj(x)| < . Let us construct for
all j the functions uj that are defined on the regions �j = G ∩ Dj and satisfying problem
(.). Problem (.) can be expressed as

n∑
k=

ak(xj)
∂uj
∂xk

+
(
A(xj) + λ

)
uj(x)

= gj

{
f +

[
A(xj) –A(x)

]
uj +

n∑
k=

[
ak(xj) – a(x)

]∂uj
∂xk

+
n∑
k=

Ak(x)
∂uj
∂xk

}
, (.)

Lkiuj = , i = , ,k = , , . . . ,n,x ∈Dj.

Consider operators Ojλ =Oj + λ in Xj that are generated by the problem

n∑
k=

ak(xj)
∂u
∂xk

+
(
A(xj) + λ

)
u(x) = f (x), x ∈Dj,

Lkiu = , i = , .

(.)
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By virtue of Theorem ., the local operatorsOjλ have bounded inverses O–
jλ from Xj to Yj

and for all f ∈ Xj we have the following uniform estimate:

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥ ∂ i

∂xik
O–

jλ f
∥∥∥∥
Lp(Dj ;E)

+
∥∥AO–

jλ f
∥∥
Lp(Dj ;E)

≤ C‖f ‖Xj . (.)

Extending the solutions uj of (.) to zero on the outside of σj and using the substitu-
tions uj =O–

jλ υj we obtain the equations

υj = Kjλυj + gjf , j = , , . . . ,N , (.)

where Kjλ = Kjλ(ε) are bounded linear operators in Xj defined by

Kjλ = gj

{
f +

[
A(xj) –A(x)

]
O–

jλ

+
n∑
k=

[
ak(xj) – ak(x)

] ∂

∂xk
O–

jλ –
n∑
k=

Ak(x)
∂

∂xk
DαO–

jλ

}
.

In fact, due to the smoothness of the coefficients of the expression Kjλ and in view of the
estimate (.) for sufficiently large |λ| there is a sufficiently small δ >  such that

∥∥[
A(xj) –A(x)

]
O–

jλ υj
∥∥
Lp(Dj ;E)

≤ δ‖υj‖Lp(Dj ;E),

n∑
k=

∥∥∥∥[
ak(xj) – ak(x)

] ∂

∂xk
O–

jλ υj

∥∥∥∥
Lp(Dj ;E)

≤ δ‖υj‖Lp(Dj ;E).

Moreover, by Theorem A we find that for all δ >  there is a constant C(δ) >  such that

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥∥
n∑
k=

Ak(x)
∂

∂xk
O–

jλ υj

∥∥∥∥∥
Lp(Dj ;E)

≤ δ‖υj‖Yj +C(δ)‖υj‖Xj .

Hence, for | argλ| ≤ ϕ with sufficiently large |λ| there is a γ ∈ (, ) such that ‖Kjλ‖ < γ .
Consequently, (.) for all j have a unique solution υj = [I –Kjλ]–gjf . Moreover,

‖υj‖Xj =
∥∥[I –Kjλ]–gjf

∥∥
Xj

≤ ‖f ‖Xj .

Thus, [I – Kjλ]–gj are bounded linear operators from X to Xj. Thus, the functions uj =
O–

jλ [I –Kjλ]–gjf are solutions of (.). Consider the linear operatorU in Lp(G;E) defined
by

D(U) =Wm+,p(G;E(A),E,Lkj), j = , ,k = , , . . . ,n,

Uf =
N∑
j=

ϕj(y)Ujλf =O–
jλ [I –Kjλ]–gjf , j = , , . . . ,N .
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It is clear from the constructions Ujλ and from the estimate (.) that the operators Ujλ

are bounded linear from X to Yj and for | argλ| ≤ ϕ and sufficiently large |λ| we have

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥ ∂ i

∂xik
Ujλf

∥∥∥∥
Lp(Dj ;E)

+ ‖AUjλf ‖Lp(Dj ;E) ≤ C‖f ‖X . (.)

Therefore, U is a bounded linear operator in X. By the construction of the solution oper-
ators Ujλ of the local problems (.), we get

(O + λ)u =
N∑
j=

(O + λ)(ϕjUjλf )

=
N∑
j=

[
ϕj(O + λ)(Ujλf ) +
jλf

]
=

N∑
j=

ϕjgjf +
N∑
j=


jλf = f +
N∑
j=


jλf ,

where 
jλ are bounded linear operators defined by


jλf =
n∑
k=

ak(x)
[
C
Ujλf

∂ϕj

∂xk
+C

ϕj
∂Ujλf
∂xk

]

+
n∑
k=

Ak(x)
[
C
Ujλf

∂ϕj

∂xk
+C

ϕj
∂Ujλf
∂xk

]
, j = , , . . . ,N . (.)

Indeed, by Theorem A, estimate (.), and from the expression 
jλ we find that the
operators
jλ are bounded linear from X to X and for | argλ| ≤ ϕ with sufficiently large |λ|
there is an δ ∈ (, ) such that ‖
jλ‖ < δ. Therefore, there exists a bounded linear invertible
operator (I +

∑N
j= 
jλ)–, i.e., we infer for all f ∈ X that the BVP (.) has a unique solution

u(x) = (O + λ)–f =
N∑
j=

ϕjO–
jλ [I –Kjλ]–gj

(
I +

N∑
j=


jλ

)–

f .
�

Let Bp = L(X).

Remark . Theorem . implies that the resolvent (O + λ)– satisfies the sharp uniform
estimate

n∑
k=

m+∑
i=

|λ|– i
m+

∥∥∥∥ ∂ i

∂xik
(O + λ)–

∥∥∥∥
Bp

+
∥∥A(O + λ)–

∥∥
Bp

≤ C,

for | argλ| ≤ ϕ and ϕ ∈ [,π ).

5 Abstract Cauchy problem for parabolic equation
Consider now the initial BVP for the following parabolic equation with variable coeffi-
cients, i.e.,

∂u
∂t

+
n∑
k=

ak(x)
∂u
∂xk

+
n∑
k=

Ak(x)
∂u
∂xk

+A(x)u + du = f (x, t), (.)
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mkj∑
i=

[
αkji

∂ iu
∂xik

(Gk, t) + βkji
∂ iu
∂xik

(Gkb, t)
]
= , (.)

u(x, ) = , t ∈ (,T),x ∈G,x(k) ∈Gk , j = , ,

where A(x) and Ak(x) are linear operator functions in a Banach space E, ak are complex-
valued functions, λ is a complex parameter, d > ,mkj ∈ {, } and G, Gk , Gk, Gkb are the
domains defined in (.)-(.).
For p =(p,p), G+ = (,T) × G, Lp(G+;E) will denote the space of all E-valued p-

summable functions with mixed norm (see e.g. []), i.e., the space of all measurable func-
tions f defined on G+, for which

‖f ‖Lp(G+;E) =
(∫

R+

(∫
G

∥∥f (x, y)∥∥p
E dx

) p
p
dt

) 
p

<∞.

Analogously,Wm,p(G+,E(A),E) denotes the Sobolev space with the corresponding mixed
norm (see [] for the scalar case).
In this section, we obtain the existence and uniqueness of the maximal regular solution

of problem (.)-(.) inmixed Lp norms. LetO denote the differential operator in Lp(G;E)
generated by (.) for λ = .

Theorem . Let all conditions of Theorem . hold for m =  and ϕ ∈ (π
 ,π ). Then:

(a) the operator O is an R-positive in Lp(G;E);
(b) the operator O is a generator of an analytic semigroup.

Proof In fact, by virtue of Theorem . we see that for f ∈ Lp(G;E) the BVP (.) have a
unique solution expressed in the form

u(x) = (O + λ)–f =
N∑
j=

ϕjO–
jλ [I –Kjλ]–gj

(
I +

N∑
j=


jλ

)–

f ,

where Ojλ = Oj + λ are local operators generated by BVPs with constant coefficients of
type (.)-(.) and Kjλ and 
jλ are uniformly bounded operators defined in the proof of
Theorem .. By virtue of [, Theorem .] the operators Oj are R-positive. Then by using
the above representation and by virtue of Kahane’s contraction principle, and the product
and additional properties of the collection of R-bounded operators (see e.g. [, Lemma .,
Proposition .]) we obtain the assertions. �

Theorem . Let all conditions of Theorem . hold. Then for f ∈ Lp(G+;E) problem (.)-
(.) has a unique solution u ∈ W ,,p(G+;E(A),E) and for sufficiently large d >  the fol-
lowing coercive estimate holds:

∥∥∥∥∂u
∂t

∥∥∥∥
Lp(G+;E)

+
n∑
k=

∥∥∥∥∂u
∂xk

∥∥∥∥
Lp(G+;E)

+ ‖Au‖Lp(G+;E) ≤ C‖f ‖Lp(G+;E).

Proof Problem (.)-(.) can be expressed as the following Cauchy problem:

du
dt

+Ou(t) = f (t), u() = . (.)
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Theorem . implies that the operator O is R-positive and also is a generator of an an-
alytic semigroup in F = Lp(G;E). Then by virtue of [] or [, Theorem .] we see that
for f ∈ Lp ((,T);F) problem (.) has a unique solution u ∈W ,p ((,T);D(O),F) and the
following uniform estimate holds:

∥∥∥∥dudt
∥∥∥∥
Lp (,T ;F)

+ ‖Ou‖Lp (,T ;F) ≤ C‖f ‖Lp (,T ;F). (.)

Since Lp (,T ;F) = Lp(G+;E), by Theorem . we have ‖Ou‖Lp (R+;F) = D(O). This rela-
tion and the estimate (.) implies the assertion. �

6 Nonlinear abstract parabolic problem
Consider the following nonlinear parabolic problem:

∂u
∂t

+
n∑
k=

ak(x)
∂u
∂xk

+ B(t,x,u)u = F(t,x,u,∇u), (.)

Lku =
mk∑
i=

αki
∂ iu
∂xik

(Gk, t) = ,Lku =
mk∑
i=

βki
∂ iu
∂xik

(Gkb, t) = , (.)

u(x, ) = , t ∈ (,T),x ∈G,x(k) ∈Gk ,

where ak are complex-valued functions, αki, βki are complex numbers, mk ∈ {, } and G,
Gk , Gk, Gkb are domains defined in (.)-(.).
Let GT = (,T)×G. Moreover, we let

G =
n∏
k=

(,bk), G =
n∏
k=

(,bk), bk ∈ (,bk],T ∈ (,T),

Gk = (,b)× · · · × (,bk–)× (,bk+)× · · · × (,bn),

Bki =
(
W ,p(Gk ,E(A),E

)
,Lp(Gk ;E)

)
ηi ,p

, ηi =
i + 

p


,

B =
n∏
k=

∏
i=

Bki, x(k) = (x,x, . . . ,xk–,xk+, . . . ,xn).

Remark . By virtue of [, §.] the operators u → ∂ iu
∂xik

|xk= are continuous from

W ,p(G;E(A),E) onto Bki and there are the constants C and C such that for w ∈
W ,p(G;E(A),E),W = {wki}, wki = ∂ iw

∂xik
, i = , , k = , , . . . ,n,

∥∥∥∥∂ iw
∂xik

∥∥∥∥
Bki ,∞

= sup
x∈G

∥∥∥∥∂ iw
∂xik

∥∥∥∥
Bki

≤ C‖w‖W,p(G;E(A),E),

‖W‖,∞ = sup
x∈G

∑
k,i

‖wki‖Bki ≤ C‖w‖W,p(G;E(A),E).

Condition . Suppose the following hold:
() E is an UMD-space;

http://www.boundaryvalueproblems.com/content/2014/1/43


Shakhmurov and Sahmurova Boundary Value Problems 2014, 2014:43 Page 19 of 21
http://www.boundaryvalueproblems.com/content/2014/1/43

() ak are continuous functions on Ḡ, ak(·) ∈ S(ϕ)∩C/R+, αkmk 	= , βkmk 	= ,
k = , , . . . ,n, where ϕ + ϕ < π ;

() there exist 
ki ∈ Bki, such that the operator B(t,x,
) for 
 = {
kj} ∈ B is R-positive
in E uniformly with respect to x ∈G and t ∈ [,T]; moreover,

B(t,x,
)B–(t,x,
) ∈ C
(
Ḡ;L(E)

)
, t ∈ (,T),x ∈ G;

() A = B(t,x,
): GT × B → L(E(A),E) is continuous; moreover, for each positive r
there is a positive constant L(r) such that

∥∥[
B(t,x,U) – B(t,x, Ū)

]
υ
∥∥
E ≤ L(r)‖U – Ū‖B‖Aυ‖E

for t ∈ (,T), x ∈G, U , Ū ∈ B, Ū = {ūkj}, ūkj ∈ Bkj, ‖U‖B ,‖Ū‖B ≤ r, υ ∈D(A);
() the function F : GT × B → E such that F(·,U) is measurable for each U ∈ B and

F(t,x, ·) is continuous for a.a. t ∈ (,T), x ∈G; moreover,
‖F(t,x,U) – F(t,x, Ū)‖E ≤ C‖U – Ū‖B for a.a. t ∈ (,T), x ∈G, U , Ū ∈ B and
‖U‖B ,‖Ū‖B ≤ r; f (·) = F(·, ) ∈ Lp(GT ;E).

By reasoning as in [, Theorem .] we obtain the following result.

Theorem . Let Condition . be satisfied. Then there are T ∈ (,T) and bk ∈ (,bk)
such that problem (.)-(.) has a unique solution belonging to W ,,p(GT ;E(A),E).

7 Themixed value problem for system of parabolic equations
Consider the initial and BVP for the system of nonlinear parabolic equations

∂um
∂t

+
n∑
k=

ak(x)
∂um
∂xk

+
N∑
j=

dmj(x)uj(x, t) +
n∑
k=

N∑
j=

bkj(x)
∂uj
∂xk

= Fm(x, t,u), (.)

mk∑
i=

αkiu(i)m (Gk, t) = ,
mk∑
i=

βkiu(i)m (Gkb, t) = , (.)

um(x, ) = ϕm(x), x ∈G, t ∈ (,T),m = , , . . . ,N ,N ∈N, (.)

where u = (u,u, . . . ,uN ), mkj ∈ {, }, αki, βki are complex numbers, ak are complex-
valued functions, G, Gk, Gkb are defined as in (.)-(.), and

θkj =
mkj + 

p


, skj = s( – θkj), s > , Bkj = l

skj
q , j = , ,

Bp =
∏
k,j

Bkj, αkmk 	= , βkmk 	= , k = , , . . . ,n.

Let A be the operator in lq(N) defined by

D(A) = lsq(N), A =
[
dmj(x)

]
, dmj(x) = gm(x)sj, m, j = , , . . . ,N ,
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where

lq(N) =

{
u = {uj}, j = , , . . .N ,‖u‖lq(N) =

( N∑
j=

|uj|q
) 

q

< ∞
}
,

lq(A) =

{
u ∈ lq(N),‖u‖lq(A) = ‖Au‖lq(N) =

( N∑
j=

∣∣sjuj∣∣q
) 

q

< ∞
}
,

x ∈G,  < q <∞,N = , , . . . ,∞.

Let bkj(x) =Mkj(x)σ j and

B = L
(
Lp

(
G; lq(N)

))
.

From Theorem . we obtain the following result.

Theorem . Let the following condition hold:
() ak are continuous functions on Ḡ, ak(x) ∈ S(ϕ)∩C/R+;
() s≥ np(–q)

q(p–) ,  < σ < s, s = s(p–)
p ;

() gj ∈ C(Ḡ), Nkj ∈ C(Ḡ); the eigenvalues of the matrix [dmi(x)] and dii(x) are positive
for all x ∈ Ḡ, m, i = , , . . . ,N ; there is a positive constant C such that

n∑
k=

N∑
j=

Mq
kj (x) ≤ C

N∑
j=

gqj (x) < ∞, x ∈G,

q
+


q

= ;

() the function F(·,υ) = (F(·,υ), . . . ,FN (·,υ)) is measurable for each υ ∈ Bp and the
function F(x, ·) for a.a. x ∈G is continuous and f (·) = F(·, ) ∈ Lp(G; lq); for each
R >  there is a function �R ∈ L∞(G) such that

∥∥F(x,U) – F(x, Ū)
∥∥
lq

≤ �R(x)‖U – Ū‖lq(A)

a.a. x ∈G and

U , Ū ∈ Bp, ‖U‖Bp ≤ R, ‖U‖Bp ≤ R,

U = {ukj}, Ū = {ūkj}, ukj, ūkj ∈ Bp.

Then problem (.)-(.) has a unique solution u = {um(x)}N that belongs to the space
W ,

p (GT , lq(A), lq).

Proof By virtue of [] the space lq(N) is a UMD-space. It is easy to see that the opera-
tor A is R-positive in lq(N). Then by using conditions ()-() we see that condition () of
Theorem . holds. So in view of Theorem . we obtain the conclusion. �
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