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Abstract
In this paper, we study the initial boundary value problem of a coupled
Euler-Bernoulli plate system with spatially varying coefficients of viscosity, damping
and source term in a bounded domain. We prove that under some conditions on the
initial value, the growth orders of the damping terms and the source terms the
solution to the problem exists globally.
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1 Introduction
The purpose of this paper is to present the global existence result of the solution to a
coupled Euler-Bernoulli plate system with variable coefficients.
Let� be a bounded domain in Rn with smooth boundary and � = ∂�. We shall consider

the following initial-boundary value problem for a coupled Euler-Bernoulli plate system
with variable coefficients:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ(x)utt +Au – γAv + |ut|p–ut = f(u, v), x ∈ �, t ∈ (,T),

ρ(x)vtt +Av + γAu + |vt|q–vt = f(u, v), x ∈ �, t ∈ (,T),

u = v = ∂u
∂νA

= ∂u
∂νA

= , x ∈ �, t ∈ (,T),

(u(x, ), v(x, )) = (u(x), v(x)), x ∈ �̄,

(√ρut(x, ),
√

ρvt(x, )) = (√ρu(x),
√

ρv(x)), x ∈ �̄,

(.)

in which the constants γ ≥ , p≥ , q ≥ , and

Au =
n∑

i,j=

∂

∂xi

(

aij(x)
∂u
∂xj

)

, x ∈ Rn,

where aij(x) = aji(x) are C∞ functions in Rn satisfying

n∑

i,j=

aij(x)ξiξj ≥ λ

n∑

i=

ξ 
i > , ∀x ∈ Rn,  �= (ξ, ξ, . . . , ξn)T ∈ Rn, (.)
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λ is a positive constant. ∂
∂νA

=
∑n

i,j= aij(x)νi
∂

∂xj
is the so-called co-normal derivative and

ν = (ν,ν, . . . ,νn) is the unit normal of � pointing towards the exterior of �. In physical
terms the entries aij(x) are related to the coefficients of elasticity.
We suppose that ρi ∈ C(�) (i = , ) is the density (themass per unit length) of the plates

respectively, and it satisfies the following hypothesis:

ρi ≥ ρ > , i = , , (.)

where ρ is a constant. We also assume that there exists a function F(ξ ,η) such that

f(ξ ,η) =
∂F(ξ ,η)

∂ξ
, f(ξ ,η) =

∂F(ξ ,η)
∂η

for (ξ ,η) ∈ R, (.)

and suppose that F(ξ ,η) satisfies

 ≤ F(ξ ,η)≤ d
(|ξ |m+ + |η|m+) for (ξ ,η) ∈ R, (.)

in which d is a positive constant,  <m≤ 
n– for n > , andm >  for n≤ .

The systems of plate equation have been studied by numerous authors, see [–]. Mes-
saoudi [] considered the semilinear Petrovsky equation with the damping and the source
term, showed that the solution blows up in finite time if the growth order of damping
term is larger than the growth order of source term and the energy is negative, whereas
the solution is global if the growth order of damping term is not larger than the growth or-
der of source term. Hoffmann and Rybka [] studied the analyticity of the nonlinear term
forces convergence of solutions for two equations of continuummechanics. They showed
that any solution with appropriate boundary and initial conditions has a limit as t goes
to infinity. Yao [] discussed the initial-boundary value problem for Euler-Bernoulli plate
with variable coefficients and gave the observability inequality. The authors of [] were
interested in the case of thermoelastic plate and they established stability of the rest state.
The authors of [] discussed the exponential attractors for an extensible beam equation.
[] differs from [, ] because [] included a viscous term �ut . This term played an im-
portant role in their consideration. Guesmia [] considered the system of plate equations
with damping, proved that the solution decays exponentially if the damping term behaves
like a linear function, whereas the decay is of a polynomial order otherwise. Li and Wu
[] discussed the plate stabilization problem with infinite damping and showed that the
energy of the problem decays exponentially provided that the negative damping is suffi-
ciently small. For the Cauchy problem of multidimensional generalized double dispersion
equation, Xu and Liu [] proved the existence and nonexistence of global weak solution
by the potential well method. Komornik and Zuazua [] considered a wave equation with
mixed boundary condition. They showed the stabilization without a geometrical hypoth-
esis on the domain. This is an original work that used the multiplicative technique in the
study of asymptotic behavior of a dissipative system in PDE using the energy method.
Our purpose in this paper is to give the global existence of the solution to the initial

boundary value problem for a coupled Euler-Bernoulli plate system with variable coeffi-
cients.
The present work is organized as follows. In Section , we give the local existence result

of problem (.). Section  is devoted to the global existence of the solution.
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We shall write ‖ · ‖ denoting the usual L(�) norm ‖ · ‖L(�), ‖ · ‖p denoting the usual
Lp(�) norm ‖ · ‖Lp(�), 〈·, ·〉 denoting the usual inner product in L(�).
Let

W =
{

w ∈H(�)
∣
∣
∣w =

∂w
∂νA

=  on �

}

.

Let B >  be the best constant of the embedding inequality such that

‖w‖m+ ≤ B‖Aw‖, ∀w ∈W . (.)

2 Local existence result
In order to state our main results, we introduce the definition of weak solution for system
(.).

Definition By a weak solution (u, v) of system (.) on [,T], we mean functions u, v ∈
C([,T],W )∩C([,T],H

(�)), u, v ∈W , u, v ∈H
(�) satisfying

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈ρut ,ϕ〉 – 〈ρu,ϕ〉 – ∫ t
 〈ρuτ ,ϕτ 〉dτ +

∫ t
 〈Au,Aϕ〉dτ

+ γ
∫

�

∑n
i,j= aij(x)

∂v
∂xi

∂ϕ

∂xj
dx +

∫ t
 〈|ut|p–ut ,ϕ〉dτ =

∫ t
 〈f,ϕ〉dτ ,

〈ρvt ,ψ〉 – 〈ρv,ψ〉 – ∫ t
 〈ρvτ ,ψτ 〉dτ +

∫ t
 〈Av,Aψ〉dτ

– γ
∫

�

∑n
i,j= aij(x)

∂u
∂xi

∂ψ

∂xj
dx +

∫ t
 〈|vt|q–vt ,ψ〉dτ =

∫ t
 〈f,ψ〉dτ ,

(u(), v()) = (u, v), (√ρut(),
√

ρvt()) = (√ρu,
√

ρv),

for all text functions ϕ,ψ ∈ W and almost all t ∈ [,T].

Theorem . (Local weak solution) Suppose the validity of assumptions (.)-(.). Then
there exists a unique local weak solution (u, v) to system (.) defined on [,T] for some
T > .

Proof Similar to [].
We define the energy of system (.) by

E(t) :=


‖√ρut‖ + 


‖√ρvt‖ + 


‖Au‖ + 


‖Av‖ –

∫

�

F(u, v)dx. (.)
�

Lemma . Suppose the validity of assumptions (.)-(.). Then the energy function of
system (.) satisfies the energy identity,

E(t) +
∫ t


‖uτ‖p+p+ dτ +

∫ t


‖vτ‖q+q+ dτ = E(). (.)

Proof Multiplying the first equation of (.) by ut and the second equation of (.) by vt ,
integrating over � × [, t] and summing them, by a straightforward calculation we obtain
(.). �
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3 Global existence result
In this section, we give the global existence of system (.).
Define

J(t) = ‖√ρut‖ + ‖√ρvt‖ + ‖Au‖ + ‖Av‖ – (m + )
∫

�

F(u, v)dx. (.)

Theorem. Suppose that (u, v) is the unique weak solution of system (.), the initial data
(u, v,u, v) ∈ W ×W × L(�)× L(�) satisfy

J() > , dBm+(m + ) <
[
(m + )
m – 

E()
] –m


.

Then the solution (u, v) is global.

Proof From the continuity of E(t) and F(u, v), we have the continuity of J(t) on [,T].
Denote

t := sup
{
t ∈ [,T]; J(τ ) > , τ ∈ [, t)

}
.

From the assumption J() > , it is not difficult to see that  < t ≤ T . Next we show that
t = T and T >  is arbitrary. From the definition of E(t) and J(t), we can rewrite E(t) for
t ∈ [, t) as

E(t) =
m – 

(m + )
[‖√ρut‖ + ‖√ρvt‖ + ‖Au‖ + ‖Av‖] + 

m + 
J(t)

>
m – 

(m + )
[‖√ρut‖ + ‖√ρvt‖ + ‖Au‖ + ‖Av‖]. (.)

Thus from the nonincreasing property of E(t) (.), it follows that for t ∈ [, t),

‖√ρut‖ + ‖√ρvt‖ + ‖Au‖ + ‖Av‖ < (m + )
m – 

E(t)≤ (m + )
m – 

E(). (.)

From assumptions (.)-(.) and estimate (.), we get that for t ∈ [, t),

∫

�

F(u, v)dx≤ d
(‖u‖m+

m+ + ‖v‖m+
m+

)

≤ dBm+(‖Au‖m+ + ‖Av‖m+)

≤ dBm+(‖Au‖ + ‖Av‖)m+


< dBm+(‖Au‖ + ‖Av‖)
[
(m + )
m – 

E()
]m–


. (.)
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Then it follows that for τ ∈ (, ) small enough,

J(t) > τ
(‖Au‖ + ‖Av‖)

+ (m + )
{

( – τ )
[

dBm+(m + )
(
(m + )
m – 

E()
)m–


]–

– 
}

×
∫

�

F(u, v)dx. (.)

Thanks to the assumption of E(), we have

dBm+(m + )
[
(m + )
m – 

E()
]m–


< .

Thus, by selecting  – τ = dBm+(m + )[ (m+)
m– E()]m–

 , we get

J(t) > τ
(‖Au‖ + ‖Av‖)

for t ∈ [, t). This implies J(t) ≥ . If J(t) = , then it follows that u(x, t) = v(x, t) =
ut(x, t) = vt(x, t) =  for x ∈ �̄. By the uniqueness of the solution to system (.), we obtain
that the solution is zero solution for t ∈ [t, +∞). Then the solution is global.
For the case J(t) > , from the definition of t, we have t = T and J(t) >  for t ∈ [,T],

where T >  is arbitrary and the following estimate holds:

m – 
(m + )

[‖√ρut‖ + ‖√ρvt‖ + ‖Au‖ + ‖Av‖] < E(t)≤ E(). (.)

Then the global existence of the solution follows. �

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that the study was realized in collaboration with the same responsibility. All authors read and
approved the final manuscript.

Acknowledgements
The authors are highly grateful for the referees’ careful reading and comments on this paper. The research is supported by
NNSFC No. 61374089 and Shanxi Scholarship Council of China No. 2013-013.

Received: 19 September 2013 Accepted: 25 June 2014

References
1. Avalos, G, Lasiecka, I, Triggiani, R: Uniform stability of nonlinear thermoelastic plates with free boundary conditions.

In: Hoffmann, K-H, Leugering, G, Tröltzsch, F (eds.) Optimal Control of Partial Differential Equations. Birkhäuser, Basel
(1999)

2. Eden, A, Milani, AJ: Exponential attractors for extensible beam equation. Nonlinearity 6, 457-479 (1993)
3. Guesmia, A: Existence globale et stabilisation interne non linéaire d’un système de Petrovsky. Bull. Belg. Math. Soc.

Simon Stevin 5, 583-594 (1998)
4. Guesmia, A: Energy decay for a damped nonlinear coupled system. J. Math. Anal. Appl. 239, 38-48 (1999)
5. Hoffmann, KH, Rybka, P: Analyticity of the nonlinear term forces convergence of the solutions to equations of

continuum mechanics. Nonlinear Anal. 50, 409-424 (2002)
6. Li, J, Wu, Y: Exponential stability of the plate equations with potential of second order and indefinite damping.

J. Math. Anal. Appl. 359, 62-75 (2009)
7. Messaoudi, SA: Global existence and nonexistence in a system of Petrovsky. J. Math. Anal. Appl. 265, 296-308 (2002)

http://www.boundaryvalueproblems.com/content/2014/1/169


Hao and Zhang Boundary Value Problems 2014, 2014:169 Page 6 of 6
http://www.boundaryvalueproblems.com/content/2014/1/169

8. Xu, R, Liu, Y: Global existence and nonexistence of solution for Cauchy problem of multidimensional double
dispersion equations. J. Math. Anal. Appl. 359, 739-751 (2009)

9. Yao, P: Observability inequalities for the Euler-Bernoulli plate with variable coefficients. In: Differential Geometric
Methods in the Control of Partial Differential Equations, Boulder, CO, 1999. Contemp. Math., vol. 268, pp. 383-406. Am.
Math. Soc., Providence (2000)

10. Komornik, V, Zuazua, E: A direct method for the boundary stabilization of the wave equation. J. Math. Pures Appl. 69,
33-55 (1990)

11. Rammaha, MA, Sakuntasathien, S: Global existence and blow up of solutions to systems of nonlinear wave equations
with degenerate damping and source terms. Nonlinear Anal. 72, 2658-2683 (2010)

doi:10.1186/s13661-014-0169-4
Cite this article as: Hao and Zhang: Global existence of a coupled Euler-Bernoulli plate system with variable
coefficients. Boundary Value Problems 2014 2014:169.

http://www.boundaryvalueproblems.com/content/2014/1/169

	Global existence of a coupled Euler-Bernoulli plate system with variable coefﬁcients
	Abstract
	MSC
	Keywords

	Introduction
	Local existence result
	Global existence result
	Competing interests
	Authors' contributions
	Acknowledgements
	References


