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Abstract
The coefficients and delays in models describing various processes are usually
obtained as a results of measurements and can be obtained only approximately. We
deal with the question of how to estimate the influence of ‘mistakes’ in coefficients
and delays on solutions’ behavior of the delay differential neutral system
x′
i (t) – qi(t)x

′
i (t – θi(t)) +

∑n
j=1(pij(t) –�pij(t))xj(t – τij(t) –�τij(t)) = fi(t), i = 1, . . . ,n,

t ∈ [0,∞). This topic is known in the literature as uncertain systems or systems with
interval defined coefficients. The goal of this paper is to obtain stability of uncertain
systems and to estimate the difference between solutions of a ‘real’ system with
uncertain coefficients and/or delays and corresponding ‘model’ system. We develop
the so-called AzbelevW-transform, which is a sort of the right regularization allowing
researchers to reduce analysis of boundary value problems to study of systems of
functional equations in the space of measurable essentially bounded functions. In
corresponding cases estimates of norms of auxiliary linear operators (obtained as a
result ofW-transform) lead researchers to conclusions about existence, uniqueness,
positivity and stability of solutions of given boundary value problems. This method
works efficiently in the case when a ‘model’ used inW-transform is ‘close’ to a given
‘real’ system. In this paper we choose, as the ‘models’, systems for which we know
estimates of the resolvent Cauchy operators. We demonstrate that systems with
positive Cauchy matrices present a class of convenient ‘models’. We use the
W-transform and other methods of the general theory of functional differential
equations. Positivity of the Cauchy operators is studied and then used in the analysis
of stability and estimates of solutions.
Results: We propose results about exponential stability of the given system and

obtain estimates of difference between the solution of this uncertain system and the
‘model’ system x′

i (t) – qi(t)x
′
i (t – θi(t)) +

∑n
j=1 pij(t)xj(t – τij(t)) = fi(t), i = 1, . . . ,n, t ∈ [0,∞).

New tests of stability and in the future of existence and uniqueness of boundary value
problems for neutral delay systems can be obtained on the basis of this technique.

Keywords: neutral delay systems; Cauchy matrix;W-method; positivity of the
Cauchy matrix; estimates of solutions

1 Introduction
In systems of differential equations, modeling real processes, the coefficients and delays
are usually known only approximately. For example, models in economics are obtained as
a result of corresponding long time observation and regression procedures (see, for exam-
ple, []). The coefficients and delays in model describing various processes in physics are
usually obtained as a results ofmeasurements and also can be obtained only approximately
[]. The same situation can be noted in models of population dynamics []. A natural
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question is to estimate the influence of ‘mistakes’ in coefficients and delays on solutions’
behavior of delay differential systems. This topic is known in the literature as uncertain
systems or systems with interval defined coefficients.
Important applications present the main reason of attention of many authors to the

topic. Systems with uncertain coefficients were considered in the papers [–].
Stability of systems with uncertain coefficients was studied in the papers [–, –,

–, ]. Stabilization of uncertain systems with unknown delay was studied in [, ,
]. Stability of systemswith uncertain delay is studied in [, , , ]. Stability of neutral
uncertain systems was considered in [, , ]. The basic technique of these publications
is the use of Lyapunov-Krasovskii functionals.
Consider the system of the neutral functional differential equations

x′
i(t) –

(
Six′

i
)
(t) +

n∑
j=

(
pij(t) –�pij(t)

)
xj

(
t – τij(t) –�τij(t)

)
= fi(t),

i = , . . . ,n, t ∈ [,∞), ()

with uncertain coefficients pij(t) and delays τij(t) and the model system

x′
i(t) –

(
Six′

i
)
(t) +

n∑
j=

pij(t)xj
(
t – τij(t)

)
= fi(t), i = , . . . ,n, t ∈ [,∞), ()

where

xi(ξ ) = , i = , . . . ,n, ξ < .

We assume here that pij,�pij, fi ∈ L∞, where L∞is the space of essentially bounded func-
tions on [,+∞], τij and �τij : [, +∞] → [, +∞] are measurable essentially bounded
functions, i, j = , . . . ,n. Concerning the operators Si we assume that Si : L∞ → L∞ are
linear continuous Volterra operators and the spectral radius ρ(Si) of the operator Si is less
than  for i = , . . . ,n. Our main purpose is to obtain conditions on the smallness of �pij(t)
and �τij(t) such that the exponential stability of () is inherited by (). Our second aim is
to estimate the modulus of the difference of solutions to systems () and ().
The studies of neutral functional differential equations have their ownhistory. Equations

in the form

(
x(t) – q(t)x

(
g(t)

))′ +
m∑
i=

bi(t)x
(
hi(t)

)
= f (t), t ∈ [,∞), ()

were considered in the well-known books [, , ] (see also the bibliography therein),
where existence and uniqueness of solutions and especially stability and oscillation results
for these equations were obtained. There exist problems in applications whosemodels can
be written in the form []

x′(t) – q(t)x′(g(t)) + m∑
i=

bi(t)x
(
hi(t)

)
= f (t), t ∈ [,∞). ()

http://www.boundaryvalueproblems.com/content/2014/1/55


Domoshnitsky et al. Boundary Value Problems 2014, 2014:55 Page 3 of 14
http://www.boundaryvalueproblems.com/content/2014/1/55

This equation is a particular case of ().
Let us note here that the operator Si : L∞ → L∞ in () can be, for example, of the follow-

ing forms:

(Siy)(t) = qi(t)y
(
gi(t)

)
, where gi(t)≤ t, t ∈ [,∞), ()

y(ξ ) = , for ξ < 

or

(Siy)(t) =
∫ t


ki(t, s)y(s)ds, t ∈ [, +∞), ()

where qj(t) are essentially bounded measurable functions, τj(t) are measurable functions
for j = , . . . ,m, and ki(t, s) are summable with respect to s and measurable essentially
bounded with respect to t for i = , . . . ,n. All linear combinations of the operators () and
() and their superpositions are also allowed.
The study of the neutral functional differential equations is essentially based on the

questions of the action and estimates of the spectral radii of the operators in the spaces of
discontinuous functions, for example, in the spaces of summable or essentially bounded
functions. The operator () is a key object in this topic. Properties of this operator were
studied, for example, in [, ]. In order to achieve the action of the operator () in the
space of essentially bounded functions L∞, we have to assume that mes{t : gi(t) = c} = 
for every constant c. Let us suppose everywhere below that this condition is fulfilled. It
is known that the spectral radius of the integral operator (), considered on every finite
interval t ∈ [,ω], is equal to  (see, for example, []) and the inequality

sup
t≥

∫ t



∣∣ki(t, s)∣∣ds < , t ∈ [,∞), i = , . . . ,n,

implies that the spectral radii of the integral operators Si defined on the semiaxis are less
than . Concerning the operator (), we can note that the inequality

esssup
t≥

∣∣qi(t)∣∣ < , t ∈ [,∞), i = , . . . ,n,

is a sufficient condition that the spectral radii ρ(Si) of the operators Si is less than . Below
we assume that this inequality is fulfilled.
Various results on existence and uniqueness of solutions to boundary value problems

for () and its stability were obtained in [], where also the basic results about the rep-
resentation of solutions were presented. Note also in this connection the papers [–],
where results on nonoscillation and positivity of Green’s functions for neutral functional
differential equations were obtained.
The goal of this paper is to obtain stability of uncertain systems and to estimate the dif-

ference between solutions of a ‘real’ system with uncertain coefficients and/or delays and
corresponding ‘model’ system with fixed coefficients and delays. Instead of the traditional
Lyapunov functionals technique, we propose an approach based on the idea of Azbelev’s
W -transform presented in the book []. This transform is a corresponding right regular-
ization allowing researchers to reduce the analysis of boundary value problems to the study
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of systems of functional equations in the space of measurable essentially bounded func-
tions. In corresponding cases estimates of norms of auxiliary linear operators (obtained
as a result of W -transform) lead researchers to conclusions about existence, uniqueness,
positivity and stability of solutions of given boundary value problems. This method works
efficiently in the case when a ‘model’ used inW -transform is ‘close’ to a given ‘real’ uncer-
tain system. In this paper we choose as a ‘model’, system for which we know solutions or
estimates of the resolvent (Green’s) operators. In this paper we demonstrate that systems
with positive Cauchy operators [, ] represent a class of very convenient ‘models’.
It should be noted that, although results are below formulated for the systems with neu-

tral terms in the form (), we can, using the approach of the papers [, ], obtain corre-
sponding results with linear combinations and superpositions of the operators defined by
() and ().

2 Stability and estimation of solution of neutral systems with uncertain
coefficients

Consider two systems

x′
i(t) – qi(t)x′

i
(
gi(t)

)
+

n∑
j=

(
pij(t) –�pij(t)

)
xj

(
t – τij(t)

)
= fi(t), t ∈ [,∞), ()

x′
i(t) – qi(t)x′

i
(
gi(t)

)
+

n∑
j=

pij(t)xj
(
t – τij(t)

)
= zi(t), t ∈ [,∞), ()

where

xi(ξ ) = x′
i(ξ ) = , i = , . . . ,n, ξ < .

Here pij,�pij, fi ∈ L∞, and L∞ is the space of essentially bounded functions on [,∞].
τij : [,∞]→ [,∞] are measurable essentially bounded functions for i, j = , . . . ,n.
It is known [] that the general solution of () has the representation

xi(t) =
∫ t



n∑
j=

Wij(t, s)zj(s)ds +
n∑
j=

W 
ij (t, )xj(), i = , . . . ,n, ()

whereW (t, s) = {Wij(t, s)}ni,j= is the Cauchy matrix of system () andW (t, ) = {W 
ij (t, )}

is the fundamental matrix of system () satisfying the conditionW (, ) = I .
Substituting representation () into (), we get

zi(t) –
n∑
j=

�pij(t)σ
(
t – τij(t), 

)∫ t–τij(t)



n∑
k=

Wjk
(
t – τij(t), s

)
zk(s)ds

=
n∑
j=

�pij(t)σ
(
t – τij(t), 

) n∑
k=

W 
jk
(
t – τij(t), 

)
xk() + fi(t), ()

where σ (t, s) =
{, t ≥ s,
, t < s andWjk(ξ , s) =  if ξ < s.

We can write () in the vector form

z(t) = 	z(t) + f ∗(t), ()

http://www.boundaryvalueproblems.com/content/2014/1/55
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where the operator 	 : Ln∞ → Ln∞ (Ln∞ is the space of n vector-functions with measurable
essentially bounded components) is defined as follows:

	z(t) =

{ n∑
j=

�pij(t)σ
(
t – τij(t), 

)∫ t–τij(t)



n∑
k=

Wjk
(
t – τij(t), s

)
zj(s)ds

}n

i=

, ()

and

f ∗(t) =

{
fi(t) +

n∑
j=

�pij(t)σ
(
t – τij(t), 

) n∑
k=

W 
jk
(
t – τij(t), 

)
xk()

}n

i=

.

Estimating the norm of the operator 	 : Ln∞ → Ln∞, we see that

‖	‖ ≤ max
≤i≤n

esssup
t≥

n∑
j=

∣∣�pij(t)
∣∣ esssup

t≥

∫ t



n∑
k=

∣∣Wjk(t, s)
∣∣ds. ()

Estimates of esssupt≥
∫ t
 |Wij(t, s)|ds is the key problem in our approach. Now describe

the cases in which the Cauchy matrixW (t, s) and the fundamental matrixW (t, ) of sys-
tem () can be estimated.
Let us prove several assertions for the neutral system

x′
i(t) – qi(t)x′(gi(t)) + n∑

j=

pij(t)xj
(
t – τij(t)

)
= fi(t), t ∈ [,∞), i = , . . . ,n, ()

xi(ξ ) = x′
i(ξ ) = , i = , . . . ,n, ξ < .

Theorem  Let pii ≥ , qi ≥ ,

∫ t

hi(t)
pii(s)ds≤ 

e
ln

e
 + γi(t)qi(t)

, t ∈ [,∞), ()

where

hi(t) =min
{
t – τii(t), gi(t)

}
, ()

γi(t) =

{
pii(gi(t))
pii(t)

if gi(t)≥ ,
 if gi(t) < ,

()

pij ≤ , i 
= j, i, j = , . . . ,n, then all elements Wij(t, s) of the Cauchy matrix and all elements
W 

ij (t, ) of the fundamental matrix of system () are nonnegative.

Proof According to the result of [], the conditions of Theorem  imply the positivity of
the Cauchy functions and fundamental solutions of the diagonal equations

x′
i(t) – qi(t)x′

i
(
gi(t)

)
+ pii(t)xi

(
t – τii(t)

)
= fi(t), t ∈ [,∞), i = , . . . ,n. ()

Let us consider the system of diagonal equations denoting by X(t, s) = {Xij(t, s)}ni,j= its
Cauchy andX(t, ) = {X

ij (t, )}ni,j= fundamentalmatrices, respectively. Thesematrices are

http://www.boundaryvalueproblems.com/content/2014/1/55
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the diagonal ones, i.e. Xij(t, s) ≡  and X
ij (t, ) ≡  for j 
= i, i, j = , . . . ,n, and the elements

Xii(t, s) and X
ii(t, ) coincide with the Cauchy functions and the fundamental solutions of

the scalar diagonal equations, respectively. We can write the system

xi(t) = –
∫ t


Xii(t, s)

n∑
j=,j 
=i

pij(s)xj
(
s – τij(s)

)
ds

+
∫ t


Xii(t, s)fi(s)ds +X

ii(t, )xi(), t ∈ [,∞), i = , . . . ,n, ()

xi(ξ ) = , i = , . . . ,n, ξ < ,

which is equivalent to system (). On every finite interval [,ω] the spectral radius of the
integral operator

(Kx)(t) = –

{∫ t


Xii(t, s)

n∑
j=,j 
=i

pij(s)xj
(
s – τij(s)

)
ds

}n

i,j=

, t ∈ [,ω], ()

where

xi(ξ ) = , i = , . . . ,n, ξ < ,

is . Denoting

φ(t) =
∫ t


Xii(t, s)fi(s)ds +X

ii(t, )xi(), t ∈ [,∞), i = , . . . ,n, ()

we can write () as x(t) = ((I –K )–φ)(t) = φ(t)+ (Kφ)(t)+ (Kφ)(t)+ · · · and consequently
every component of solution vector x(t) = col{x(t), . . . ,xn(t)} are nonnegative for non-
negative vectors f = col{f, . . . , fn} and x() = col{x(), . . . ,xn()}. As ω tends to infinity we
complete the proof of Theorem . �

Definition  The Cauchy matrix W (t, s) of system () and its fundamental matrix
W (t, s) satisfies the exponential estimates, if there exist real numbers N ,α >  such that
|Wij(t, s)| ≤ Ne–α(t–s) and |W 

ij (t, )| ≤Ne–αt for ≤ s ≤ t < ∞, i, j = , . . . ,n.

Theorem  Let the conditions of Theorem  be fulfilled for system () and there exist
yij ≥  for i, j = , . . . ,n, such that

∑n
j= yij > , and the system of inequalities

n∑
k=

pik(t)ykj ≥ δij, t ∈ [,∞), i = , . . . ,n, ()

where δij =
{, i = j,
, i 
= j, be satisfied.

Then the Cauchy matrix W (t, s) of system () and its fundamental matrix W (t, ) sat-
isfy the exponential estimates and the integral estimate

∫ t


Wij(t, s)ds≤ yij for i, j = , . . . ,n. ()

http://www.boundaryvalueproblems.com/content/2014/1/55
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Proof Let us extend the coefficients anddelays in system () on the interval [–H , ), where
H =maxi,j=,...,n esssupt≥ τij(t) as follows: pii(t) = esssupt≥ pii(t), pij(t) ≡  for i 
= j, τij(t) ≡
, qi(t) ≡  for i, j = , . . . ,n, t ∈ [–H , ), and consider system () on [–H ,∞), calling it the
extent system. The constant vector-function Yj(t) ≡ {yij}ni= satisfies the inequality x′

i(t) –
qi(t)x′(gi(t)) +

∑n
j= pij(t)xj(t– τij(t)) ≥ δij, t ∈ [–H ,∞), i = , . . . ,n. All entries of the Cauchy

matrix of the extent system are nonnegative according to Theorem . TheCauchymatrices
of system () and the extent system coincide in  ≤ s ≤ t < ∞. Using nonnegativity of all
entries of the CauchymatrixW (t, s) of system () we get the inequalities

∫ t
–H Wij(t, s)ds≤

yij for i, j = , . . . ,n, t ∈ [–H ,∞) that implies inequalities (). For every bounded right
hand side, the solution of system () is bounded. From this the exponential estimates of
entries of the Cauchy matrix W (t, s) and the fundamental matrix W (t, s) follow (see [],
Paragraph .). �

Analogously we can obtain the following assertion.

Theorem  Let the conditions of Theorem  be fulfilled for system (), let there exist a
vector γ = col{γ, . . . ,γn} such that γi >  for i = , . . . ,n, and

n∑
k=

pij(t)γj ≥ , t ∈ [,∞), i = , . . . ,n. ()

Then the Cauchy matrix W (t, s) of system () and its fundamental matrix W (t, ) satisfy
the exponential estimates and the integral estimate

∫ t



n∑
j=

Wij(t, s)ds≤ γi for i = , . . . ,n. ()

Theorem  Let all coefficients pij be constants and the conditions of Theorem  be fulfilled
for system (). Then the Cauchy matrix W (t, s) of system () and its fundamental matrix
W (t, ) satisfy the exponential estimates if and only if all components of the solution vector
γ = col{γ, . . . ,γn} of the algebraic system

n∑
k=

pijγj = , i = , . . . ,n, ()

are positive.

Proof Sufficiency follows from Theorem . To prove necessity we extend the coefficients
and delays in system () on the interval [–H , ), whereH =maxi,j=,...,n esssupt≥ τij(t) such
that τij(t) ≡ , qi(t) ≡ , pij(t) = pij, fi(t) ≡  for t ∈ [–H , ), i, j = , . . . ,n. The constant
vector-function γ = col{γ, . . . ,γn} is now the solution of the system

x′
i(t) – qi(t)x′

i
(
gi(t)

)
+

n∑
j=

pijxj
(
t – τij(t)

)
= , t ∈ [–H ,∞), ()

http://www.boundaryvalueproblems.com/content/2014/1/55
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satisfying the condition xi(–H) = γi, i = , . . . ,n. Using the formula of the solution’s repre-
sentation (see ()) on [–H ,∞), we obtain

γi =
∫ t

–H

n∑
j=

Wij(t, s)ds +
n∑
j=

W 
ij (t, –H)γj, i = , . . . ,n. ()

All elements Wij(t, s) of the Cauchy matrix of system () are nonnegative. From the fact
thatW 

ij (t, ) satisfies the exponential estimate we obtain γi >  for i = , . . . ,n. �

Remark  Under the conditions of Theorem , the equalities

lim
t→∞

∫ t



n∑
j=

Wij(t, s)ds = γi for i = , . . . ,n, ()

lim
t→∞

∫ t


Wij(t, s)ds = yij for i, j = , . . . ,n, ()

are true.

Theorem  Let qi ≥ , the inequality () be fulfilled and let there exist a vector γ =
col{γ, . . . ,γn} with all positive components such that

pii(t)γi –
n∑

j=,i
=j

∣∣pij(t)∣∣γj ≥ , t ∈ [,∞), i = , . . . ,n. ()

Then the Cauchy matrix W (t, s) of system () and its fundamental matrix W (t, ) satisfy
the exponential estimates and the integral estimates

∫ t



n∑
j=

∣∣Wij(t, s)
∣∣ds≤ γi for i = , . . . ,n, ()

∫ t



∣∣Wij(t, s)
∣∣ds≤ yij for i, j = , . . . ,n, ()

where the constants γi and yij are defined by inequalities () and () (where there are
|pik(t)| instead of pik(t)), respectively.

Proof Consider the system

x′
i(t) – qi(t)x′

i
(
gi(t)

)
+ pii(t)xi

(
t – τii(t)

)
–

n∑
j=,i
=j

∣∣pij(t)∣∣xj(t – τij(t)
)
= fi(t),

t ∈ [,∞), ()

where

xi(ξ ) = x′
i(ξ ) = , i = , . . . ,n, ξ < .

http://www.boundaryvalueproblems.com/content/2014/1/55
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We can write the equivalent integral system

xi(t) =
∫ t


Xii(t, s)

n∑
j=,j 
=i

∣∣pij(s)∣∣(s)xj(s – τij(s)
)
ds

+
∫ t


Xii(t, s)fi(s)ds +X

ii(t, )xi(), t ∈ [,∞), i = , . . . ,n. ()

The operator

(|K |x)(t) =
{∫ t


Xii(t, s)

n∑
j=,j 
=i

∣∣pij(s)∣∣xj(s – τij(s)
)
ds

}n

i,j=

, t ∈ [,∞), ()

where

xi(ξ ) = , i = , . . . ,n, ξ < ,

is positive. Condition () implies according to Theorem . [] that its spectral radius
ρ(|K |) < . According to Theorem . [] we obtain the inequality ρ(K ) < ρ(|K |) for the
spectral radius of the operator K defined by equality () for t ∈ [,∞). The exponential
estimates of Xii(t, s) and X

ii(t, ) imply that

ϕi(t)≡
∫ t


Xii(t, s)fi(s)ds +X

ii(t, )xi(), t ∈ [,∞), i = , . . . ,n, ()

is bounded for every bounded right hand sides f (t) = col{f(t), . . . , fn(t)}. Comparing the
operators K and |K | we see that –(I – |K |)–‖ϕ‖ = –(I + |K |+ |K|+ · · · )‖ϕ‖ ≤ (I –K )–ϕ =
(I +K +K + · · · )ϕ ≤ (I + |K | + |K| + · · · )‖ϕ‖ = (I – |K |)–‖ϕ‖ and consequently the solu-
tion vector x(t) = col{x(t), . . . ,xn(t)} is bounded for every boundedϕ = col{ϕ(t), . . . ,ϕn(t)}.
These inequalities prove the estimates () and (). According to Theorem . [], the
Cauchy and fundamental matrices satisfy the exponential estimates. �

Theorem  Let the conditions of Theorem  be fulfilled and the norm of the operator 	,
defined by equality (), satisfy the inequality ‖	‖ < , then the Cauchy matrix W (t, s) of
system () and its fundamental matrix W (t, ) satisfy the exponential estimates and the
difference �x of solution x of system () and x̄ of system () satisfies the inequality

‖�x‖ ≤ max
≤i≤n

‖f ‖
 – ‖	‖γi, i = , . . . ,n, ()

for sufficiently large t.

In order to prove Theorem we can note that in the case ‖	‖ <  we get ‖z‖ ≤ 
–‖	‖‖f ‖.

A reference to () completes the proof.

3 Stability and estimation of solution of neutral systems with uncertain delays
Consider the system

x′
i(t) – qi(t)x′

i
(
gi(t)

)
+

n∑
j=

pij(t)xj
(
t – θij(t)

)
= fi(t). ()

http://www.boundaryvalueproblems.com/content/2014/1/55
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Rewrite () in the form

x′
i(t) – qi(t)x′

i
(
gi(t)

)
+

n∑
j=

pij(t)xj
(
t – τij(t)

)

+
n∑
j=

pij(t)
(
xj

(
t – θij(t)

)
– xj

(
t – τij(t)

))
= fi(t). ()

We have

zi(t) +
n∑
j=

pij(t)
(
xj

(
t – θij(t)

)
– xj

(
t – τij(t)

))
= fi(t), ()

where

x′
i(t) – qi(t)x′

i
(
gi(t)

)
+

n∑
j=

pij(t)xj
(
t – τij(t)

)
= zi(t). ()

It is clear that the solution of () has the representation

xi(t) =
∫ t



n∑
j=

Wij(t, s)zj(s)ds +
n∑
j=

W 
ij (t, )xj(), i = , . . . ,n, ()

whereW (t, s) = {Wij(t, s)}, i, j = , . . . ,n is the Cauchy matrix of system () andW 
ij (t, ) is

its fundamental matrix. Let us assume for simplicity that t – τij(t) ≥  and t – θij(t) ≥  for
t ≥ . If this is not fulfilled we can extend coefficients on the interval [–H , ) and consider
the system on [–H ,∞) as in the Section .
It is clear that xj(t –�ij(t)) – xj(t – τij(t)) =

∫ t–τij(t)
t–�ij(t) x

′
j(s)ds and

zi(t) +
n∑
j=

pij(t)
∫ t–τij(t)

t–�ij(t)
x′
j(s)ds = fi(t). ()

From ()we get x′
i(t) = zi(t)–

∑n
j= pij(t)xj(t–τij(t)). Substituting this into (), we obtain

zi(t) =
n∑
j=

pij(t)
∫ t–τij(t)

t–�ij(t)
(I – Sj)–

( n∑
k=

pjk(s)xj
(
s – τjk(s)

)
– zj(s)

)
ds + fi(t), ()

where the operator Sj is defined by (), and after substituting x from () we get

zi(t) =
n∑
j=

pij(t)
∫ t–τij(t)

t–�ij(t)
(I – Sj)–

( n∑
k=

pjk(s)

(∫ s–τjk (s)



n∑
m=

Wkm(s, ξ )zm(ξ )dξ

+
n∑

m=

W 
km

(
s – τkm(s), 

)
xm()

)
– zj(s)

)
ds + fi(t). ()
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Here the operator 	 : Ln∞ → Ln∞, is defined as 	 = col{	, . . . ,	n}, where every compo-
nent 	i is defined as follows:

(	izi)(t) =
n∑
j=

pij(t)
∫ t–τij(t)

t–�ij(t)
(I – Sj)–

×
( n∑

k=

pjk(s)

(∫ s–τik (s)



n∑
m=

Wkm(s, ξ )zm(ξ )dξ

)
ds – zj(s)

)
ds. ()

We can write () in the vector form

z(t) = 	z(t) + f (t). ()

It is clear that

‖	‖ ≤ max
≤≤n

esssup
t≥

n∑
j=

∣∣pij(t)∣∣ 
 – q

esssup
t≥

{ n∑
k=

pjk(t)γk + 

}

× esssup
t≥

∣∣θij(t) – τij(t)
∣∣, ()

where q =max≤i≤n esssupt≥ qi(t) and the components γi of the vector γ = col{γ, . . . ,γn}
satisfies the system of inequalities ().

Theorem  Let the conditions of Theorem  be fulfilled and ‖	‖ < , then the Cauchy
matrix W (t, s) of system () and its fundamental matrix W (t, ) satisfy the exponential
estimates and the difference �x of solution x of system () and x̄ of system () satisfies the
estimate

‖�x‖ ≤ max
≤i≤n

‖f ‖
 – ‖	‖γi, i = , . . . ,n, ()

for sufficiently large t.

4 Stability and estimation of solution of neutral systems with uncertain
coefficients and delays

Consider the system

x′
i(t) – qi(t)x′(gi(t)) + n∑

j=

(
pij(t) –�pij(t)

)
xj

(
t – θij(t)

)
= fi(t) ()

and the auxiliary system

x′
i(t) – qi(t)x′(gi(t)) + n∑

j=

pij(t)xj
(
t – τij(t)

)
= zi(t). ()

The solution of () has the representation

xi(t) =
∫ t



n∑
j=

Wij(t, s)zj(s)ds +
n∑
j=

W 
ij (t, )xj(), i = , . . . ,n. ()

http://www.boundaryvalueproblems.com/content/2014/1/55
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Rewrite () in the form

x′
i(t) – qi(t)x′(gi(t)) + n∑

j=

(
pij(t) –�pij(t)

)
xj

(
t – τij(t)

)

–
n∑
j=

(
pij(t) –�pij(t)

)
xj

(
t – τij(t)

)
+

n∑
j=

(
pij(t) –�pij(t)

)
xj

(
t – θij(t)

)
= fi(t). ()

Using the technique of two previous sections, we obtain the system of the following
form:

z(t) = 	z(t) + f ∗(t),

where f (t) – f ∗(t)→  when t → ∞, and estimating the norm of the corresponding oper-
ator 	, we get

‖	‖ ≤ max
≤i≤n

{
esssup

t≥

n∑
j=

∣∣�pij(t)
∣∣γj

}

+ max
≤i≤n

{
esssup

t≥

n∑
j=

(∣∣pij(t)∣∣ + ∣∣�pij(t)
∣∣)} 

 – q
esssup

t≥

∣∣θij(t) – τij(t)
∣∣

× esssup
t≥

( n∑
k=

∣∣pjk(t)∣∣γk + 

)
, ()

where γi, i = , . . . ,n, are defined by inequalities ().

Theorem  Let the conditions of Theorem  be fulfilled and ‖	‖ < , then the Cauchy
matrix C(t, s) of system () and its fundamental matrix C(t, ) satisfy the exponential
estimates and the difference �x of solution x of system () and x̄ of system () satisfies the
inequality

‖�x‖ ≤ max
≤i≤n

‖f ‖
 – ‖	‖γi, i = , . . . ,n,

for sufficiently large t.
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