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Abstract

The local well-posedness for a generalized periodic coupled Camassa-Holm system is
established in the Sobolev space H*(S) x H'(S) with s > % A wave-breaking criterion
of strong solutions is acquired in the Sobolev space H(S) x H(S) with s > % by
employing the localization analysis in the transport equation theory and a sufficient
condition of global existence for the system is derived in the Sobolev space

H(S) x H(S) with s > 3.
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1 Introduction
In this article, we consider a generalized periodic coupled Camassa-Holm system on the
circle S with S = R/Z (the circle of unit length):

my +um, +2u,m+nn, =0, t>0,x€R,

ne+wn)e=0, t>0,x€eR,

m(0,x) = mo(x), x€R, "
n(0,x) =no(x), x€R,

m(t,x +1) =m(t,x), t>0,x€R,

n(t,x+1)=n(t,x), t>0,x€R,

where m = (1 =202 + 05)u = (1 - 32)*u and n = (1 - 92)(77 — 7o) are periodic on the x-
variable and 7 is taken as a constant and R is the set of real numbers. In fact, system (1)
is a generalization of two components for the following equation (if = 0 in system (1)):

my +umy, +2u,m=0, m= (1 - Bﬁ)zu. (2)

Equation (2) is firstly derived as the Euler-Poincaré differential equation on the Bott-
Virasoro group with respect to the H? metric [1], and it is known as a modified Camassa-
Holm equation and also viewed as a geodesic equation on some diffeomorphism group
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[1]. It is shown in [1] that the dynamics of Eq. (2) on the unit circle S is significant differ-
ent from those of Camassa-Holm equation. For example, Eq. (2) does not conform with a
blow-up solution in finite time.

If m=(1-02)uand n=1=p in system (1), system (1) becomes the famous two-

component Camassa-Holm system,

(- 02)uuy + u(l — 02)uy + 2u,(1 — 02)uu + ppx =0, £>0,x€R, @)
ot +Wwp)e=0, t>0,x€R,

where the variable u(t,x) represents the horizontal velocity of the fluid, and p(¢,x) is re-
lated to the free surface elevation from equilibrium with the boundary assumptions, # — 0
and p — 1las |x| — oco. System (3) was found originally in [2], but it was firstly derived rig-
orously by Constantin and Ivanov [3]. The system has bi-Hamiltonian structure and is
complete integrability. Since the birth of the system, a lot of literature was devoted to the
investigation of the two-component Camassa-Holm system, for example, Chen et al. [4]
established a reciprocal transformation between the two-component Camassa-Holm sys-
tem and the first negative flow of the AKNS hierarchy. Escher et al. [5] used Kato theory to
establish local well-posedness for the two-component system and presented some precise
blow-up scenarios for strong solutions of the system. Gui and Liu [6, 7] established the
local well-posedness for the two-component Camassa-Holm system in the Besov spaces
and derived the wave-breaking mechanism and the exact blow-up rate. The dynamics in
the periodic case for system (3) was considered in [8]. The other results related to the
system can be found in [9-21].

If m=(1-32)u in system (1), system (1) becomes a modified version of the two-

component Camassa-Holm system,

(1 - 02)uuy + u(l - 02)uuy + 2u,(1 - 32)u + i)y =0, t>0,x€R, W
ne+wn),=0, t>0,x€R,

where u denotes the velocity field, 77 and 7 represent the average density (or depth) and
pointwise density (or depth). System (4) is introduced by Holm et al. in [22] and is viewed
as geodesic motion on the semidirect product Lie group with respect to a certain metric
[22]. System (4) admits peaked solutions in the velocity and average density [22], but it
is not integrable unlike system (3). For some other recent work one is referred to Refs.
[23-26] for details.

The motivations of the present paper is to find whether or not system (1) has some dif-
ferent dynamics from system (4) mathematically, such as wave breaking and a global so-
lution. Comparing with the modified two-component Camasssa-Holm equation [23], we
investigate the local well-posedness, global existence, and a wave-breaking criterion in the
Sobolev space. One of the difficulties is the acquisition of the priori estimates ||ty 10o(s).
The difficulty has been overcome by Lemma 4.8. We use the technique of [7, 27] to derive
a wave-breaking criterion for strong solutions of the system (1) in the low Sobolev spaces
H5(S) x H°1(S) with s > % It needs to point out that in the Sobolev spaces H*(R) x H*™}(R)
with s > % the wave-breaking of the solution of system (4) only depends on the slope of

the component u of solution [7]. However, the wave-breaking of the solution for system
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(1) is determined only by the slope of the component p of solution definitely. It implies
that there are differences between system (1) and system (4). On the other hand, we de-
rive a sufficient condition for global solution in the Sobolev space H*(S) with s > 3, which
can be done because ||z | 100(s) and || px [l z0(s) can be controlled by ||u| 155y and || o[l -1
separately if s > 3.

The rest of this paper is organized as follows. Section 2 states the main results of present
paper. Section 3 is devoted to the study of the local existence and uniqueness of a solution
for system (1) by using the Kato theorem. In Section 4, we employ the transport equation
theory to prove a wave-breaking criterion in the low Sobolev space H*(S) x H*™}(S) with
5> % The global existence result for system (1) is proved in Section 5.

2 The main results

We denote by * the convolution and let [4, B] = AB— BA denote the commutator between
A and B. Note that if g(x) :=1+2) 72, m cos(nx), then (1 — 82)7%f = g x f for all
f e L*R) and g * m = u (see [1]). We let C denote all of different positive constants which
depend only on initial data. To investigate dynamics of system (1) for the Cauchy problem
on the circle, we rewrite system (1) by taking p =7 — 5o and 7 = p — P

7

1 1
Up + Uty = =0xg % [U? + U} — SU2, = BUbylhry + 50° — 5021, £>0,x€R,

Pt + upy = —0x(1 - af)_l(uxpx) -(1- 33)_1(%”0), t>0,x€R,
u(0,x) = up(x), x€R,

(5)
,o(O,x) = :O()(x)r x€R,

u(t,x +1) = u(t,x), t>0,x€R,

ot,x+1)=p(t,x), t>0,xeR.
The main results of the present paper are listed as follows.

Theorem 2.1 Given zy = (ug, po) € H*(S) x H*X(S) (s > %), there exist a maximal T =
T(||1zoll s (syx 1-1(s)) and a unique solution z = (u, p) to problem (5), such that

z=2(-z0) € C([0, T); H* x H*') N C'([0, T); H*™! x H*?).
Moreover, the solution depends continuously on the initial data, the mapping
20 — 2(~z0) : H* x H' — C([0, T); H* x H') N C'([0, T); H*™' x H*?)
is continuous.

The following wave-breaking criterion shows the wave breaking is only determined by
the slope of p but not the slope of u.

Theorem 2.2 Let z = (ug, po) € H5(S) x H*(S), s > % and T be the maximal existence
time of the solution z = (u, p) to system (5). Assume mg € L*(S) and T < co. Then

T
/0 [e0(0)]] o d = .
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A sufficient condition of global existence is given in the following.

Theorem 2.3 Let zq = (1o, po) € H*(S) x H\(S), s > 3. Then system (5) admits a unique
solution

z=(u, p) € C([0,00); H* x H*™) N C'([0, 00); H*™ x H*?).

3 Local well-posedness
In this section, we establish the local well-posedness by using Kato theory [28].

Set Y = H¥(S) x H\(S), X = H*{(S) x H*(8), A = (1-82)%, Q= (1 ) and f(2) =
( fax(lfi?f)’z(uhu,zf % ”%x*3’4xuxxx+%ﬂzf%/)£)

—Bx(l—&)ﬁ)_l(uxpx)—(l—ag)_l(uxp)
In order to verify Theorem 2.1, we need the following lemmas in which py, 2, p3, and

14 are constants depending only on max{||z||y, [|¥|ly}-

Lemma 3.1 The operator A(z) = (”g" ugx) belongs to G(H*™X(S) x H*"%(S),1, B).

Lemma 3.2 Let A(z) = (“g" ng>, then A(z) € L(H*(S) x H*"Y(S), H*"1(S) x H*%(S)). More-

over, for all z,y,w € H*(S) x H*'\(S),

(4 - 40)w]

mstps-2 = Mllz = Yl s st W s st

Lemma 3.3 Fors > 3, z,y € H'(S) x H*'X(S) and w € H*\(S) x H*"*(S), we have B(z) =
QA(2)Q ' - A(z) e L(H*" x H*?) and

| (B@ - B»)w|

HS-1 5 52 =< M2 ”Z - y”HSXHS’1 ” VVHHS’1 xH52+
The proofs of Lemmas 3.1-3.3 can be found in [5].

Lemma 3.4 ([28]) Letr, t be real numbers such that —r <t <r. Then

) 1
Wfglue < Cf Il gline,  if 7> X
1
Well oy = Cllf e ligllses i 7 < >
where C is a positive constant depending on r, t.
Lemma 3.5 Let

f(Z) = _ax(l - 83)_2(1"2 + u;2¢ - %M?@x - 3uxuxxx + %'02 - %,09%)
—0,(1 - 83)_1(uxpx) -Q1- 83)_1(%“0)

Then f(z) is bounded on bounded sets in H*(S) x H*X(S) with s > % and satisfies the fol-
lowing:

@ W@ —f Dl erst < m3llz = yllpscrsr, 2,y € HS x H

(b) 1f @) = f O st sz < pallz = Yl st sepss2, 2,y € H x H2,
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Proof (a) Let y = (v,0), we have

”f(Z) _f(.y) ||HS><H5‘1

D 7 7
< ax(l - 89%) (u2 + ui - —uix — Bl — V — Vi + —me + Bvaxxx)
2 2 HS
(1 1
+ [0, (1- 92 —p?--o?
x( x) (2)0 2 s
n2(l 5, 1, 2\-1
+ ax(l_ax) SPx — 504 + H (1_8x) (Mx,O—VxO')|HS,1
2 2 HS
2\—1
+ ” ax(l - 8x) (Uxpx — anx)| Hs-1
2 2 2 2 2 2
= ”u i ”HS*3 + Hux - Vx| -3 1 “Mxx - Vxx”HS*3
2 2 2 2
+ |t lhnx = ViVarx | 53 + H:O -0 ”HS—S + pr — 0y HHS—S
¥ lt0x = Ve lgs2 + 1t = Vo[ gs3. ©)
Noting that s > %, we have
2 2
|® =v*|| s < Cllt + Vil ggs-s | = Vil ggs-3 < Cllae = V|, ()
22
||ux_vx|Hs—3 = C”u_V”HS! (8)
2 2
”uxx - Vxx| -3 < Cllu = vlims, 9)
285t — ViV || prs-3
< | Ulhrn — UnVaxx + UnVaxx — ViVox | rs-3
< Notxthaxy — UV | 53 + | U Vax — VaVirn | -3
< Cllull g2l = vllgs + Cllu = vl s [V s
< Cllu —v| gs, (10)
2 2
||p -0 |Hs—3 = C”,O _O-”Hsfl’ (11)
and
2 2
|0f =02 55 = Cllp = 0 Il (12)
Similarly, for the last two terms on the right-hand side of Eq. (6), we get
”uxpx - VxO'x”HS*2 =< ”uxpx - l'taco'x”HS*2 + ||th0'x - VxO'x”HS*2
= Cllullpsllp = o llgs—1 + Clio [ s llue = vl s (13)

and

letx0 = Va0 || pgs-3 < [Un0 — U0 || g3 + |14x0 — V50 || ys-3

< Cllullpgs2llp = o ll g1 + Cllo[| - [t = vl s (14)
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Therefore, from Eqgs. (7)-(14), we obtain

If @) -f )|

HSx Hs-1 = C”u - V”HS + C”,O _(T||HS’1
= usllz = ¥l s seprs-1s (15)

from which we know (a) holds.
Now, we prove (b). We have

If@ £

2 7 7
Bx(l - 8§) <u2 + ui - EM’Z”C — BUplhy — V* — Vi + Ev,zcx + 3vxvxxx)

3, (1- aﬁ)z(%,& - %oz) ‘
0, (1- 83)_2<%,02 - 302) ‘

+ ” Ox (1 - aﬁ)_l(uxpx — Vx0%x) ”Hs-z

HS1 52

=

Hs-1

+

Hs-1

+ + ” (1 - 3,%)_1(%/0 —V,0) ”Hs-z

Hs-1

<[ -

2 2 2 2
Hs4 + ||th - Vx| Hs—4 + Huxx ~ Vix Hs—4

+ | txthnn — ViVirx || pgs—2 + H/O;% - O'x2|Hs—4 + ”p2 - 62| Hs—4

+ | tep = VO || pgs-a + |[thn 0 — VaOx |l prs-3. (16)

Note that s > % Using Lemma 3.4 with £ =s — 4 and r = s — 3 gives rise to

|

< ”(u+v)(u—v)’

|u® v

Hs—4 Hs4

< Cllu + vl gs-allu = viips-s < Cllue = vl s 17)

In an analogous way to Eq. (17), we have

42 = V2l s = Cllt =V, 18)

2_
XX

vl < Cllu—v| s, (19)

” u Hs—4

0% = 02| ,y5-a < Cllo =l 52, (20)

Hs—4

and

||10§ - 0.762|HS—4 = C”p - Ulle—Z. (21)

For the fourth term on the right-hand side of Eq. (16), one has
”quxxx - vaxmc”}f-[sf‘L =< ”quxxx — UxVxxx + UxVxxx — VxVxxx”HS*4
< Ntbttnn — UnVirn |4 + | 8aViern = VicViw || prs—2

< Clltter = Vaexll prs—a |l pps—2 + the = Vil prs—2 | Vi || prs-4

< Cllu—-v|ys1, (22)

where we used Lemma 3.4.
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In an analogous way to Eq. (22), we can estimate the last two terms on the right-hand
side of Eq. (16):

65 px — VaOxll prs—3 < ||thn0x — UnOx |l pys-3 + |UxOx — ViOx || pys-3

< Cllp =0 llys-2 + Cllat =Vl o (23)
and

lstx0 = Va0 l|ps-a < N[thep = Ux || s + [|Ux 0 = V30 || pys-s

<Cllp-0ollys2+Cllu—v|ps1. (24)
Therefore, from Egs. (16)-(24), we deduce

f (@) = fO)| oot pgsr < Cllt=Vliggs1 + Cllp = o [l g2
= pallz = yll -1 xprs-2- (25)
This completes the proof of Lemma 3.5. O
Proofof Theorem 2.1 Applying the Kato theorem for abstract quasi-linear evolution equa-
tions of hyperbolic type [28], Lemmas 3.1-3.3 and 3.5, we obtain the local well-posedness
of system (5) in H*(S) x H*"!(S), s> 2, and

z=2(,20) € C([0, T); H* x H*') N C'([0, T); H*' x H*?). 0

4 Wave-breaking criterion
In order to prove Theorem 2.2, the following lemmas are crucial.

Lemma 4.1 ([1, 7, 29]) The following estimates hold:
(i) Fors=>0,

ellzs < CU e ligllzoe + IFlloe ligllzse)- (26)
(ii) Fors>0,

W dugllzes < C(IF s liglzoe + If lzoe 11Bxg s )- (27)
(iii) Fors <0,

fglms < Cllfllz<ligl s, (28)

where C is a constant independent of f and g.

Lemma 4.2 ({29, 30]) Suppose that s > —%. Let v be a vector field such that Vv belongs to
L0, T HS™Y) if s> 1+ & or to LY([0, T};H% N L™) otherwise. Suppose also that f, € H,

Page 7 of 21
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F e LM[0, T); H) and that f € L°°([0, T]; H) N C([0, T1; S') solves the d-dimensional linear
transport equations

fi+v-Vf=F,
flt=0 = fo.

(29)

Then f € C([0, T1; H®). More precisely, there exists a constant C depending only s, p, and d,
and such that the following statements hold.:

1) Ifs#1+4,

Wl < Wollss +C /0 |E@)],.dz + C fo V@) @) . (30)

or hence

t
Wl < eCV“)(muHs + / eV OF@)| 40 dr) (31)
0
with V(t) = fot ”VV(T)”H%HLOO drifs<1+ % and V(t) = fot IV (T) || ys-1 d else.
(2) Iff =v, then for all s > 0, the estimates (30) and (31) hold with

V(©) = [y 118:u(t) 1 dr.

Lemma 4.3 ([7]) Let 0 < o < 1. Suppose that fy € H°, g € L}([0, T]; H®), v, 8,v € L([0, T;
L) and f € L*([0, T]; H°) N C([0, T]; S') solves the 1-dimensional linear transport equa-
tion

fi+tvof =g

(32)
Sfle=o =fo.

Then f € C([0, T1; H?). More precisely, there exists a constant C depending only on o, such
that the following statement holds:

Wl < Wollse +C f )]0 d + C / V@], dr, (33)
0 0
or hence
Ifllze < eCV“)(WoHHa - fo Cllg®)] 0 df) (34)

with V(£) = [5(Iv(0)lz= + [8:0(2) ) d.
Lemma 4.4 For all x € R, the following statements hold:

(i) ||8;’gHLoo <2+In2+mw (35)
and

(i) [lstexllzoe < Cllthon || oo (36)
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Proof Let g(x) be the Green’s function for the operator (1 — 32). Then from

(1 - 289% + Bf)g(x) =68(x) = Z e

n=-00

we get

1 ; 1
x) = ————™=1+42) —————cos(nx).
&) Zool+2r12+n4 ;1+21f12+n4 (n)

Hence,

3
Goax(%) =2 Z —1 py sin(nx).
n=

From the Fourier series, we know

h(x) = Z s1nf/[nx) = %(1 - 3) for 0 <x < 27,

n=1

from which we get

(o]
1 n .
’2h(x) _gxxx‘ = ‘22(; - m) sm(nx)

1 n’
n 1+2n+n*

S
I
—

IA
[\*]
M2

n=1
o0
1 n
= 2 .
;(n(l + n?) * 1+ n2)2)
On the other hand,
it 1 n X
Z + > <1 dx
~ <n(1+n2) (1+n?)? n»oo 1+x2 (1 (1 +a2)?
1 1
=—In2+—
2 4

Hence, we have
||8§’gHLDC <2+In2+m.

This completes the proof of (i).
Now, we prove (ii). Let x € S satisfy u,,(x0) = 0. Then, for all x € S, we have

x
Uyy = / Uexx AX,
*0

from which one finds

Page 9 of 21
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Lemma 4.5 Let zo = (1o, po) € H*(S) x H"Y(S) with s > 2. Suppose that T is the maximal
existence time of solution z = (u, p) of system (5) with the initial data zy. Then, for all t €
[0, T'), the following conservation law holds:

H = (/(u2+2ui+uﬁx+p2+p§)dx)
s

1

= (f(u% + UG, + Uy + Pg + Poy) dx> . (37)
s
Proof Multiplying the first equation of system (1) by u and integrating by parts, we reach

1d
- — (u2 + 2ui + uix) dx + /uppx dx — / UPx Prx dx = 0. (38)
Multiplying the second equation of system (1) by p and integrating by parts, we get

1d
Ed—/(pz+/Oi)dx+/uppxdx—/uppxxxdx.;./uxp2dx
tJs s s <

- / Uy PPxx dx =0, (39)
N

which together with Eq. (38) yields

1d

37 S(u2 +2U2 + Uy + 7+ p2) dx =0, (40)

which implies Eq. (37).
Let us consider the following differential equation.

q: = M(t: q): te [0) T)’
q(0,x)=x, x€R,

(41)

where u denotes the first component of solution z to system (5). a

Lemma 4.6 (See [25]) Let u € C([0, T); H*(S)) U CX([0, T); H*"X(S)), s > 2. Then Eq. (41)
has a unique solution q € C'([0, T) x S;S). Moreover, the map q(t,-) is an increasing dif-
feomorphism of R with

qx(t,x) = exp (/Ot ux(s, q(s,x)) ds), Y(t,x) €[0,T) x R.

Lemma 4.7 Let zy = (ug, po) € H*(S) x H*"X(S) with s > 2 and T > 0 be the maximal exis-
tence time of the corresponding solution z = (u, p) to system (5). Then we have

(pxx - p)(t, Q(t» x))%(t: x) = :OOxx(x) — Po (x), V(t, x) € [0: T) x S. (4'2)

Moreover, for all (¢,x) € [0, T) x S, we have

| pxxllzoe < H + | poxx — pole™ := . (43)

Page 10 of 21
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Proof Differentiating the left-hand side of Eq. (42) with respect to ¢ and making use of
system (5), we get

d
J[(oe(t,06.9) - p(£:9(6,9)))g:(8,)]

= (Otxx + Prxxdt — Pt — Pxq)qx + (Oxx — P)1x
= (ptxx + ,Oxxxu - pt - ,OxM + pxxux - ,Oblx)%c

=0.
This proves Eq. (42). From Eq. (42), we obtain for all ¢ € [0, T)

t
|x] = 101 < |0ax = PI = | Poxx — poleJo xoalNds,
which results in

1 2 2 3
2 2 \2 t(lluoll 5 +lpolls ;)2
[l oxxlloe < (||Mo||Hz + ||,00||H1)2 + [ Poxx — Pole H? H!

< H + | poxx — pole™, (44)

where Lemma 4.5 is used. This completes the proof of Lemma 4.7. O

Lemma 4.8 Let zo = (uo, po) € H*(S) x H*"(S) with s > 2. Suppose that my € L*(S) and T

is the maximal existence time of solution z = (u, p) of system (5) with the initial data z.

1 2
itseellioe < Cyf o2, + (H2 + Hia) Teh GHAHHIOT — pg. (45)

Proof Multiplying the first equation of system (1) by m and integrating by parts, we have

1d
——/mzdx:—/ummxdx—Z/umedx—/m,opxdx+/m,ox,oxxdx, (46)
2dt Js s s s s

which results in
d
— /;712 dx=-3 / uym* dx — 2/mp,ox dx + Z/mpx,oxx dx. (47)
dt S S S S

By the Holder inequality, Eq. (47) ensures that

d
2 2
—llmll7s < Bllsxll o lmll72 + 2[mll 2| o1l 2 1| oxll 200
dt L L

+2[lml 21| pxll g2 | el 0
< BlluellollmlZ, + (1+ llmll3,)
x (Iloll2lloxlizee + Nl pxll 2 1l pxxllzo<)
< Imlp Blluxllzs + llpliz2loxlize + loxl2 | paellze)

+ (Lol 2 lloxlizee + 1l oxll 21l oxxllzoe )
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Applying the Gronwall inequality, we get

llmll7, < (IImolliz + /Ot(llplle lloxllzoe + 1102l 21| Oxll %) dT>
% ef(f(SHuxHLoo +loll g2 lexllgoo +loxll 2 ”PxxHLOO)dT,
which, together with Eqs. (37) and (43), yields
12 < (moll2 + (H? + Hyp) T)eBH+H* T, (48)
On the other hand, from Lemma 4.4, we deduce

[2txxxll 00 = || Guxx * M|l 00 < || @xxllzoe 1l 1 < Clim| 2. (49)

Therefore, from Eq. (48) we deduce that Eq. (45) holds. This completes the proof of
Lemma 4.8. =

Next, we give the proof of Theorem 2.2.

Proof of Theorem 2.2 We split the proof of Theorem 2.2 into five steps.
Step1.For s € (%, 2), applying Lemma 4.3 to the second equation, we have

t
lollrs1s) < lpoll st + C/ ol (ltllzoe + [[8x2tllzo0) dT
0

t
-1 -1
.C / (1= 82)  atep) + (1= 82) () o .
0
From Lemma 4.1(iii), we get
-1
||8x(1 - 33) (uxpx)| H5-1(S) < Cllpll st 2|l oo (50)
and
-1
(1= 02) " 00a) |15y < ClP s sl (51)
From Egs. (50) and (51), we obtain
t
lollps-1s) < lloollps-1 + C/ ||,0||HS-1(||”||L°<’ + ||3xu||L°°)dT- (52)
0

On the other hand, using Lemma 4.2, we get from the first equation of system (5)

” u(t) HHS(S)

t
o
0

t
+ ol +C / )] . |8024(0)| . .
0

7 1 1
Bxg* |:u2 + MJZC - iufm — Uylypy + 5,02 - Epi]

dt

HS
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Thanks to Lemma 4.1(iii), one has

7 1 1
0xg * [uz + ui - Eufm — BUplyy + Epz - Epf:|
HS
7 1 1
< Clu* + 1 — Zu?, — Bttty + —p* — =2
= X 9 XX xWxxx 2:0 2l0x .

< Cloellprs-s lletllo + Nl prs-s Netllzoe + Nthall prs-s ot | oo

ot | -3 Nt llzoe + NN ps-3 Ml pllzoe + 1l oxll s 1l oxllzoc)-

Hence, we obtain

@]

HS(S)

t
=< lluollms + C/ loallzas (lleelloe + Notallzoo + Noaellzoe ) dT
0

+c/0 lo(@)]

which, together with Eq. (52), ensures that

et ([p@ ] + [ 22D 1o0) d, (53)

@]

HS + ||10(t)|Hs—1
t
<lluollps + llpoll st + C/ (Il + [ @) 1)
0

X (lllgoo + lluxllzoo + llttxxllzoo + 1 ollzoe + [l oxllzoe) d. (54)

Using the Gronwall inequality and Lemma 4.4, we have

[ 5 + 1P s

< (luollzs + lpollzzs1)

L
w €€ ol oo +lusll oo +lttxxsll zoo +lpll oo+ pxll o0) T (55)

From Lemmas 4.5 and 4.8, we get

Juto)

HS + ||p(t)|Hs—1

< (Il + 1o 1) e T+ C o Il ), (56)

Therefore, if the maximal existence time T < 0o satisfies fot | oxll oo dT < 00, we get from
Eq. (56)

lirtn s;lp(uu(t)‘ s T ||,o(t)’HH) <00, (57)

which contradicts the assumption on the maximal time T < co. This completes the proof
of Theorem 2.2 for s € (%, 2).
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Step 2. For s € [2, %), applying Lemma 4.2 to the second equation of system (5), we get

t
5— < S— 51| 0. d
oy < ool + C [ pllgsbiael

¢
+ C/ ”ax(l - aﬁ)*l(uxpx) + (1 - 83)71(%::0) ’ Hs-1 dr.
0

Using Egs. (50) and (51) gives rise to

t
ol < ool + C [ ol
which, together with Eq. (53), yields

| () HHS +[ o) ”Hs—l

t
< ltolls + 1pollsss + C /O (el + | 0]

o)

x (llullee + laell 3se + Notanllzoe + lIollzoe + | oxllz=) d, (58)

where ¢ € (0, 1) and we used the fact that H3* <5 [N H3,
Using the Gronwall inequality and Lemma 4.4, we have

Juto)

< (lluollzs + llpollpzs-1)

HS + ||p(t)|Hs—1

"t
C fo Ul oo +llul 3o tluxxxllLoo +llpll oo +lloxllpoo) dT
H2'

X e (59)
From Lemmas 4.5 and 4.8, we get
[0+ 10O
< (luollss + llooll Hs-l)e(C<M+H>T+C/3 lpxllzoo dr). (60)

Using the argument as in Step 1 one completes Theorem 2.2 for s € [2, %).
Step 3. For s € (2, 3), differentiating once the second equation of system (5) with respect

to x, we have
-1 -1

Opx + Uudypy — (1= 02) " (uapx) — 05(1 = 07) ™ (uxp) = 0. (61)

Using Lemma 4.3, we get
t
l oxllrs-2(s) < l1P0xll prs—2 + C/ o0 ps (lsllzoe + [|85ullz) d, (62)
0

where we used the following estimates:

| (1= 92) " @) | s < Cllttapiallss < Cllpllyzs-t oo
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19x(1 = 82) " (x0) | o2 < Cllttspllss < Cl ol llaxll oo,

where Lemma 4.1(iii) was used.
Using Egs. (62), (53), and (52) (where s — 1 is replaced by s — 2) yields

[+ 0@ 15

t
< ltolls + pollsss + C / (s + [ 0] )
0
« (Il + Nitgllz + litssllio + ol + llpxllz) . (63)

Using the Gronwall inequality again, we have

ol

< (luolls + ool prs—1)

HS + ||p(t)|Hs—1

w €€ J3 oo +lusll oo +lutxx oo +lpll oo +lpxll o) dr (64)

From Lemmas 4.4, 4.5, and 4.8, we get

C(M+H)T+C [§ llpxll oo dr). (65)

Juto)

1o+ 10O st < (Iollzzs + 1l poll s )

Using the argument as in Step 1 one completes Theorem 2.2 for s € (2, 3).

Step 4. For s = k € N, k > 3, differentiating k — 2 times the second equation of system (5)
with respect to x, we obtain

k-2 h+1,, qla+1
@ +ud) 20+ > CupdiTudp
l+lp=k-3,l1,1>0

#08(1-02) M) + 042 (1= 02) (wap) = 0. (66)

Using Lemma 4.2, we get from Eq. (66)

t
I56 0l < 15600l € [ a2l o

H2NL>®
t
C/
0

01 82) ) + 21— 02) ()

h+1 Ih+1
2 : Chi 0 ud " p
h+ly=k=3,l1,1p>0

dr. (67)

Hl

From Lemma 3.4 and Lemma 4.1, we have

1951 (1 = 82) (s |, < Cllttapall i < Cllpll s lallpgss,
[952(1 - 92) " ap) |, < Cllttapllpics

< Cllulls-2llplizee + ol ps-s llutxllree),
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and

< Cllplps Nl s

L+1 lh+1
Z Cll;lz ax uax o
L+lp=k=3,l1,1b>0

H!

Therefore, we deduce that

t
1957200 < 1957200 + C/O (Netllgzs + Nplpzs) (Nl st + Nl pllzee ) dz.

From the Gagliardo-Nirenberg inequality, we have for o € (0,1)
ol < Cllpllae + |87 0] 10)-
On the other hand, Eq. (52) implies that
t
lollke ) < llpollae + C/ lolze (e + |0l o0 ) d,
0

which, together with Eq. (68), yields

t
lolls < Cllooll s + Cf (Netllgzs + N1ol o) (Nl s + llpllzoe ) AT
0

Note that s — 3 > 0. Using Lemma 4.1 and 4.2, we get

Juto)

HS(S)

¢
= C/ loallzrs (lleellzoe + Notallzoo + Notxllzoe + llthanxllzoe) d
0

+ ol +C / 1o, or (|0 o + [ 0] )

which, together with Eq. (70), results in

Juto)

HS + ||p(t)’Hs—l

t
< C(lluollrss + llpoll ) + C/O (latlls + [ p(2)|

1)

X (sl s+ pllzoe + Npxllzse + ttasllzoe + Nttxnallioe) d.

Using the Gronwall inequality, Lemma 4.4, we get

@

< C(lluollps + Il pollpzs1)

HS + ||p(t)|Hs—1

% ecfé(”u”]_]s—l+”P||LOO+Hﬂx”LOO+”uxxx”LOO)dT'

Page 16 of 21

(68)

(69)

(71)

(72)

(73)

If T < 00 satisfies fOT | px |l dT < 00, applying Step 2 and induction assumption, we obtain

from Lemma 4.5 and Lemma 4.8 that [lu|| ys-1 + || ollzee + [|#xax]lzoe is uniformly bounded.
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From Eq. (73), we get

liItn s;lp(||u(t)||Hs + [ p@®)] 1) < 00,

which contradicts the assumption that 7' < co is the maximal existence time. This com-
pletes the proof of Theorem 2.2 for s =k € N and k > 3.

Step 5. For s € (k,k + 1), k € N and k > 3, differentiating k — 1 times the second equation
of system (5) with respect to x, we obtain

k-1 l1+1, qlp+1
@ +ud ) o+ Y CupdudRtp
L+lo=k=2,i1,1>0

+ 05 (1= 92)  (uaapr) + 9511 - 02) N (uap) = 0. (74)

Using Lemma 4.3 with s — k € (0,1), we get from Eq. (74)

|90

Hs—k

t
< [ 10 ol

t
-k T C/
0

+ak(1- 8??)_1(uxpx) +ok (1~ 8§)_1(ux,0)

(lullzoe + 1| xuall ) dT

+ [ pol

h+1, qly+1
Yo Cundiudttp
L+lp=k=2,l1,lp>0

dr. (75)

Hs—k

For each ¢ € (0, %), using Lemmas 3.4 and 4.1, and the fact that Hb* s L*>, we have

|95(1 = 82) ™ (apa) || ot < Cllttpxllpgs2 < Cllpllgsa el s, (76)
|| a}]c(—l (1 - aﬁ)_l(uxp” Hs—k
< Cllteplls-s < CIlpllps-2 Nuallzoe + oo kel -3, (77)

and

h+1,, ql+1
Z Chiy Z)x]+ uax2+ o

h+ly=k-2,01,1,=0 sk
20 Y Gl g0l
haly=k—211,1r>0
S Al PPN ] Y
< C(||M||Hs||,0||Hk,%+£ + ”M”H’“%*S 51 )- 8)

Therefore, from Egs. (75), (77), and (78), we get

|90l

Hs—k = “ a,l;_lpo |

t
it C f (el + 1o l1)
0

x (el g+ ol g..) dr. (79)
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Using Lemma 4.2 in the first equation of system (5) for s € (k, k + 1) with k > 3, we obtain

” u(t) HHS(S)

t
=< lluollps + C/ el s (Ilaell oo + ot ll oo + N1t ll oo ) d
0

+C/0 ||p(r)’

which, together with Egs. (79) and (52) (where s — 1 is replaced by s — k), shows that

o ([P e + [ 0] ) (80)

[

HS + ||p(t)|Hs—1
t
< C(lluollss + lollpss) + C / (leelzs + [ 0] )
0
x (lull oy + N0l .0 dr. (8D

Using the Gronwall inequality again, we get

Juto)

HS + ||10(t)’Hs—l

Cfé(\\u\\ka%”+\\p|| ERLL
H .

< C(lluollgs + l poll s )e (82)

Noting that k — % +te<k k- % +¢& <k—1and k > 3, and applying Step 4, we obtain
||u||Hk_%+€ +|lp ”Hk_%” is uniformly bounded. Thus, we complete the proof of Theorem 2.2
forse (k,k+1), ke N and k > 3.

Therefore, from Step 1 to Step 5, we finish the proof of Theorem 2.2. O

5 Global solution
To prove Theorem 2.3, we need the following lemmas.

Lemma 5.1 ([31]) Letr>0.Ifue H N WY andve H 1 UL™, then
[[A7u]v] 2 = Clluellzs | A 2 + [ A70 2 IVILL0).

Lemma 5.2 Let zo = (1o, po) € H(S) x H*"X(S), s > 3. Then ||z|| s xpys—t = || (1 0) || s x pys—1 i8
finite for 0 < t < oo.

Proof Applying A® to u; = —uu, — f (u), where f (1) = 0, A= (u? + u2 — L2, — BUplhur + 5 0° —

% p2), and multiplying by Au and the integrating over S, we have

d
—/( su)2dx:—2/AsuASuuxdx—Z/AsuAsf(u)dx. (83)
dt Jg S S

From Lemma 5.1 and the Cauchy inequality, we obtain

/AsuAsuux dx < /Asu(ASuux —ul’uy) dx + f(Asu)uASux dx
s s s

< Clluyllzoe sl s (84)
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The Cauchy inequality ensures

/S AUy dx < s | . (85)
and
7 1, 1
“f(u)”HS <C u? + ui - EM,ZM — Uy Uyy + 5)02 - Epﬁ s
< 18 s [ s+ 12l Wt

0 e + 1z ] 1s)

< C(llll oo ol =3 + ot ll oo || pys-3
+ [ 2tx | 2o N2t L g3 + Nl the || s—2 || g o0

etz lloe llttxa | 3 + Lo o oWl prss + I pxllzoe | ol prs-3 ), (86)

where we have used Lemma 4.1.
Hence,

Ellullf{s < Cr(llells + Nl 3gs + Naell sl o1 35-1), (87)

where C; = Ci(l|zo |l s xzs-1)-
Applying A5 to p; = —up, — 0,(1— 89?)‘1 (urpx)—(1— 83?)‘1 (4xp), and multiplying by A*™1p
and the integrating over S, we have

d

s—-1
o (A )dx

=—Z/AS’IpAS’l(upx)dx—2/AS’1pAH(1—8f)_1(ux,o)dx
s s
-2 / As-lpAS-lax(l—a,f)‘l(uxpx)dx. (88)
s
We will estimate each of the terms on the right-hand side of Eq. (88). Note that

Js N A3 (uep) dx = [ A2 p A5 (uyp) dx. Using Lemmas 4.5 and 5.1 and the Cauchy
inequality, we have

/ Ao A1 - Bﬁ)_l(uxp) dx

AS 2o (u,p) dx

\\

AS 2 ux]p dx + / A2 pu, AN 2pdx
s

C(IIMIIHsllplle 1+ ol ), (89)

fAs_lpAs’lax(l - 8?)71(uxpx) dx
s

= —/As‘szAS'z(uxpx)dx < C(lullzs oW Fir + 101 71)s (90)
S
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and
/As_lpl\s_l(u/)x)dx < C(lulls ol + 1101 (91)
s

It follows from Egs. (89)-(91) that

d
Enpni,ﬂ < Ci(llullzs o1 + 1007 51)s (92)

which together with Eq. (87) yields
d
=7 (Il + 1121 )
< C(lullFs + Naellzs + Naallps 1ozt + 10117 )

< ClullF + 1o ) (el s + ol s + 1), (93)

which implies
2 2 2 2
loelss + NP Npsr _ Wtollpss + lpollps

2 2 = 2 2
lollzgs + lolpsa + 1 Ntollgs + llpollpyss +1

(94)

Note that 0 < ¢ < 00, and we get from Eq. (94)

et s + o1 01135 + 1l ool

— )
Il + P0G a +1 7 lltolls + ool 7pes +1

which results in

leelizs + oW < sl + ool (95)
This completes the proof of Lemma 5.2. O

Proofof Theorem 2.3 Theorem 2.3 is a direct consequence of Theorem 2.1 and Lemma 5.2.
O

Remark We have discussed some dynamics of system (1) in the periodic case. In fact, the

2

above results hold true with m = (1 - 9; )%, k > 2 in the periodic case. We have

my + umy, + 2u,m + i, =0, t>0,x€R, 06)
e+ wn)=0, t>0,xeR.

More precisely, the local well-posedness Theorem 2.1 and the global existence result The-
orem 2.3 hold true in the Sobolev space H*(S) x H***1(S) with s > 2k — %, the wave-
breaking criterion Theorem 2.2 is shown to be true under the condition 1 € L(S).
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