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1 Introduction

The aim of the paper is two-fold: first, to study nonlinear elliptic problems under non-

homogeneous Dirichlet boundary condition; second, to incorporate in the problem state-

ment nonlinearities exhibiting derivatives of the solution. These requirements need to

develop a nonstandard approach, in particular prevent the use of variational methods.
Specifically, we study two problems on a bounded domain  C RN (N > 1) with Lips-

chitz boundary 9<2. We first consider the problem

div(a(x, u)Vu) = divb(x,u, Vu) + f(x,u) in Q, O
u=g on 0%2,

where a: Q2 x R — Sy(R), b: Q x R x RY - RN, f: Q x R — R are Carathéodory
functions (that is, they are measurable in x € © and continuous in the other variables),
g € H(R), and Sy (R) denotes the space of N x N sized symmetric matrices. In the fol-

lowing definition we make clear what we understand by solution to problem (1).

Definition 1 A (weak) solution of problem (1) is an element u € H'(2) such that u — g €
H{(Q), a-,u)Vu € LX(QN, b(-,u) € LX(Q)N, f(-,u) € L*(2), and

/ (a(x, u)Vu) -Vvdx = f b(x,u,Vu) - Vvdx — ff(x, u)vdx forallve H(l)(Q).
Q Q Q
Next we focus on nonhomogeneous Dirichlet problems where, contrary to problem (1),

the dependence with respect to the gradient Vu of the solution « is not expressed in a
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divergence form, namely

div(a(x, u)Vu) = div bo(x, u) + Zﬁl bi(x, u)g—; +f(x,u) inQ, @
u=g on 0€2.

Herea: Q2 xR — Sy(R),f : @ x R — Rand gareas in problem (1), while by : 2 x R — RN
and b;: @ x R— R (i € {1,...,N}) are Carathéodory functions. The meaning of solution
of problem (2) is as follows.

Definition 2 A (weak) solution of problem (2) is an element u € H'(R2) such that u —
g € HY(RQ), a(,u)Vu € LX(Q)N, bo(-,u) € LX(Q)N, bi(~,u)g—”fi eL*(Q) forallie(l,...,N},
f(-,u) € L3(R), and

N
/Q(a(x,u)Vu)-Vvdx:/Qbo(x,u)-Vvdx—Z/Qbi(x,u)%vdx—/gf(x,u)vdx
i=1 ¢

for all v € H}(Q).

Problems of type (1) and (2) have been investigated in settings that are different from
ours (see, e.g., [1-6]). For instance, problem (1) is studied in [3] when N =1 and N =2
with functions a(x,s) and b(x,s, &) = b(x,s) corresponding to certain physical models, as
described by Reynolds equation where b(x;, s) = h(x)p(s)V with h(x) € R, p(s) > 0, p(0) = 0,
and V € RN, Whereas many of the previous results on problems (1) and (2) involve tech-
nical and somewhat restrictive assumptions on the data, the purpose of the present paper
is to provide an elementary resolution of problems (1) and (2) in geometrically relevant
situation. As an example of such a geometrically relevant situation, we mention the as-
sumption on the term b(x, -, &) in problem (1) to vanish at two points.

Our results are stated as Theorems 1 and 2. They are existence and location theorems
on problems (1) and (2), respectively, guaranteeing solutions in the sense of Definitions 1
and 2 that fulfill an estimate y, < u < y* with given constants y, < y*. This a priori esti-
mate of the solution is derived through natural geometric hypotheses that can be directly
checked. It is also worthwhile to remark that we cannot drop by translation the nonhomo-
geneous boundary conditions to become homogeneous because our hypotheses would be
no longer verified. The arguments used in the proof are based on truncation techniques
and Schauder’s fixed point theorem. We emphasize that, due to the type of assumptions
we impose, it is essential in our approach to keep separate the two terms in divergence
form appearing in the statement of (1) and (2). A careful inspection of our proofs shows
that we rely on the linearity with respect to the gradient Vu in the first divergence term
and on the vanishing at suitable points in the second divergence term.

The rest of the paper is organized as follows. Section 2 is devoted to problem (1). Sec-
tion 3 studies problem (2).

2 Result on problem (1)
Throughout the paper the notation || - ||;2 and || - ||;n stands for the usual norms on L2(Q)
(or L2(2,RN)) and H(R2), respectively. By | - | we denote the Euclidean norm of RY.
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Let A; be the first eigenvalue of the negative Laplacian differential operator on H}(S2),
which is known to be positive and characterized by

19V,

IvIIZ,

Alzinf{ :veHé(Q),v;lO}. 3)

We suppose the following hypotheses on the data a4, b, f, and g in problem (1):
(H1) There is a Carathéodory function A : 2 x R — (0, +00) such that
(a(x,5)€) - & > Ax,5)|E|* foraa.xeQ alseR, alé e RN,
(Hz) There are constants y,, y* € R with y, < g(x) < y* on 9Q such that

b(x, 7€) =b(x,y"£) =0 foraa xeQ,aléeRY,

fy)=f(xy*)=0 foraa. xeq.

(Hs) The functions a, f are bounded on the set M := {(x,5) € Q X R: y, <s <y*} and
|b(x,s5,6)| < C(1+&]) foraa.xeQ,allse [y, y*] allg e RN,

(Ha) There is a Carathéodory function v: 2 x R — (0, +00) such that

:= inf (A(x,s) — ) 0
0 (x,lsl)leM( (x,8) —v(x s))>

and

(b(xrsrs) —b(x,s, 71)) ' (%' - 77) =< v(x,s)|§ - 77|2
foraa.xeQ,allseR,&neRN,

Remark 1 The constants y, and y* are not solutions of problem (1), unless g = y, or
g=y* on dQ. Thus, in general, problem (1) has no evident solution.

Remark 2 Due to their different structure and requirements, the two terms in (1) that are

in divergence form cannot be combined.

Remark 3 The last part of hypothesis (H4) incorporates the monotonicity condition
(b(x,s,“;‘) —b(x,s,n)) (E-n)<0 foraa.xeQ,alseR,al&neRY,

as well as the Lipschitz condition
’b(x,s,é) —b(x,s, n)| <v(x,s)E—n| foraa.xeQalseR, allg,neRY,

and it is more general than both of them.

The result that we set forth in this section is the following theorem ensuring existence
and location of solution for problem (1).
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Theorem 1 Assume that hypotheses (H;)-(Ha) are satisfied. Then problem (1) has at least
one solution u € H'(Q) in the sense of Definition 1 satisfying

Ve <ulx) <y* foraa xeQ,
with v, and y* given in (Hy).
Proof Consider the set
C= {u eL’(Q):y. <ulx)<y*aexe Q},

which is a nonempty, bounded, closed, convex subset in L2(Q).
Claim 1: Given u € C, there is a unique solution w, € H'(2) of the problem

Jolalx, u)Vw,) - Vvdx = [ b(x,u, Vw,) - Vvdx — [, f(x,u)vdx forallve H\(Q),
w, — g € Hy(Q).

Note that Claim 1 is equivalent to solving uniquely the problem

(A(w),v) =B(v) forallve H)(R),

(4)
w € Hy(R).

Here A : H)(Q2) — H™1(Q2) and B € H™'(Q) in (4) are expressed by
(A(w), ) = /Q (ale, )V = b(x, 1, Vw + 9))) - Vv dx

and
B(v) = - /Q(a(x, w)Vg) - Vvdx - /Qf(x, w)vdx

for all w,v € H}(2). Notice that the operators A and B are well defined due to our hypothe-
ses.

With the fixed element u € C, let us introduce the Carathéodory map a: 2 x RN — R¥
by

a(x,&) = a(x, u(x))€ — b(x, u(x),£ + Vg(x)) foraa.xeQ,allé eRV.

From hypotheses (H;), (Hs), (H4), and because u € C, it follows that a satisfies the prop-
erties: there is a constant ¢y > 0 such that

ax,€)| <co(l+€]) foraa xeQ,allgeRN (5)
and

(a(x, &) —alx,n) - (€ -n) = plé —n)* foraa.xeQ,alf,neRN. (6)
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Estimate (5) guarantees that the operator A is bounded (in the sense to be bounded on
bounded sets). It is easily seen that (6) implies that A is coercive, that is,

(A(v),v)
im
Vvl 2—>+00 || VV||[2

Moreover, relations (5)-(6) ensure that the operator A is maximal monotone, so pseu-
domonotone (see, e.g., [7, §2.3.1]). Since A is bounded, coercive, and pseudomonotone,
it is surjective (see, e.g., [7, Theorem 2.99]), whence the existence of w, in Claim 1. The
uniqueness of w,, is a direct consequence of (6) (notice that p > 0). This establishes Claim 1.

Now, taking advantage of Claim 1, we define the operator T : C — H(Q) by T(u) = w,
for all u € C, where w,, is the unique element corresponding to u € C as proved in Claim 1.

Claim 2: The mapping T : C — H'(R) is continuous.

Let u € C and let {u,},>1 C C be a sequence such that u, — u in L*(R2). Denote w, =
T(u,) and w = T(u). Using the definition of T and choosing v = w,, — w € H}(RQ) as a test
function in Claim 1 (written with u, and u), we have

/ (a(x, u,)Vw— w,,)) -V(w-w,)dx
Q
= / ((a(x, un) — alx,w))Vw) - V(w — wy) dx + / (alx, ) Vw) - V(w - w,) dx
Q Q
- / (a(x, un)Vwy) - V(w—w,) dx
Q

= / ((a(x, uy,) — a(x, u))VW +b(x, u, Vw) — b(x, u,, an)) -V(w-w,)dx
Q

- /Q(f(x, u) — f (%, un)) (W — wy) dx.

Combining this formula with (H;), (Hs), (H4), (3) and the Cauchy-Schwarz inequality, we
obtain

/ A, un)’V(w - wy,)‘2 dx
Q
< | (ale, ) — al, 1)) Vw + b, 11, V) = b, 10, VW) | 1o || V(W = wi0) || 2

+ % ) £ G 10) o [ Vv = w2 + /Q v 0,)|V v = w,)[* di.

Taking into account hypothesis (H,) leads to
pl|Vw=w)| 2 < [ (alx, 1a) — ale, u)) Vw + b, u, VW) = b(x, u, VW) | 2
1
t If (s 100) = f (o5, 0) |- 7)
Set
h,(x) = (a(x, u,) —a(x, u))Vw + b(x, u, Vw) — b(x, u,,, Vw).

We claim that

h,— 0 inL*S). (8)

Page 5of 13
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To this end, we show that any subsequence of {/,},>1 possesses a subsequence converg-
ing to 0 in L2(R2). Since u, — u in L?(Q), we have that, along a relabeled subsequence,
h,(x) — 0 for a.a. x € Q. Invoking (Hz), we have that |/,,(x)|? < ¢;(|Vw(x)|? +1), with some
constant ¢; > 0. Through Lebesgue’s dominated convergence theorem, we conclude that
1,112 = 0 as n — 00, so (8) holds true.

Similarly, we have
S u,) —fx,u) > 0 in L*(R).

Then, in view of (7), we infer that ||V(w, — w)|;2 — 0. Since the domain € is bounded
and w,, — w € H}(2), we can make use of the Poincaré inequality for w,, — w, which yields
lw, —wl|;2 — 0, whence w,, — w in H(Q2). This establishes Claim 2.

With the truncation function 7 : R — R defined by

Ve ifs< Vi,
T(s)=1s ify. <s<y* %)
y* ifs>y¥,

consider the operator S: C — C introduced as follows
S(u)(x) = T(T(u)(x)) fora.a.x € Q. (10)

Note that S takes values in C N H(Q).

Claim 3: The mapping S : C — C has a fixed point.

Since T : C — HY(R) is continuous by Claim 2 (thus a fortiori T : C — L*(R) is contin-
uous) and 7 is a bounded continuous function, we infer that S : C — C is continuous. We
claim that S : C — C is a compact operator. To this end, it suffices to check that S(C) is
relatively compact in L%(R2). Because of the compact embedding of H*(Q2) in L2(R), it is
sufficient to prove that S(C) is bounded in H(2).

Let # € C and denote w = T(u). By the definition of T and inserting therein the test
function v = w — g € H}(2), we see that

[ a9 00 - 0) - V-1
[ a0V + bl ) - V- gy~ [ 500w - @)
Then, as in the proof of Claim 2, from assumptions (H; ) and (Hs) we obtain that
/Q,\(x, w)|Vw - )" dx < | ~ax,u)Vg + bx,u,Vg)| . |[Vw-2)| ;2
+ % If x|, [ Vr-9)| - + /Q v(x, 1) |V (w - g)|” dx,
whence, by (Ha),

V-9 < e a

with a constant ¢, > 0 independent of u.
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Using (11), we derive
2 2 o 2
”S(u)”H1 = /;z‘r(w(x))’ dx+/Q’V(r w)(x)‘ dx

< [l Pase [ rontas
2 {yesw=y*}

<a(l+]|Vw-9]5) <c

with constants c3,cs > 0 independent of u. It follows that the set S(C) is bounded in
HY(Q), so according to what was said before, the map S : C — C is compact. Consequently,
Schauder’s fixed point theorem can be applied (see, e.g, [8, p.452]), through which it fol-
lows that S admits a fixed point in C. This shows Claim 3.

Claim 4: Let u € C be a fixed point of S. Then there holds T'() = u.

The existence of a point u € C such that S(#) = u is ensured by Claim 3. Fix such a point
u and set w = T'(1). In order to deduce the desired conclusion from S(u) = u, it suffices to
check that y,. <w < y* a.e.in Q. We only verify the inequality y, < wa.e.in Q2 because the
proof of the other inequality is similar. By virtue of hypothesis (H;), we have w = g > y,
on %2 (in the sense of traces), hence (w — y,)” = 0 on 92 and so the function (w — y,)~
belongs to Hy(2) (see, e.g., [7, p.35]). Using v = (w— y4)~ as a test function in the definition
of T gives

/ (a(x, u)Vw) Vw—y,) dx = / b(x,u, Vw) - V(w—y,) dx
Q Q

- f Flru)ow—7) dx,
Q

which reads as

/ (a(x, u)Vw) -Vwdx = / b(x,u, Vw) - Vwdx
{ye=w}

{yse=w}

- flx,u)(w—y,) dx. (12)

{yx=w}

By the assumption that S(#) = # and from (10) we know that u(x) = S(#)(x) = t(w(x)) for
a.a.x € Q, hence u = y, a.e. in {y, > w}. Then hypothesis (H,) implies that b(x, u, Vw) = 0
and f(x,u) = 0 a.e. in {y, > w}. Consequently, (12), (H;), and (H,) entail

/ IVw|?dx <0,
{ye=w}

whence V(w-y,)” = =Vw =0 a.e. in {y, > w}. On the other hand, we have V(w—y,)” =0
in {y. < w}. Altogether, we obtain that V(w — y,)~ = 0 in Q. Since (w — y,)~ € H}(Q), we
conclude that (w — y,)” =0 a.e. in €, thus w > y, a.e. in Q. This proves Claim 4.

By Claims 3 and 4, the operator T admits a fixed point # € C. Then the definition of T
implies that u = T(u) € g + Hy(S2), so u is a solution of problem (1). In addition, the fact
that u € C guarantees that y, < u < y* a.e. in Q. The proof of Theorem 1 is complete.

O
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3 Result on problem (2)
The hypotheses on the data a, b; (i € {0,1,...,N}),f, and g in problem (2) that we suppose
are as follows: (H;) in Section 2,

(H,) There exist constants y,, y* € R such that y, < g(x) < y* on 9Q and

bi(x, yy) = b,-(x,y*) =0 foraa.xeQ,alie{0,1,...,N},

fy) =f(xy*)=0 foraa.xeq.
(H3) There exist constants m > 0 and 71, mo > 0 such that

‘a(x,s)| <m, V(x,s)| <m, and ‘bo(x,s)’ < my

foraa.xe @, allse [y*, y*].

(Hy) p:=infxgeaxip,y* A, s) > 0 and there exist constants m; > 0, i € {1,...,N}, with

77 = ) SN m? < pa/Aq, such that
|b,-(x,s)| <m; foraa.xeQ,allse [y*,y*],i e{l,...,N}

Remark 4 As in the case of problem (1), we note that the constant functions u = y, and

u = y* are not solutions of problem (2), unless g =y, org=y* on 9.
Now we state our result of existence and location of solutions for problem (2).

Theorem 2 Assume that (Hy), (Hy), (H3), and (H},) are satisfied. Then problem (2) has at
least one solution u € H'(Q) in the sense of Definition 2 satisfying

Ve Sulx) <y* foraa xe,
with y, and y* as in (Hy).

Proof We follow the pattern of proof of Theorem 1. Hence, using the constants y, and y*

prescribed in (H5), we consider
C= {u eL*(Q): v <u(x) <y*foraa.xe Q}

which is a nonempty, bounded, closed, convex subset of L2(R2). We proceed by proving
four claims regarding problem (2) that correspond to those in the proof of Theorem 1 for
problem (1). We provide the proof since there are some differences with respect to the
proof of Theorem 1.

Claim 1: For every u € C, there is a unique solution w,, € H'(R2) of the problem

Jolalx, u)Vw,) - Vvdx
= [q bo(x, u) - Vvdx — Zfil Jo bi(x, 1) ‘LV;Z’ vdx — [ f(x,u)vdx forall v e Hj(S2),
w, — g € Hy(Q).
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As in the proof of Theorem 1, first we note that Claim 1 is equivalent to proving that the
problem

A(w,v) =B(v) forallve H)(Q),

(13)
we Hy(RQ)

admits a unique solution, where

N
ow

A(w,v):/ a(x, u)Vw) - Vvdx + E /bi(x,u)—vdx
Q( ) -1 V9 0x;

and
N
_ e 28
B(v)—/g(bo(x,u)—a(x,u)Vg)-Vvdx—;/;zb,(x,u)axivdx /Qf(x,u)vdx.

For u € C, by the Cauchy-Schwarz inequalities in L*(2) and in RV, as well as (H}) and
(3), we derive the estimate

bi(x)

|v| dx

0
by, 1)
Q axl

N

< vl Z( /Q |bi(e, )|

i=1

N

2\
— dx)
aw
5||v||LzZmi(/ ow
: Q

s||v||Lz(ijm?> (Z f )
- ||v||Lzm( fg Vwl dx)

VI [IVW 2 (14)

axl

J_

for all w,v € H}(Q). Using the Cauchy-Schwarz inequality in L?(€2), the fact that u € C,
(Hj) and (14), we get

[Aw,)| < ||alx, W) Vw5V VIl2 +

ol ow
Z/ bi(x, u)—vdx
i=1 V9 0%;

<m + ﬁ) VW 2lIVV2 forallw,ve Hé(Q),

which ensures that A : H} () x Hy(2) — R is a continuous bilinear form. From (H;), the
fact that u € C, (H}) and (14), we have

m
A, v) > | - — )IVv)|%, forallve HA(S).
(v v)_( \/k—l)” vl forallv 5(Q)

Page9of 13
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Since 7 < ju4/A; (as postulated in (H})), we infer that A : H}(2) x H)(2) — R is also
coercive.

On the basis of the reasoning in (14), the following estimate holds

m
< —=[Vel2 Vvl (15)

Vi

d
b;(x,u) —gvdx
Bxi

for all v € H}(2). Taking into account that # € C, (Hj), (15) and (3), we see that

|B)| < ((m + %)nvgm + (mo + %)m )||Vv||Lz forall v e Hy(S),
1

where |Q| stands for the Lebesgue measure of Q. Therefore B : H}(2) — R is linear and
continuous. The properties of the mappings A and B permit to apply the Lax-Milgram
theorem, through which we conclude that problem (13) admits a unique solution. This
establishes Claim 1.

As in the proof of Theorem 1, we introduce the operator T : C — H'(Q) defined by
T (u) = w, for all u € C, with w,, given in Claim 1.

Claim 2: The mapping T : C — H'(R) is continuous.

In order to prove this assertion, we proceed as in the proof of Claim 2 in Theorem 1.
Fix u € C and consider a sequence {u,},>1 C C such that u, — u in L%(2). Denoting w,, =
T(u,) and w = T(u), we find that

/ (alx, u))V(w—wy)) - V(w—w,) dx
Q

= f ((aCx, un) — alx, u)) Vw + bo(x, u) — bo(x, 1)) - V(w — wy,) dx
Q

o(w—wy)
_Z/[b(x,u) b(x,un)) (x,u,,)T}(w—wn)dx

- [ (0 - 500 O ) . (16)
Q
A straightforward calculation entails

x,u,,)a(w W”)(w W) dx <—||V(w w22 (17)

o

Combining (H;), (H3), (H}), 16), (17), (3), and the Cauchy-Schwarz inequality yields

w]| Vv =wa)| o < [(ale, un) — ala, u)) Vw + bo(x, 1) — bo(x, ) | >

N
ow
+ i g(bi(x, u) — bi(x, ”"))a_xi )
1 I
t f e, 0) = f (e, 1) || 2 + T IVw=wn)| 25 (18)

with u and 1 in (H}).

Page 10 0of 13
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Proceeding as in (8) we show that

(alox, u) — alox, u))Vw + bo(x, u) — bo(x,1u,) = 0 in L*(R), (19)
N
> (bilo, u) - by, un))% -0 and f(xu)-f(xu,)—0 inL*(Q). (20)

i=1

Now it suffices to combine (18), (19), (20) and recall that 771 < j14/A; (see (H})) to conclude
that [|V(w, —w)|| ;2 — 0. Then, because w,, —w € H}(S2) and  is bounded, by the Poincaré
inequality, we also deduce that ||w, — w||;2 — 0. This amounts to saying that w, — w in
HY(2), which proves Claim 2.

Following the approach developed in the proof of Theorem 1, we introduce the operator
S: C — C given by (10), with the truncation function t : R — R defined in (9) correspond-
ing to the constants y, and y* in (Hj).

Claim 3: The mapping S : C — C has a fixed point.

Claim 2 readily implies that the mapping S: C — C is continuous. Let us check that
S : C — C is a compact operator. To see this, it suffices to check that S(C) is relatively
compact in L2(£2). Thanks to the compactness of the embedding of H!(£2) into L*(2), this
reduces to show that S(C) is bounded in H'(2). To this end, let # € C and denote w = T (1).
We can argue as in the proof of Theorem 1 by relying now on the present hypotheses. We
obtain from w = T'(u) with the test function v = w — g € H}(Q), in conjunction with (H;),
(H3), (H}), that

1 -
1| Vw =2 2 < [bolx,u) - alx, u)Vg| o + —= (7l VWl 2 + 1)

VA

m

VA

S ”v(W_g)”Lz + Co,

where ¢ > 0 is a constant independent of u. In view of hypothesis (H}), it follows that
Vw2 < c1s (21)

with a constant ¢; > 0 independent of u. Using (21) and the definition of S, we get the
estimate

1) %s = /Q | (w()) | + /Q IV(r o w)(x) > dx

sf(|y*|+|y*|)2dx+f IVw|*dx < ¢,
Q {ya<w=y*}

with ¢, > 0 independent of u. We conclude that the set S(C) is bounded in H*(<2), so rela-
tively compact in L2(2). Therefore the map S : C — C is compact. This enables us to apply
Schauder’s fixed point theorem (see, e.g., [8, p.452]), which implies that S possesses a fixed
point in C. Claim 3 is thus shown.

Claim 4:1f u € C is a fixed point of S, then T'() = u.

Let u € C be a fixed point of S and set w = T'(). In order to show that u is a fixed point
of T, it is needed to be fulfilled y, <w < y* a.e. in Q. The proof is done following the
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pattern of the corresponding part in the proof of Theorem 1. We outline the proof of w > y,
a.e. in Q (the proof of the other inequality is similar).
Testing in w = T'(u) with v = (w — )~ € HA(R) yields

/ (a(x, u)Vw) -Vwdx = / bo(x,u) - Vwdx
{yx=w}

{ye=w}

/{'V* >w}

N
Z bi(x, u) 27‘4} +f(x,u) |(w—y,) dx. (22)
i=1 g

In {y, > w} it is true that
ulx) = S(u)(x) = t(w(x)) =y, foraexeQ.
Then hypothesis (H,) implies that

bi(x,u) =f(x,u) =0 ae. in{y.>w}ie{0,1,...,N}.

Combining with (22), (H;), and (H}) entails

/ |[Vw|?dx < 0.
{yx=w}

It turns out that V(w — y,)” = =Vw =0 a.e. in {y, > w}. Also, it is clear that V(w — y,)” =
0 in {y, < w}. Consequently, the equality V(w — y,)~ = 0 in € is valid, which results in
(Ww—v4)” = 0a.e.in Q because (w—y,)~ € H)(Q). This reads as w > y, a.e. in , so Claim 4
is fulfilled.

Now we can conclude the proof. Claims 3 and 4 ensure that there exists a fixed point
u € C of the operator T. This means that u = T(«) € g + Hy(R2) and u is a solution of prob-
lem (2). Moreover, since u € C, we also have y, <u < y* a.e. in Q. The desired conclusion
is achieved. O
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