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1 Introduction
In this paper, we consider the existence of solutions for the prescribed variable exponent

mean curvature system

—(o(tu)) +f(buu) =0, te(0,T)t#t, (1)

where u : [0, T] — RY, with the following impulsive conditions:

lim w(f) — lim u(f) :Ai<lin1 u(t), lim I/(t)), i=1,...,k 2)
t_>tl,+ t—>ti t—>ti t—>ti

. , . oyl ny -
Jim o(6, (1) = Jim o(t,u'(1)) = B (tlgg u(e), Jim u (t)), i=1,....k (3)

and one of the following boundary value conditions:

u(0)=u(T), and ¢(0,4(0)) =¢(T,u(T)), (4)
u(0) =u(T) =0, (5)
' (0)=u/(T) =0, (6)
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where

K|PO)-14
(p(t;x): H—l, VtE[O, T],erRN,
1+ |x|6I(l)P(l))ﬁ

p,q € C([0, T],R*) are absolutely continuous; and p, ¢ satisfy p(t) > 1, g(¢£) > 1. —(¢(t, v'))’
is called the variable exponent mean curvature operator; 0 < f; <t <--- <t < T; A;,B; €
C(RN x RN, RN),

If p(0) = p(T) and ¢(0) = g(T), then ¢(0,u/(0)) = o(T,u/'(T)) implies #/(0) = &'(T), and
(4) is the periodic boundary value condition. Thus we call (4) the periodic-like boundary
value condition.

The system (1)-(3) is called a prescribed variable exponent mean curvature impulsive
system. It has three characteristics, i.e. impulsive, mean curvature and variable exponent.
Let us simply introduce the three characteristics.

The theory of impulsive differential equations describes processes which experience a
sudden change of their state at certain moments, such as mechanical systems with im-
pact, biological systems such as heart beats, blood flows, population dynamics, theoret-
ical physics, radiophysics, pharmacokinetics, mathematical economy, chemical technol-
ogy, electric technology, metallurgy, ecology, industrial robotics, biotechnology processes,
chemistry, engineering, control theory, medicine, and so on. There are many results on
the Laplacian impulsive differential equations boundary value problems (see [1-13]). The
results as regards p-Laplacian impulsive differential equations boundary value problems
are more difficult due to the nonlinearity of p-Laplacian (see [14—18]). Because of the im-
pulsive conditions and the non-continuity of solutions, this paper has more difficulties
than [19]. In many papers about the usual Laplacian impulsive problems, the authors use
the impulsive condition lim,, .+ u'(t) - lim, ;- u/'(t) = Bi(limy— ;- u(2), lim;— ;- u'(t)), but we
think that the condition (3) is better in this paper. Therefore, we should consider what
kind of impulsive condition is suitable for prescribed variable exponent mean curvature
problems, it is a difference between this paper with the usual Laplacian impulsive prob-
lems.

Simultaneously, system (1) is a kind of mean curvature system. This kind of problems has
attracted more and more attentions recently (see [20—28]). In [19], the authors generalized
the usual mean curvature systems to variable exponent mean curvature systems, and dis-
cuss the existence of solutions of (1) with periodic-like boundary value condition (without
impulsive conditions). In [29], the authors dealt with the existence of solutions and non-
negative solutions of (1)-(3) with initial boundary value condition. This paper deals with
the existence of solutions of (1)-(3) with periodic-like boundary value condition, Neumann
boundary value condition, or Dirichlet boundary value condition, respectively. This paper
was motivated by [19, 29]. Similar to [19, 29], the proof of our main result is based upon
the Leray-Schauder degree, but this paper is more difficult than [19, 29].

System (1) is also a kind of variable exponent equations. The variable exponent equations
arise from the study of nonlinear elasticity, electrorheological fluids and image restoration,
etc. We refer readers to [30—33] for detailed application backgrounds. There are many
results on this kind of problems [30—48]. Many results show that problems with variable
exponent growth conditions are more complex than those with constant exponent growth
conditions. For instance we have the following.
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(a) If @ c RY is abounded domain, the infimum A, of the eigenvalue of p(x)-Laplacian
is zero in general, and the p(x)-Laplacian does not have the so-called first eigenfunction
(see [39]); but the fact that A, > 0 is very important in the study of p-Laplacian problems,
and the first eigenfunction of the p-Laplacian was used to construct subsolutions of a
p-Laplacian problem successfully (see [49]).

(b) For variable exponent function L”0)(RN), the norm | - |p() is not invariant for the
translational coordinate transformation, i.e. under the usual Luxemburg norm | - |, we
have |u(x)|,() # |u(x + x0)|p() in general (see [50]).

(c) In [51], the author generalized the Picone identities for half-linear elliptic operators
with p(x)-Laplacians and applications to Sturmian comparison theory, but the formula is
different from the constant exponent case.

In this paper, we investigate the existence of solutions for the prescribed variable expo-
nent mean curvature impulsive differential system boundary value problems, the proof of
our main result is based upon the Leray-Schauder degree.

This paper is divided into four sections; in the second section, we will discuss the ex-
istence of solutions of variable exponent mean curvature impulsive system periodic-like
boundary value problems. In the third section, we will discuss the existence of solutions of
variable exponent mean curvature impulsive system Dirichlet boundary value problems.
Finally, in the fourth section, we will discuss the existence of solutions of variable exponent

mean curvature impulsive system Neumann boundary value problems.

2 Periodic-like boundary value problems
In this section, we will discuss the existence of solutions of variable exponent mean cur-
vature impulsive system periodic-like boundary value problems, i.e. the existence of solu-
tions of (1)-(4). In order to do that, we give the following notations and basic assumptions:

For any v € RN, v will denote the jth component of v; the inner product in RN
will be denoted by (-,-); | - | will denote the absolute value and the Euclidean norm
on RN, Denote J = [0, T], ' = [0, TI\{to, t1, .., trs1}, Jo = [to, 1), Ji = (i), i = 1,..., K,
where ty = 0, tg,1 = T. Denote J the interior of J;, i = 0,1,...,k. Let PC(J, RN) = {x:
J — RN | x € C(J,RN),i =0,1,...,k and x(¢]) exists for i = 1,...,k}; PC'(J,RN) = {x €
PC(,RN) | & € C(];’,]RN),limHt; u/'(t) and lim, .- /(¢) exist for i = 0,1,...,k}. For any
u(t) = (u!(t),...,uN(t)) € PC(J,RN), we denote ||y = sup{|z‘(¢)| | £ € J'}. Obviously,
PC(J,RN) is a Banach space with the norm [Jullo = (XY, |u"|g)%, PCY(J,RN) is a Banach
space with the norm |[|u|; = ||u]lo + [|#/||o. In the following, PC(J,RY) and PC'(J,RN) will
be simply denoted by PC and PC', respectively. Denote L' = L}(J,RY), and the norm in L!
is lullp = (28, (fy @) dr?]2.

Let N > 1, the function f : J x RN x RN — RN js assumed to be Caratheodory, and by
this we mean:

(i) for almost every ¢ € J the function f(¢, -, ) is continuous;
(ii) for each (x,y) € RN x RN the function f(-,, y) is measurable on J;
(iii) for each R > 0 there is a Bz € L'(J, R) such that, for almost every ¢ € J and every
(x,9) € RN x RN with |x| <R, |y| <R, one has |f(t,x,y)| < Bz(t).

We say a function u : /] — R¥ is a solution of (1) if u € PC* with ¢(¢, u’) absolutely con-

tinuous on /7, i = 0,1,..., k, which satisfies (1) a.e. on J.

In fact, the above notations and basic assumptions will be used in throughout the paper.
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2.1 Preliminary
In this subsection, we will make some preparations.

Lemma 2.1 (see [19]) ¢ is a continuous function and satisfies the following.
(i) Foranyte€], ¢(t,-) is strictly monotone, i.e.

<g0(t,x1) —o(t, %2), %1 —xg) >0, foranyx;,x;€ RN, x #%.
(ii) For any fixedt €], (t,-) is a homeomorphism from RN to
E={xeR"||x<1}.
For any ¢ € ], we denote by ¢!(¢,-) the inverse operator of ¢(t, -), then
¢ (t,x) = (1— [%]90) 7070 |30 %, for x € E\{0}, ¢”1(5,0) = 0.
Let us now consider the following simple problem:
(o(tu'®)) =g(), te©.T)tt, @)
with the following impulsive boundary value conditions:
lim, e () = limgs - u(t)) =a;,  i=1,...,k
lim,_, .+ o(t, u/(t)) — lim,_, - ot u'(t)=b;, i=1,...,k, (8)
u(©0) = (D), (0,4/(0) = (T, u(T))

where a;, b; € RN, Zle |b;| < 1; g € L' and satisfies fng(t) dt + Zle b;=0.
Denote

L = {veLl ) /Tv(r)dr:O}.
0

Let h(t) =g(t) + % Zle b;, then h € L}, If u is a solution of (7) with (8), by integrating (7)
from O to ¢, we find that

k

o(6,u/ (1)) = 9(0,4/(0)) + Zbi + /0 |:h(r) - % Z b,':| dr, Yte]. 9)

ti<t i=1

Denote p = ¢(0,'(0)). Define operator F: L' — PC as

F(g)(t) = /0 tg(t)dt, Vte],Vgell

From (9) and (ii) in Lemma 2.1, we can see that

sup|e(t, u'(t))| = sup <1
te] te]

1k
p+Zbi+F<h—?;bi)(t)

ti<t
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Denote
Dy = {heL}M there exists p € RV such that
1k
sup|p + b;+F\h-—= b ()| <1¢.

By (9), we have
1k
u(t) = u(0) + ;ai +F{g01 |:t, (,0 + ;bi +F<h -7 lzzlb,)):| }(t), Vte],
the boundary value conditions imply that
k T 1k
;ai +/o <p‘1:t, |:p + ;bi +F<h— o lebi>(t):| } dt=0.

Denote a = (aj,...,ar) € RN, b = (by,...,b;) € RN, 1t is easy to see that p is dependent
ona, b and h. For fixed a,b e R®N 1 € 5;,, we define

k T 1 k
Apn(p) = Zai + /(; ¢! :t, |:,0 + Z b; + F(h -7 Zbi) (t)j| } dt.
i=1 i=1

ti<t

Denote
D, = {h eLin there exists p € RN such that
1 &
bi+Flh-— b; |(#)| <1and A =0¢.
Stg}30+z it ( TZ 1)() <land A (p) }

ti<t i=1

If (7) with (8) has a solution in PC!, we must have / = g(t) + % Zle b;eD,yp.
Denote W, = R?N x L1 with the norm
k k
IWllw,, = > lail + Y |bil + Ikl Yw=(a,b,h) € W,

i=1 i=1

then W,, is a Banach space.

af, L
¢ \"en

MZ:{(bl,...,bk)eRkN

Denote

1
C,=—min
6N te/

k
1
, Mlz{(al,...,ak)eRkN Z'aiRETC*}’ (10)

i=1

a 1
bil < — 1. 11
;' |<121\[} an

Lemma 2.2 The function A,(-) has the following properties:
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(1°) For any fixed (a,b) € My x Ma, Yh € D, the equation
Aw(p)=0, wherew=(a,b,h)e W,,

has a unique solution p(w) € RN,
(29) For any fixed a = (as,...,ar) € My, b= (by,...,by) € My, D,y contains the open ball

E(0, 12) ={u e Ll |llullp < 2} and then one defines a mapping p : My x My x
E(0, ;) — RN,

(3%) The function p : My x My x E(0, 12) — RN, defined in (2°), is continuous and
bounded.

(4%) For any fixed a = (a1, ...,ar) € My, b= (by,...,by) € My, the set D, is open and un-
bounded in L}.,.

Proof (1°) From the definition of D,, for any fixed (a,b) € M; x My, Yh € D,;, the
equation A,(p) = 0 has at least one solution. Since ¢(¢,-) is strictly monotone, we can
see that ¢7(¢, -) is strictly monotone. Thus, the equation A, (p) = 0 has a unique solution
p(w) e RN,

(2°) Let i € E(0, ), then O < ||| 1 < 5. Denote

' 12

k
1 N 2
g—h—?;bi, A—{xeR ‘|x|<§}.

Obviously, for any (a, b, h) € My x My x E(0

ie.,

, 12) foranyp € A, A (@b (p) is well defined,

sup
te]

p+> bi+Ft) <

ti<t

Observe that 0 < |Zt<tb +F@)®)| < and <|p+ thb +F@)®)| < 55 for any
(¢, p) €] x 0A.
Since |p+Zt<tb + F(g)(t |_|Zt<tb + F(g)(t éforany(t,p)e]x 0A, we have

(Au(o) o) = <Zan> | < {t»[P+th+1’(g)(t)“,p+Zbi+F(g)(t)>dt

ti<t ti<t

- /0 T<<p-1 {z, |:,0 +Y b+ F(g)(t)] } > b+ F(g)(t)> dt

ti<t ti<t

T q(t) (51()
z/ (l—‘p+zbi+F(g)(t)‘ ) "
0

ti<t

k
pt) 2
X |p+ E b + F(g)(t) dt—g E |a;|
ti<t i=1

_/OT( ‘,0+Zb +F(g) t)‘ >

ti<t

1
‘—t+1

Page 6 of 29


http://www.boundaryvalueproblems.com/content/2014/1/139

Yin et al. Boundary Value Problems 2014, 2014:139
http://www.boundaryvalueproblems.com/content/2014/1/139

X

p+ Y bi+F@))

ti<t

T ONFoT)
=/0 (1—‘p+Zbi+F(g)(t)‘ )

ti<t
!
T
e
0

k
1 2
cTC. - ggm,w > 0.

’m ZbﬁF(g)(t)‘dt

ti<t

p+ b+ FQ®)|

ti<t

p+§:m+F@xﬂ—

ti<t

k
> b, +F(g)(t)’) dt - % > lail
i=1

ti<t

k
> b, +F<g)(t)') dt - g > lail
i=1

ti<t

p+§:m+F@xﬂ—

ti<t

v

This means that (A, (p), p) > 0 for any p € 9A.
For any fixed (a, b,x) € M; x M, x E(0, %), let us consider

(o, ) = A @b () + (1= 1)p.

It is easy to see that I'1(p, 1) = 0 has no solution on 9A for any A € [0,1]. According
to the homotopy invariance property of the Brouwer degree, we can see that A, (p) =0

possesses a solution in A. Thus E(0, é

JN/12 X l;((), fi) — H%IV.

(3°) For any (a, b, h) € My x My x E(0, %), from the definition of D, ;, we have

712

sup <1l

te]

k
p+Zbi+F<h_%i=ZIbi>(t)

ti<t

Since Zri<o bi+F(h - % Zle b;)(0) = 0, we have

lol = <l

k
p+Zbi+F<h—%;bi)(O)

t;<0

Thus the mapping p is bounded.

Now, let us prove the continuity of p. Let wy, = (ay, by, hy) € My x My x E(0

1

convergent sequence in M; x My x E(0, 3), and w, — wy = (a0, bo, ho) € My x M3 x

E©,3

contains a convergent subsequence {p(w,,)}. We may assume that p(w,;,) — po asj — +o0.
If Awy(po) is well defined, i.e., sup,e; [po + >, . bio + F(ho — %Zfﬂ bip)(t)| < 1. Since
Awnj (,o(w,,j)) =0, letting j — +00, we have A, (po) = 0. Combining with (1°), we get py =

0(wp). This means that p is continuous.
It only remains to prove that A, (o) is well defined.

Denote by E* C RY an open ball which centered at p(wy) such that A, (-) is well defined

on E*, According to Lemma 2.1, we have

{Aug(p), 0 = p(W0)) = (Ao (0) = Ao (P(W0)), p = p(wo)) = 0, Vp € EF,

) C D, and one then defines a mapping p : M; X

L) as n — +00, where by = (byp,...,bro). Since {p(w,)} is a bounded sequence, it

Page 7 of 29
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(Awo(p), p = p(wo)) >0, Vp € dE.

It is easy to see that there exists a neighborhood U C E(0, 12) of iy in L , Uy c My is
a neighborhood of a¢, U C M, is a neighborhood of by, such that, for each (a,5,y) €

Uy x Uy x U, Ay () is well defined on E*. In addition, the mapping

(@, b,y) — inf (A(py(p), 0 — p(Wo))
pPEIE*

is easily seen to be continuous in Uj x U x U. Thus, there exists a neighborhood V; x
Vo x V .C Uy x Uy x U of wy such that

(A@ba(0), p = p(wo)) >0, Vp€dE*V(a,bx) € Vi x Vax V.
For any fixed (a,b,x) € V1 x V3 x V, let us consider

T2(0,A) = A (@i (p) + 1= 1) (p = p(wp)).

Obviously, I'y(p, A) = 0 has no solution on dE* for any A € [0,1].

For any (a,b,x) € V1 x V, x V, according to the homotopy invariance property of the
Brouwer degree, we conclude that the equation A, ;4 (0) = 0 has its (unique) solution
on E*. Since Wy, — Wo as j — +00, we have w,; € V1 x V5 x V when j is large enough,
and ,o(w,,/.) € E*. Since ,o(w,,j) — po as j — +00, po € E*. This means that A, (o) is well

defined.

(4°) Let u,(t) = & sin ¥2Z£ . (1,0,...,0), then u, € L},. Denote Ay = {x € RV | x| < 1}.
Foranyn e N¥, Va € Ml, Vb e M, and Vp € Ay, we can see the following function is well
defined:

k T 1 k
Au(p) =) a; +/ w‘lit, |:,0 +Y b +F<u,, -7 Zbi>(t):| } dt
i=1 0 i1

ti<t

If [p]| = 1 , then there exists some o/ such that |p/ | > i . Without loss of generality, we

may assume that o/ > > 5y Since sup,¢; |F(u,)(0)] < 5777

< and S 1bil < 1y, we have

1 11
i+ F|u, Eevild :
D bi+ (“ Zb)()‘ onN ong TN SN e/

ti<t

Denote z,,(t) =p+ Zt abi+ Flu,— 7 Zl 1 by). Obv1ously, < |z, (8)| < ,Vte].
Since p/ > 2N, 6N, Vte]. Notlce that p(¢) > 1,
then we can see that the jth component (¢p~1(¢,z,(2))) of ¢7(¢,2,(t)) satisfies

the jth component 2, of z, satisfies 2, () >

(™ (620®)) = (1= 2] ") 7990 |2, 0] 7072, 0

1 |90\ 5@
>(1-]—
=(-Jenl )

Consider ®(p,A) = AA,(p) + (1 = A)p. Since C, = 6N min;e; o7 (t, 6N ) and Zl 1lag] <
TC*, we have A’ (p)>TC, - Zl 1 lail > 0. Hence A/ (p) and o/ have the same sign, then

L1
@) 1
— > C,.

6N

1

6N
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®(p, 1) has no solution on dA, for any X € [0,1]. Thus
dg(®(p,1),A0,0) = dp(P(p,0),A,0) = 1.

Thus 0 = ®(p,1) = A,(p) has a solution on Ay. Therefore {u,} C D,;, This means that
D, is unbounded.

Similar to the proof of (3°), for any wq = (a, b, i) € {(a,b)} x D, , there exists a neigh-
borhood V' C U of hy, and a neighborhood E* C RN of p(wp) such that A . (p) is well
defined for any (a, b,x) € {(a,b)} x V and p € E*, which satisfies the requirement that, for
any (a,b,x) € {(a,b)} x V, Ay (p) = 0 has asolution p € E*. This means that the set D,
is openin Ll .

This completes the proof. O

We continue now with our argument previous to Lemma 2.2. Let us define

1 T
P:PC' - PCY,  ur— u(0); Q:L'—> 1Y, hr T f h(t)dt;
0

k
1
Op: L' > L, h— (I—Q)h—?;bi, for any fixed b € RV,

We can split L! as L' = L] + %5, where ¥, is the N-dimensional subspace of constant
mappings. The operator Q is a continuous projection from L! onto %,. Let us consider the

subset D, of L' which is given by
Ba,b = Da,b + ?2,

and define the nonlinear operator K, :13,1,;, — PC!, as

KanO =l [6(o+ e ki) |Jo, veer

ti<t

We say U is a closed equi-integrable set in ﬁa,b, if there exists B € L, such that, for any
uel,

|u(t)| < pB(t) a.e.on].

Lemma 2.3 If(a,b) € My x My, then the operator (K, ) o ©p)(-) is continuous and sends

closed equi-integrable subsets of 136,,;, into relatively compact sets in PC'.

Proof 1t is easy to check that (K, o ©,)(h)(-) € PC!, Vh € ﬁﬂ,b. Since

(Kay 0 @) (1) = 9™ {t, [p +Y b+ F(®b(h))] } Viel,

ti<t

it is easy to check that (K45 o ®;)(-) is a continuous operator from ﬁw to PCL.
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Let now U be a closed equi-integrable set in 5,1,;,, then there exists 8 € L!, such that, for
any u € U,

|U(t)| < pB(t) a.e.on].

We want to show that (K, o ®,)(U) C PC" is a compact set.
Let {u,} is a sequence in (K, o ®,)(U), then there exists a sequence {/,} € U such that
up = (Kigp) © ©p)(hy). For any 1,7, € J, we have

r T
[ swafsim-nig( [ s 30
r 0

Hence the sequence {F(®;(/,))} is uniformly bounded and equi-continuous. By the

[F(©5(1,) (1) = F(©3 (1)) (r2)| <

k
>
i=1

Ascoli-Arzela theorem, there exists a subsequence of {F(®,(/,))} (which we rename
the same) is convergent in PC. According to the bounded continuity of the operator p,
we can choose a subsequence of {p(a,b, ®y(h,)) + F(©4(h,))} (which we still denote
{p(a, b, ®p(h,)) + F(©p(h,))}) which is convergent in PC, then the sequence

(&, (Kiap) 0 ©p) (1) (1)) = p + Y _ by + F(Op(hy))

ti<t

is convergent according to the norm in PC, by which, combined with the continuous of

@71, we can see

(Kiap) © Op)(hy) (t) = @7 [t» (P + th + F(®b(hn)))j|(t); Vie],

ti<t

is convergent according to the norm in PC.

Since

iy ©0)(h)0) = F{ o™ [t, (re s F(@Ah»))} o, vees

ti<t

according to the continuity of ¢7%, we can see (Kiap) © ©p)(h,,) is convergent in PC. Thus
we conclude that {u,} is convergent in PC!. This completes the proof. g

We denote by Ny(u) : PC' — L' the Nemytskii operator associated to f defined by

Nr(u)(2) :f(t, u(t), u’(t)), a.e.on/. (12)

Denote
1 k
Ox(NP)(w) = (I = QNy(w) = — > _ By,
i=1

K(u) = F{<p-1 [t, (p +Y B+ F(®#(Nf)(u)))] }(t),

ti<t

Page 10 of 29
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and
k T t
AZ(p):ZAﬁ/ (p‘l{t, [p+ZBi+/f(r,u,u’)dr]}dt,
i=1 0 ti<t 0

where A; = Ai(limt_>tl,— u(t), limt_>ti— u'(t)), B; = Bi(limt_,ti— u(t),limt_,t’,— u'(t)), p is a solution
of AX(p)=0.
We assume

(H) Y5 1Aix,9)] < 1TC, and K IBilx,y)l < o V(x,9) € RV,

Lemma 2.4 If(H,) is satisfied, then u is a solution of (1)-(4) if and only if u is a solution of
the following abstract operator equation:

k
u=Pu+ ZA,»+ %ZBi+Q]\[f(u)+K(u). (13)
i=1

ti<t

Proof (i) If u is a solution of (1)-(4), by integrating (1) from 0 to ¢, we find that

p(Lu' () =p+ ZBi + /Otf(t, u,u')dt. (14)

ti<t

From (4), we have

LS b [ fniya= Ly
— B,~+—/ft,u,u/ dt=— > Bi+QNs(u)=0,
Ti:l T Jo T3

thus @4(Ny)(u) = Ny(u).
From (14), we have

k
1
u=Pu+ ZAi + T ZBi + QNy(u) + K(u),
i=1

ti<t

where p satisfies

k
ZAi + F{(p‘l |:t, <,0 + ZBi + F(®#(Nf)(u))>] }(T) =0.
i=1

ti<t

Hence u is a solution of (13).
(ii) If u is a solution of (13), it is easy to see that (2) is satisfied. Let £ = 0, we have

k
1
u(0) = Pu + T ;Bi + QNy(u),
then
1k
T > B+ QNf(u) =0, (15)
i=1

thus ®4(Ny)(u) = Nf(u).

Page 11 of 29
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By the definition of the mapping p, we have
k
D A+ F{<p1 |:t, (p +Y B+ F(@#(Nf)(u))>:| }(T) =0,
i=1 ti<t
then #(0) = u(T). From (13) and (15), we also have

go(t, u’) =p+ ZB,» + F(®#(Nf)(u))(t), te(0,T),t#t,
ti<t (16)

(p(t)) =f(twu), te(©T)tt.

From (16), we find that (3) is satisfied. Since 25:1 B; + F(®4(Ny)w))(T) = 0, we have
0(0,1/(0)) = (T, /(T)).

Hence u is a solution of (1)-(4). This completes the proof. 0

2.2 Existence of solutions
In this subsection, we will apply the Leray-Schauder degree to deal with the existence of
solutions of (1)-(4).

Theorem 2.5 If (H;) is satisfied, @ C PC' is open bounded such that the following condi-
tions hold:

(1°) For any u € Q, the mapping t — f(t,u,u’) belongs to {u € L* | ||u 1 < i}.
(2°) For each € (0,1), the problem

(et uw)) =rf(tuu), te(0,T)tt,
limt_)tlf M(t) — limt_>[l7 M(t)
= )\.Al(llmt_,tl— M(t),llmt_,tl— u/(t))1 i= 1,...,k,

. , . , 17)
hrnt~>ti+ gp(t’ u (t)) - llmt*)fl._ q)(t!u (t))
= AB(lim; - u(t), lim; - w/(2), i=1,...,k
u(0) = u(T), and ¢(0,u(0)) = p(T,u(T))
has no solution on 9%2.
(3%) The equation
1 (T 1<
= 2] — Bi ) = 1
w(l) T/Of(th)dt+TlZ=1: (1,0)=0 (18)

has no solution on 92 N 5.
(4°) The Brouwer degree dg[w, 2 N F5,0] #0.

Then (1)-(4) has a solution on Q.

Proof Denote

A :A,'<1im u(t), lim u’(t)), Bi= Bi(lim u(t), lim L/(t)). (19)
t—>ti_ t—)ti_ t—>ti_ t—)ti_
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Let us consider the following impulsive equation:

(p(t, 1)) = ANp(u) + (1 — 1) [QNf (1) + % Zf;l B, te(0,T),t#t,
limt_”‘lf M(t) - lim,g_”‘t— M(t) = )\.Ai, i= 1, “en ,k,

limHt; (L, u'(t)) — limHti— o(t,u'(t)=AB;, i=1,...,k

u(0) = u(T), ©(0,u4(0)) = (T, u/'(T)).

(20)

For any A € (0,1], observe that, if u is a solution to (17) or u is a solution to (20), we have

necessarily
1k
N — B;=0.
QN (u) + T ;

This means that (17) and (20) have the same solutions for A € (0,1].
We denote N(-,-) : PC! x [0,1] — L! defined by

k
N(u, 1) = AN(u) + 1 - 2) [szf(u) + % ZBL},

i=1

where Nf(u) is defined by (12). Denote

k
A
0, :PC' - PC', ur— (I-Q)N(u,\) - T > B,

i=1

K (u)(t) = F{(p‘l [t, (,0 + A ZBi + F(@,ﬂu)))] }(t), Vte],

ti<t

where p = p(A, u) is the solution of A Zf:lA,- + K, (u) = 0.
Obviously

k
O (1) = (I = QANs(u) - % > B, and ©()=0.

i-1
From (1°), we can see that (I - QAN;(u) € E(0, -5) C L}, Yu € Q, VA € [0,1]. Combining

12
(H;) and Lemma 2.2, we can see that there exists only one p = p(A, u) € F3 such that

k
<1 and )\ZAi+I(k(u):O, Vi € [0,1],Vu € .

i=1

sup
te]

o+ AZB,» + F(O5 ()

ti<t

Let

k
1
Dr(u, M) := Pu + kZAi +A? ZBi + QN (u, 1) + K, ()

ti<t i=1

k
1
=Pu+A ZA,' + T ZBi + QNr(u) + K. (u),
i=1

ti<t
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then the fixed point of ®/(x,1) is a solution for (1)-(4). Also problem (20) can be written

in the equivalent form
u=Pp(u, ). (21)

Since f is Caratheodory, it is easy to see that N(-,-) is continuous and sends bounded
sets into equi-integrable sets. According to Lemma 2.3, we can conclude that ®; is com-
pact continuous on € x [0,1]. From Lemma 2.4, we can see that the problem (1)-(4) is
equivalent to u = ®(u,1). We assume that for A =1, (21) does not have a solution on 9€2,
otherwise we complete the proof. Now, from hypothesis (2°), it follows that (21) has no so-
lution for (4, A) € Q2 x (0,1]. For A = 0, (20) is equivalent to the following usual differential

equation boundary value problem:

—(p(t,u')) = QNp(u) + % ZleB,»(limHti— u(t),limHti— u'(t)), te(0,T),
u(0) =u(T), and ¢(0,4'(0)) = ¢(T,u'(T)),

and if u is a solution to this problem, we must have
k

T
/ Ftu(e),u (1) dt + ZBi(lim_ u(t), lim u/(t)> 0. (22)
0 i t—)ti t—>ti

When A = 0, the problem is a usual differential equation boundary value problem. Hence
@(t,u/'(t)) = ¢, where ¢ € F, is a constant mapping. Since u(0) = u(7T), foranyi € {1,...,N},
there exists ri) € (0, T), such that (/) (r}) = 0, hence (#)’ = 0, and we have u =1 € 5.
Thus, by (22) we have

T k
/ f(r,1,0)dr+ " Bi(1,0) =0,
0 i=1

which, together with hypothesis (2°), implies that u = [ ¢ 3. Thus we have proved that
(21) has no solution (u#,A) on 32 x [0,1], and then we find that, for each A € [0,1], the
Leray-Schauder degree d;s[I — ®(-, ), 2, 0] is well defined. From the homotopy invariant
property of that degree, we have

dLS[[ - d)f(,l), Q, 0] = dLS[I - be(, 0)) Q, 0]~

When A = 0, we have ©¢(-) = 0, and Ky(x) = 0, Vi € PC'. Thus
1< 1<
®r(u,0) = Pu + T ZBi + QN (u) + Ko(u) = Pu + T ZB,- + QNp(u),

i=1 i=1

and then all the solutions of # — ®(u, 0) = 0 belong to #3. Thus

k k
1 1 _
u—Pp(u,0) = u—Pu— T ;Zl B; — QNy(u) = -7 ;;1 B; — QNy(u), on QN F.
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By the properties of the Leray-Schauder degree, we have
dys[1 - @7(-,0),2,0] = (-1)"ds[w, 2N 5,01,

where the function w is defined in (18) and dp denotes the Brouwer degree. Since, by hy-
pothesis (4°), this last degree is different from zero. Thus (1)-(4) has a solution. This com-

pletes the proof. d

In the following, we will give an application of Theorem 2.5.

Assume:

(H2) f(t,u,v) = 8g(t,u,v), where § is a positive parameter, and
gt u,v) = T @) (Jul O u + n(@IV29) + ¥ (0),

where q1,q2 € C(I,R), and 0 < 1 (¢) < q2(£), VE € J or 0 < qo(t) < q1(2), VE €.
(Hz) u = (uhy...,uN) € CU,RN), © € C(J,R), and 1 satisfies 71 < mins|t(£)] <

max;es |T(t)| < 12, where 71 and 1 are positive constants.

Obviously, there exists a positive constant ¢ such that

q1(t)

Co=min( —|Ze|  — lullo|Ne|2® ) >0,
te] \2N |2

AT
4T+1°

where o =

k k 1 . | g P9
(Ha) Zizl |A;| < %‘9: Zizl |B;| < mln{ZTSfIC#jmlnteI %}
2(1+|Ne|70p®)) 4()

(Hs) Al(x,9)y > 0,V¥x,yeRN,i=1,...,k,j=1,...,N,and Y% B,(,0) = 0, Ve RY,
(He) v =(¥...,¥N) € CU,RN) satisfies |y'|o < 371Cy, forany j=1,...,N.

Denote
Q. ={uepcC | fé}i’ﬁzq”j!o + |(u7)/|0) < s}.

Obviously, ; is an open subset of PC*.

Theorem 2.6 If (H;)-(Hg) are satisfied, then problem (1)-(4) has at least one solution on

Q., when the positive parameter § is small enough.

Proof We denote N(-,-) : PC! x [0,1] — L' defined by

k
N(u,A) = ANp(u) + (1 - 1) |:QNf(u) + % ZB,»:|,

i=1

where Nf(u) is defined by (12).

Page 15 of 29
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Let us consider the following problem:

k
1
w=Op(u,A)i=Pu+ 1y A+ A > B+ QN 1) + Ky (u)

ti<t i=1

k
=Pu+1y A+ % > Bi + QNf(u) + Ky (w). (23)
i=1

ti<t

Obviously, u is a solution of (1)-(4) if and only if u is a solution of the abstract equation

(23) when X = 1. We only need to prove that the conditions of Theorem 2.5 are satisfied.

(1°) When the positive parameter § is small enough, for any u € Q, we can see that the
mapping ¢ — 8g(t, u,u’) belongs to {u € L' | ||ull < 5 }.
(2°) We shall prove that for each A € (0,1) the problem

(p(t,w)) = Mt uu), te(0,T)tt,
lim,, .+ u(t) — lim,_, - u(t) = )»Ai(limHti— u(t), lim,_, - u'(t), i=1,...,k
limy_, ¢+ (&, 4/ (¢)) = lim,—, .- (£, 4/ (2))

= )»B,»(limHtl_— u(t),limHtl_— u' (), i=1,...,k,
u(0)=u(T), and ¢(0,4'(0)) =(T,u'(T))

has no solution on 9€2;.

If it is false, then there exists a A € (0,1), and u € €2, is a solution of (23). We have

t
<p(t,u/)=p+AZBi+/ M(ruu')dr, Vte].

ti<t 0

From the boundary value condition (4), we have

k
fo(r,u,u’) dr+ZBi =0. (24)
0 i=1

Since u € 992, there exists an j € {1,...,N} such that |«/|o + |(#)'|o = ¢.
(i) Suppose that |i/|y > o¢, then |(#/)|o < (1 - 0)s. Let 0 < ry <1y < T, according to (2)

and (Ha), we have

frl(uj)/(r)dr+ Z A;

’Mi(fl) - Mi(rz)‘ =

2 ro<ti<r
T N
< [y olar Y i
0 ro<t;<ry

T k
o2 o o
< 1-0)edr+ A| < —e+—e=—¢.
_/0< Jedr 1Al < T v o=

Since |i/|o > o¢, we get [4/(¢)| > S¢ for any ¢ € J. Obviously, #/ has constant sign on /.
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The condition (H3) means that T has constant sign on J. Thus 7#/ also has constant sign

on J. Assume that 71/ is positive, then we have
T ko
/ F(tuu)dt+ ZB’l
0 i=1

T k
= [ ol @l 0] - 1], [ 0) - [0 de - 3 18

i=1

1
> ET(SQC# > 0.

This is a contradiction to (24).

Assume that 74/ is negative, from (H4) and (Hg), then we have

T k
/ fj(t,u,u/)dt+ZB’;
0 i=1
T . . . k
< [ -l @[ 0] - 1], 0] ) - [ O e+ 3 18
=1
1
S—ZT5T1C#<0.

This is a contradiction to (24).

(ii) Suppose that |//|¢ < o¢, then (1 — )e < |(#/)'|o < e. This implies that |(zZ) (s2)| > (1 —
1
4T+

the discussion of the case of (/) (sy) < 0 is similar.

o)e = ¢ for some s, € J'. Without loss of generality, we may assume that (¢/)'(s,) > 0,

(a®) Suppose that infs.y (/) (£) > 0. From (Hs), we have
Aé(linl u(t), lim u'(t)) >0, i=1...k
t%ti t~>ti
Since

W(t) = w(0) + / t(u/‘)’(t) dt+y A,
0

ti<t

we can see that #/(¢) is increasing, and #/(T) > #/(0). This is a contradiction to (4).
(b%) Suppose that inf,c; (/) () < 0. Then there exists 7, € J' such that (#/)'(r})) < 0. De-

note

|/ PO @) (£)

(1+ | |700©) T

¢ (tu')(0) =

We have

<pj(sz,u’)(32)—g07(r{),u/)(r'é)=k/;2f"(t,u,u’)dt+)» Z B+ 1 Z B.

r}O<t,'<sg 52<t[<r]0


http://www.boundaryvalueproblems.com/content/2014/1/139

Yin et al. Boundary Value Problems 2014, 2014:139 Page 18 of 29
http://www.boundaryvalueproblems.com/content/2014/1/139

According to (H;) and (H4), when the positive parameter § is small enough, we have

| |p(sz)
4T+1

— <@ (52, 4)(52)| < |/ (52, 4') (52) = & (8, 14) ()

(1 + |Ne|ab2)p(s2)) a6s2)

T . ;
5/\/ [fj(t,u,u/)|dt+k‘ > B’i’+k‘ > B
0 : .

r{)<t,'<32 32<ti<r/0

T k
<3 / D[ INe|" + | wlloINe|™ + |lyllo] dt + > |Bi]
0

i=1

| = |p(S2)
4T+1

—.
(1 + |Ng|962)p(s2)) a62)

This is a contradiction to (4).

(c®) Suppose that inf;.y (/) () = 0. Similar to the proof of (b®), we can get a contradiction
to (4).

Summarizing this argument, for each X € (0,1), problem (23) has no solution on 9€2,.

(3%) From (H,), (Hs), and (Hg), it is easy to see that

T k T
o(l) = fo ft1,0)dt+> " Bi(l,0) = /O (O™ + y (@) de=0
i=1

has no solution on Q2 N %;.
(4°) Let

7(¢)
Iz (&)l

7(¢) ;

h(t,Lx) =r0()+ (1 -2) ok

T
l= )\/ (tO1O + y @) dE+ (1~ 1)
0

7(t)
[T(®)]

According to (Hg), it is easy to see that w’(/) and =4/ have the same sign for any |/| = ¢.

Denote
T
W(,A) = / h(t, 1, )\)dt.
0

For any A € [0,1], we see that W(/,1) = 0 does not have solutions on 92, N %3, then the
Brouwer degree

dlw, Qs N F,0] = dp[ V([ 1), 2, N F2,0] = dp[¥(,0),2, N F,0] #0.
Since (23) does not have solutions on 9€2,, we have

dis[I - @4(,1),Q¢,0] = ds[I - f(-,0),2,,0].
Since

dis[I - @4(-,0),Q¢,0] = (-)Vdp[z, Q: N F2,0] = (-1)Ndp[ ¥ (1, 0), Q2 N F3,0] #0,
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we have
dys[1 - (1), Q;,0] = (-1)Ndp[w, Q: N F3,0] #0.
This completes the proof. d

3 Dirichlet boundary value problems
In this section, we will discuss the existence of solutions of variable exponent mean curva-

ture impulsive system Dirichlet boundary value problems, i.e. the existence of a solution
of (1)-(3) and (5).

3.1 Preliminary
Let us now consider the following simple problem:

(p(t,4®)) =g(), te(0,1),c78 (25)
with the following impulsive boundary value conditions:

lim_, ;+ u(t) - lim,_, - ult)=a;, i=1,...,k,
lim,_, o+ (8, () = limy - (6,6 () = by i=1,...,k, (26)
u(0) = u(T) =0,

where a;, b; € RN, Zle |bi| <1; g € L.
If u is a solution of (25) with (26), by integrating (25) from 0 to ¢, we find that

o(t.u'(®) =(0,1/(0) + Y b+ / gtydt, vieJ. (27)

ti<t 0

Denote p = ¢(0,4/(0)).
From the definition of ¢, we can see that

p+Y bi+F@)t)| <.

ti<t

sup
te]

Denote

a, = {h el ’ there exists p € RN such that sup

te]

p+Y b+ F(h))

ti<t

af

By (27), we have
u) =y a;+ F{W [t, (,0 +Y b+ F(g)>] }(t), vie].

The boundary value conditions imply that

k T
Zai+/ (p_l{t,|:p+2bi+F(g)(t)]}dt:O.
i=1 0

ti<t
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Denote a = (ai,...,ax) € RN, b= (by,...,b;) € RN, It is easy to see that p is dependent
ona, b,and g. For fixed g € Uy, a € R™, we define

k T
Masgl)= Y+ [ so‘l{t, [p £ b F(g)(t)} } .
i=1 ti<t

Denote
U,p = {h € f[b ’ there exists p € RY such that

sup
te]

0+ Zbi + F(h)(t)

ti<t

<land Agpn(p) = 0}.

If (25) with (26) has a solution in PC!, we must have g(-) € U,;.
Denote W = R?V x ! with the norm
k k
Iwlhw =" lail + D 1bil +ligllps,  Yw=(a,b,8) € W,

i=1 i=1

then W is a Banach space.

Copying the proof of Lemma 2.2, we have the following.

Lemma 3.1 The function A,(-) has the following properties:

(1°) For any fixed (a,b) € My x My, ¥Yh € U, , the equation
Aw(p) =0, wherew=(a,b,h)e W,
has a unique solution p(w) € RN, where My, M, are defined in (10) and (11).

(2°) For any fixed a = (a1,...,ax) € My, b = (by,...,by) € My, U, contains the open
ball E#(O,ﬁ) = {u e LM|ulp < ﬁ}, and then defines a mapping p : My x My x

Ex(0, %) — RN,

(3°) The function p : My x My x E4(0,5) — RN, defined in (2°), is continuous and
bounded.

(4°) For any fixed a = (a1, ...,ar) € My, b= (b,...,br) € My, the set U, is open and un-
bounded in L*.

We continue now with our argument previous to Lemma 3.1.
Define the nonlinear operator K, : U, — PC, as

Ky (h)(2) = F{<p-1 [t, (,0 +Y b+ F(h))] }(t), Vte].

ti<t
Similar to the proof of the Lemma 2.3, we have the following.

Lemma 3.2 If(a,b) € My x My, then the operator K, )(-) is continuous and sends closed
equi-integrable subsets of U, into relatively compact sets in PC.
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Denote

G(u) = F{w‘l [t, (p + Bi+ F(Nf)(u)ﬂ }(t),

ti<t

and

k T t
Ai(p):%Aﬁ[) wl{t, [,o+ZBi+/0f(r,u,u/)dr]}dt,

ti<t
where A;, B; are defined in (19), p is a solution of A(p) = 0.
Similar to the proof of Lemma 2.4, we have the following.

Lemma 3.3 If (H,) is satisfied, then u is a solution of (1)-(3) and (5), if and only if u is a

solution of the following abstract operator equation:

U= ZAi + G(u).

ti<t

3.2 Existence of solutions
In this subsection, we will apply the Leray-Schauder degree to deal with the existence of
solutions of (1)-(3) and (5).

Theorem 3.4 If (H,) is satisfied, @ C PC" is open bounded such that the following condi-
tions hold:

(1°) For any u € Q, the mapping t — f(t,u,u’) belongs to {u € L' | ||u 1 < ﬁ}.
(2°) For each ) € (0,1), the problem

(@) =Af i), te(0,T),t 4t
lim,, .+ u(t) = limg - u(t)

= )»Ai(limt_)ti— u(t),limt_,t’,— u'(t)), i=1,...,k,
limg_, o(t,u'(t) - lim_, - p(t,u'(t))

= )»B,»(limHti— u(t),limHti— u' (), i=1,...,k,
u(0)=u(T)=0

(28)

has no solution on 9%2;
(3% 0oeq.

Then (1)-(3), and (5) have a solution on Q.

Proof Denote

G, (u)(t) = F{(p‘1 |:t, (,o + A ZBZ' + F(ANf(u)))i| }(t), Vte],

ti<t

where p = p(A, u) is the solution of A Zf:IAi + Gy.(u) = 0, Nf(u) is defined by (12), A;, B;
are defined in (19).
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From (1°), we can see that AN;(u) € E4(0, ) C L', Vu € Q, Vi € [0,1]. Combining (H;)

and Lemma 3.1, we can see that there exists only one p = p(A, u) € F; such that

k
<1 and kZAi+GA(u)=O, v € [0,1],Vu e Q.

i=1

sup
te]

o+A ZB,» + F(ANf(u))

ti<t

Let

Wr(, 1) =1 Y Ai+ Gy (u),

ti<t

then the fixed point of Wr(x,1) is a solution for (1)-(3) and (5). Also problem (28) can be
written in the equivalent form

u=V(u, ). (29)

Since f is Caratheodory, it is easy to see that N(-) is continuous and sends bounded sets
into equi-integrable sets. According to Lemma 3.2, we can conclude that ¥y is compact
continuous on  x [0,1]. From Lemma 3.3, we can see that problem (1)-(3) and (5) is
equivalent to u = Wr(u,1). We assume that for A = 1, (29) does not have a solution on
0%, otherwise we complete the proof. Now, from hypothesis (2°), it follows that (29) has
no solution for (#,1) € 92 x (0,1]. For A = 0, (28) is equivalent to the following usual
differential equation boundary value problem:

_(‘p(t’ l/l/)), =0, te (0: T)1
u(0) =u(T) =0.

When A = 0, the problem is a usual differential equation boundary value problem. Hence
@(t,u'(t)) = ¢, where ¢ € F; is a constant mapping. Since #(0) = u(T), foranyi € {1,...,N},
there exists 7i) € (0, T), such that (&)'(r})) = 0, hence (&)’ = 0, we have u = € ¥,. Thus,

we have
u=0,

which, together with hypothesis (3°), implies that 0 € Q. Thus we have proved that (29) has
no solution (¢, 1) on 92 x [0,1], then we see that, for each A € [0,1], the Leray-Schauder
degree d;s[I — Wy(, 1), %2,0] is well defined. From the condition (3°) and the homotopy
invariant property of that degree, we have

dis[I = Ws(-,1),92,0] = dis[1 - Ws(-,0),2,0] =1 0.
Thus (1)-(3) and (5) has a solution. This completes the proof. O

In the following, we will give an application of Theorem 3.4.
Assume the following.

(H7) f(t,u,v) =8g(t,u,v), where § is a positive parameter, g is defined in (Hy).
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Denote

Q= {u e PC! ‘ llull1 < 2N (1 + T)ma]x
te

11
t R
Ca)l
Theorem 3.5 If (Hy) and (H;) are satisfied, then problem (1)-(3) and (5) has at least one
solution on Q., when the positive parameter § is small enough.

Proof Let us consider the following problem:

u=Wr(,1) =1 Y A+ Gy (u). (30)

ti<t

Obviously, u is a solution of (1)-(3) and (5) if and only if u is a solution of the abstract
equation (30) when A = 1. We only need to prove that the conditions of Lemma 3.1 are
satisfied.

(1°) When the positive parameter § is small enough, for any u € ,, we can see that the
mapping ¢t —> 8g(t, u, u’) belongs to {u € L' | ||u|p < ﬁ}.
(2°) We shall prove that for each A € (0,1) the problem

(@, u)) =2f(t,u,u'), te(0,T)t#t;,
lim, o () = limgs - u(t) = A (limes - u(2), lime - 6/ (2),  i=1,...,k,
lim,, ;¢ (¢, 4/ (2)) = lime - (8, 4/ (2))
= )LBi(limHti— u(t),limt_nl,— u'(t), i=1,...,k,
u(0)=u(T)=0

has no solution on 9€2,.
If it is false, then there exists a A € (0,1), and u € 9%, is a solution of (30). We have

p+AZB +/ M (rou,u')dr, Vee]

ti<t

From the proof of Lemma 2.2, we can see that |p| < % Obviously

<=,
12

’p+AZB +/ M (ryu,u') dr

ti<t

It is easy to verify that |lu|; < 2N(1 + T) max;s |p (¢, 12)
This is a contradiction.

Thus, for each A € (0,1), problem (30) has no solution on 9£2,.
(3%) Obviously 0 € ,.

This completes the proof. 0

4 Neumann boundary value problems
In this section, we will discuss the existence of solutions of variable exponent mean curva-

ture impulsive system Neumann boundary value problems, i.e. the existence of a solution
of (1)-(3) and (6).
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4.1 Preliminary
Let us now consider the following simple problem:

(p(t, /(1)) =g(t), te(0,T),t#t, (31)
with the following impulsive boundary value conditions:

]imHtlf u(t) — lim,_, - ulty)=a;, i=1,...,k
hnllf—)t‘;r QO(t, M/(t)) - hmt—)t‘i_ (p(tx M/(t)) = bi’ i= 11 cee k’ (32)
u'(0)=u(T) =0,

where a;, b; € RN, Y% [b;| <1; g € L' and it satisfies [, g(£)dt+ Y%, b; = 0.
Denote a = (ay,...,ar) € RN, b= (by,...,b;) e R*™N and

L= {veLl } /Tv(t)dtzo}.
0

Let h(z) = g(¢) + %ZL b;, then h € L}. u/'(0) = «/(T) = 0 implies ¢(0,4'(0)) = ¢(T,
u'(T)) =0.
If u is a solution of (31) with (32), by integrating (31) from O to ¢, we find that

k

¢ 1
tLu'(t) =) b +/ h(r)— =) b;|dr, Vte]. (33
st)= T [ w33 )
From the definition of ¢, we can see that

k
> b +F<h— % Zb,)(t)
i=1

ti<t

<1

sup|o(t,4/(¢))| = sup
te] te]

Denote
1 1 ¢
V= iheLm sup ;bﬁF(h— ?gbi)(t) <1}.
By (33), we have
u(t) = u(0) + Ztli +F{g01 |:t, (Zbi +F<h 1 ibl>>j| }(t), Ve e].
ti<t ti<t T i=1

We can split L! as L! = L} + %, where ¥, is the N-dimensional subspace of constant
mappings. The operator Q is a continuous projection from L! onto %,. Let us consider the
subset Vj, of L' which is given by

Vb= Vb+.7:2,

and the nonlinear operator M, : Vb — PCl, as

M. (h)(£) = F{W [t, (Z bi + F(h))} }(t), vteJ.

ti<t

Page 24 of 29
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Copying the proof of Lemma 2.3, we have the following.

Lemma 4.1 The operator (M, o ®O)(-) is continuous and sends closed equi-integrable sub-
sets of V, into relatively compact sets in PC'.
Denote

k
O4(Ny(w) = (1~ QN/ ) ~ = 3By
i=1

M(u) = F{<p-1 |:t, <Z B + F(®#(Nf(u))))j| }

ti<t
where B; is defined in (19).
Similar to the proof of Lemma 2.4, we have the following.

Lemma 4.2 u is a solution of (1)-(3) and (6) if and only if u is a solution of the following
abstract equation:

k
1
u=Pu+ ZA,» t ZB; + QNy(u) + M(u),
i-1

ti<t

where A;, B; are defined in (19).

4.2 Existence of solutions
In this subsection, we will apply the Leray-Schauder degree to deal with the existence of
solutions for (1)-(3) and (6).

Assume the following.

(Hs) Zf:l |Bi| < 3.

Theorem 4.3 If (Hy) is satisfied, Q2 is an open bounded set in PC' such that the following
conditions hold:

(1°) For any u € Q, the mapping t — f(t,u,u’) belongs to {u € L' | ||ullx < £}.

(2°) For each » € (0,1), the problem

(p&,u)) =2f(t,u,u'), te(0,T),t#t;,
lim, .+ u(t) = limg - u(t) = AA;(limg - u(2), lim - u'(), i=1...,k
hmt»ti* p(t,u'(t) - hmt»t{ o(t,u'(t))
= )LB,‘(limHti— u(t),limt_ml,— u'(t), i=1,...,k,
u(0)=u/(T)=0

has no solution on 9%2.
(3°) The equation

1 (T 1<
o= — /0 S 0)dr + — ;Bi(l, 0)=0

has no solution on 02 N Fy;
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(4%) The Brouwer degree dg[w, 2 N F5,0] #0.
Then (1)-(3) and (6) has a solution on Q.

Proof 1t is similar to the proof of Theorem 2.6, we omit it here. g

In the following, we will give an application of Theorem 4.3.
Assume the following.

(Ho) Y%, Bi(1,0)=0,VIeRN.
(Hio) ¥ = (¥%...,¥N) € CU,RN) satisfies |y’lo < 311Cy, for any j = 1,...,N, where Cy is
defined before (Hy).

Denote

Q, = juePC"| lrélé)l(\[ﬂuj!o + |(uj)/|0) < 8}.

Obviously, €, is an open subset of PCL.

Theorem 4.4 If (Hy)-(H4) and (Hg)-(Hyo) are satisfied, then problem (1)-(3) and (6) has
at least one solution on Q., when the positive parameter § is small enough.

Proof We denote N(-,-): PC! x [0,1] — L! defined by
1k
N(u, 1) = AN, 1-1)| ON; — > Bi|.
(1, 1) = ANp (1) + ( )[Q (1) + Tzl }
Let us consider the problem

k
1
u=pun)=Pu+ry A+ hr > Bi+ QN(u, 1) + M (u)

ti<t i=1
1 k
:Pu+AZAi+ ?ZB5+QNf(u)+MA(u), (34)
ti<t i=1

where A;, B; are defined in (19).

It is easy to see u is a solution of (1)-(3) and (6) if and only if « is a solution of the abstract
equation (34) when A = 1. We only need to prove that the conditions of Theorem 4.3 are
satisfied.

(1°) When the positive parameter § is small enough, for any u € Q,, we can see that the
mapping ¢ —> 8g(t, u, u’) belongs to {u € L' | ||u|p < é}.
(2°) We shall prove that for each A € (0,1) the problem

(p&u)) =2f(tu,u'), te(0,T)t#t;,
limt_)tlf u(t) — limt_>ti— u(t)

=M (lime - u(@), lime - 0/ (2),  i=1,...,k
lim, .+ (¢, 4/ (2)) = limg - (8, 4/ (2))

= )»Bi(limtﬁti— u(t),limtat’r u'(t)), i=1,...,k,
u'(0)=u/(T) =0,

has no solution on 9€2,, i.e. (34) has no solution on 9€2,.
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If it is false, then there exists a A € (0,1), and u € 9€2; is a solution of (34). Integrating
(35) from O to ¢, we have

t
w(t,u/):AZBﬁ/ Af(t,u,u/)dt, Vte].

ti<t 0

From the boundary value condition (6), we have

T k
/ f(twu)dt+> Bi=o0. (36)
0 i=1

Since u € 992, there exists an j € {1,..., N} such that [¢/|g + |) |0 = &.
(i) Suppose that |#/|p > o¢, (1-0)e < |(F)]o <e&.
Similar to the proof of (i) of (2°) of Theorem 2.6, we get a contradiction to (36).

(ii) Suppose that ||y < o, (1-0)e < |(i)'|o < e. This implies that |(/) ()| > (1-0)e =
1
4T+1

Denote

¢ for somer, €.

|/ PO @) (2)

(1 + ' |a0p)) a5

¢ (t,u)(t) =

Since #/(0) = «/(T) = 0, we have

, u p(rs)-1 ul (. T .
(p’(r*,u/)(r*):: ] W) *3 :A/ f’(r,u,u') dr+ A Z Bi
(1 + |u/|Q(V*)P(V*))Q(V*) 0 0<tj<rs

According to (Hyg), when the positive parameter § is small enough, we have

>

| |p(r*)
4T+1

< |¢/ (re ) (r)] < /\/Or* | (¢, u, )| dt + 2

(1+ [Ne|2rptr)) 707

O<tj<ry
T k
< a/ [ INe|" + || ulloNe| 2O + ||y o] de+ Y |By|
0 i=1
et

(1 + |[Ne|[ap(ra)) 7057

This is a contradiction.
Summarizing this argument, for each A € (0,1), problem (34) has no solution on 9€2,.
(3%) and (4°) similar to the proof of (3°) and (4°) of Theorem 2.6. (N
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