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Abstract

In this paper, the spectrum and resolvent of the operator L, generated by the
differential expression €5 (y) =y + g (x)y’ + [A? + Ag>(x) + g3(x)]y and the boundary
condition y’(0) — hy(0) = 0 are investigated in the space L,(R*). Here the coefficients
g1(x), g2(x), g3(x) are periodic functions whose Fourier series are absolutely convergent
and Fourier exponents are positive. It is shown that continuous spectrum of the
operator L consists of the interval (—oo, +00). Moreover, at most a countable set of
spectral singularities can exists over the continuous spectrum and at most a
countable set of eigenvalues can be located outside of the interval (0o, +00).
Eigenvalues and spectral singularities with sufficiently large modulus are simple and

lie near the points A = j:g, neN.
MSC: 34L05; 47E05
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1 Introduction
In this study, the spectrum and resolvent of the maximal differential operator L, generated
by the linear differential expression

60 =y + @@y + [A* + g (x) + g3(%) ]y

and the boundary condition y'(0) — y(0) = 0 have been investigated in the space L,(R*).
Here A, /i are complex parameters, R* = (0, +00) and

o0
%(x) = Z aneimc’ j: 12,3, (1)
n=1

with complex coefficients g;, for which

o0 [o¢]
> nlgul <400, Y lgaal<+oo, j=12. (2)
n=1 n=1

The domain of the operator L, is
D(L;) = {y(x) | y(x),y (x) € AC[O,R] for all R > 0,
¥ (0) = y(0) = 0,y(x), £,(y) € Lo (R") }.
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Let Q be the class of periodic functions g(x) = Y o, g,e™ with [|g(x)[| = Y oo, 1qul < +00,
then Q is a complex normed space and ¢; (x), g, (%), g3(x) € Q.

Itis clear that if at least one of the functions g;(x), j = 1,2, 3, is not zero, then the operator
L, is non-self-adjoint for each 1 € C.

In the study [1], the Floquet solutions of equation ¢, (y) = 0 in the case ¢;(x) = g2(x) =0
were constructed, and using these solutions direct and inverse spectral problems were
investigated for the operator L = —% + ¢g(x) in the space Ly(R). Later, using some differ-
ent methods, the inverse problem for the operator L = —% + q(x) with periodic poten-
tial g(x) € Ly(0,27) was investigated in [2], the spectrum and resolvent operator were
studied in [3]. Some results of [1] were generalized for the 2n order linear differen-
tial operators with almost periodic coefficients from class AP* of functions of the form
px) =Y 02, pue™ with ||p(x)|| = > oe) |pul < +00 in [4, 5]. Here (@)%, is an increasing
sequence of positive numbers and the set {«, : n € N} is an additive semigroup. The spec-
trum and resolvent of a pencil of high order differential operators with periodic and almost
periodic coefficients were investigated in [6] and [7, 8], respectively. The inverse problem
for a pencil of 2n order differential operators with periodic coefficients from the class Q
was studied in [9]. The pencil of the second order differential operators with periodic coef-
ficients was investigated in [10, 11]. Afterwards, the spectrum and resolvent for the pencil
of the second order differential operators with almost periodic coefficients from the class
AP* under more general conditions on the coefficients were investigated in [12]. In all of
these studies, the examined operators have a pure continuous spectrum, and the contin-
uous spectrum consists of a half-line or union of lines pass from origin; moreover, there
may be at most a countable number of spectral singularities on the continuous spectrum
of the examined operators.

In the present study the operator L, is investigated in the space Ly(R*). It is proved
that the continuous spectrum of the operator pencil L; consists of the interval (—oo, +00)
and there may be at most a countable set of spectral singularities on the continuous spec-
trum. Moreover, there may be a countable set 0,(L;) of eigenvalues outside the interval
(—00, +00), singular values A (eigenvalues or spectral singularities) with sufficiently large
modulus are simple, lie in the neighborhood of points A = &7, n € Nand satisfy the asymp-

totic formula

n n 1
A, =£-+0(-), nm— o0
2 n

Note that the analogous problem was investigated in [13] for the operator pencil L, gen-
erated by the differential expression ¢; (y) and the condition y(0) = 0 in the space Ly(R")

in case q3(x) = iq(x).

2 Floquet solutions of the equation £, (y) =0
The system of linear independent solutions of an equation of type £, (y) = 0 with almost
periodic coefficient from the class AP* was investigated in [12]. According to Theorem 1

in the study [12], we can formulate the following theorem related with the equation

Y+ qi(x)y + [kz + A2 (x) + qg(x)]y =0, —00<x<+00. (3)
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Theorem 1 If the functions q;(x), j = 1,2, 3, satisfy conditions (1) and (2), then for V) € C,
A # %3, n € N the differential equation (3) has the solutions

file,n) =™ (1 £ u,gn(x)el’"x), flxr)=e™ (1 £y uy)(x)el'"x), (4)

n=1 n=1

where the series

oo

YuPwle®, s=1,2,

n=1
is uniform convergent in each compact set S € C which does not contain the numbers A =

0
. ) U
-5,meNincases=1and ) =5, neNin cases=2. Here udoy = ul + D kel T
@) @ s Uy

Uy’ (W) =U" + ) g = neN.

The solutions fi(x,A) and f>(x,A) can be used for the investigation of the structure of
the spectrum and the kernel of the resolvent operator of L, but they are not sufficient
for studying the asymptotic of the singular values of the operator L, . For this reason it is
convenient to use the Floquet solutions of the form

il 1) = e (1 008 U0 + 0% iy S0 Ue™), )
ol 1) = (L 00 UP e 4 30 g U0 U e™)
with conditions 32, n?|UY| < +00, Y02, L Y%, n?|UY)| < +00, s = 1,2. It is clear that
these representations of the solutions are a modified form of formulas (4).

The special solutions of type (5) are used in [10, 11] under various conditions on the
coefficients of the considered equations. We use the following theorem about existence of
the Floquet solutions of equation (3).

Theorem 2 If q,(x), q5(x), g3(x) € Q, then for each A # -7, n € N the differential equation
(3) has solutions as

o0 [o¢]
flax, ) =™ (1 + Z u,e"* + Z
k=1

n=1

1 oo
> uknei”’“), 6)
k+2x ~

where the sequences {u,}, {ux,} of complex numbers are uniquely determined from the sys-
tem of equations

-1,.
_n2un —-n Zzzl Ukn + 431 + Z:ln:l(lmQI,n—m + q?a,n—m)um

+ % Z:In_zll(iql,n—m + q2,n—m) Z;(nzl U = 0,
20U, + iqiy + Gan + Z"mjl(iql,n,m + Gonm)tm =0, neN, (7)
—I’l(ﬂ - k)ukrl + an_:lk [imql,n—m +q3,n-m — %(iql,n—m + qz,n—m)k] Ukm = O,
kneN,n>k+1

and the series

o0 o0 1 [ee]

2 2
ol D2 Yl 8)
n=1 k=1 n=k

converge.
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Proof If we assume the existence of the solution of equation (3) of the form (6), accord-
ing to convergence of series (8), we can find the derivatives of f(x, ) with respect to x as

follows:

o0 o0 o0
. . 1 .
"(x, 1) = e[ in + i+ n)u,e™ + i+ n)ug,e™ |,
f(x2) ( Z}( ity Z,H%Z( Vitin )

k=1 n=k
oo oo 1 o0
/! _ oA 12 2 inx _ 2 inx
f(xA)=¢ < A Z(A+n) U,e k+2AZ(A+n) Upne )
n=1 k=1 n=k
If we substitute these expressions in equation (3) and divide both sides by ¥, according

to uniqueness properties of the Fourier series, we have the following system of equations

for the sequences {u,}, {ui,}:

py k+2A

_ (un + Z W )n(n +21) + iAGLn + AGon + G3n

m
+ Z (um + Z kL:k;k) [i(k + m)qus + Aqos + qgs] =0, nelN.

s+m=n k=1

From this system we get the system of equations

Uy = Y g Uk + Q3n + D g e (TG1s + G35) i
+ % Y somen(i1s + G2) Yy i = 0,
—20Uy + iqin + Gon + Y g iis + G2s)ttm =0, neEN,
—n(n = Kt + D5, e liMes + q3s — %(iqls + @os)klugy =0, kneNn>k+1

m>k

to determine {u,}, {u#i,}. The last system of equations can be rewritten as (7). Therefore the
sequences {u,}, {ux,} in the expression of solution (6) of equation (3) satisfy system (7). On
the contrary, if {1}, {ui,} satisfy the system of equations (7) and series (8) converge, then
the function f(x, A) determined by formula (6) is a solution of (3). Therefore to prove the
theorem, it is sufficient to show the solvability of system (7) and the convergence of series
(8). It is easy to see that the system of equations (7) has a unique solution. Indeed, from the
second equation of system (7), the sequence {u,} is determined by the recurrent manner
uniquely. Furthermore, by the known sequence {u,}, from the first and third equations of
system (7), the sequence {uy,} is also determined by the recurrent manner uniquely. It is
not easy to prove the convergence of series (8) for the sequences determined from sys-
tem (7). However, in the special case ¢,(x) = ig;(x) this is proved in [13] (see Theorem 2).
The existence of solution (6) can be proved by reducing to this special case. For this rea-
son, we make the substitution y(x) = z(x)e*® in equation (3). Here, z(x) is a new unknown

oo 2 ] inx : . . .
oy —Hatin g s g twice continuously dif-

function, u(x) = -3 [[q1(x) + iqa(x)] dx = 3
ferentiable periodic function such that u/(x) = —% [q1(x) + iga(x)] and u(x), v (x), u” (x) € Q.

If we take into account the expression of the function y(x) in equation (3), we have

2"+ px)y + [)\2 +ilp(x) + q(x)]y =0, —-00<x<+00, 9)
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where p(x) = —iga(x), q(x) = u” + (W)* + 1 (%)u' +q3(x) = q3(x) — 5 [q1 (%) + iqy ()] - } g7 (x) +
g5 (x)]. Therefore, because of p(x), p'(x), g(x) € Q by Theorem 2 in [13], we have that equa-
tion (9) has the solution of the form

o0 o0 1 [e¢]

2
DNl and Y o> il
n=1 k=1 n=k

converge. Consequently,

o0 oo
_ ulx) th 1 ~ inx
y(x,A) = € 1+ E u,e E o Uiy €
+

is a solution of equation (3). Here, we can write e“® = 1 +u(x), where u,(x) € Q by Wiener
and Levy’s theorem (see [14], p.34). Hence, we obtain

Mg

iAx inx 1+ Uo (x) - ~ inx
flx,))=y(x,A)=¢ <1 + uo(x) + (1 + uo(x)) u,.e"™ + Tron ;:k: Ugne

k=1

I
—_

n

oo oo 1 oo
=elkx 1+ § :unemx+ § § :Mknemx ,
k+2A
n=1 k=1 n=k

where Y0 ™ = ug(x) + (1 + uo(x)) Y oo %™ € Q and uy(x) = Y oo ugne™ = (1 +
o (%)) Yoy Une e"* with u(x), up(x),uy(x) € Q for k > 1. If we use the inequality
lp@)g@) < lp@)lig@)|, Ypx), g(x) € Q which is satisfied in the normed space Q, the
convergence of the series ||(3_)2, une™)"|| = Y52y lunln® and Y27 Flluy )|l = D5 § %
fo’:k n?|uy,| can be easily proved. Therefore we have that series (8) converge for solution
f(x, 1) of equation (3). The theorem is proved. d

In order to find the second solution of equation (3) which is linearly independent with
the solution f(x, A), we put . = —A in equation (3). Then equation (3) is written as

V' + @)y + [0 - nga(x) + q3(x)]y =0, —oo<x<+oo. (10)

By Theorem 2, equation (10) has the solution

o0 o0
) . 1
x, ) =e™ |1+ v,e™ +
glx, ) ( E g kizl K 2

n=1

00
§ :anemx .
n=k

Then, for each A 7/ , n € N, the function

f(x,k) =glx,—)) = e (1 + Zvn + Z k 7 kane )
n=1

n=k
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is the second solution of (3) where the series Y, [v4|n* and Y 31 + Y ooy #*|Viu| con-
verge.

In what follows we use representations (5) for the solutions f(x, ), f (x, A).

Corollary1 Ifthe functions q(x), q(x),q3(x) € Q, then forVi #£%,A € C,n € N, equation
(3) has the Floquet solutions

) 00 1 00
_ ikx ) jinx inx
filx,A) =¢€ <1+Zune +Zk+2kzu"”e )
n=1 k=1 n=k
00 [
A) = —iAx 1+ U(Z) imc+ L[ mx

in R for which the series of type (8) converge.

Corollary 2 For each x € R, the functions fi(x,1), j = 1,2, and their derivatives ];»’(x,)\),
S (x, 1) with respect to x are meromorphic functions with respect to ), and they may have
only simple poles ) = (-1Yn/2, n € N, and they are also continuous functions of pair (x, 1)
forallx e R, A€ C, A #(-1yn/2,n e N.

Corollary 3 The solutions fi(x,1), f2(x, ) for VA #0, 7, A € C, n € N are linearly inde-
pendent in each interval and their Wronskian is W (x,A) = W[fi,f2](x, 1) = —2ire~ S udx
where [ qi(x)dx = o) Qe (see [12], p.200).

n=1 in

Note that if at most one of the functions ¢ (x), g2 (x), g3(x) is distinct from zero, then the
functions fj(x, ») have at most one pole. Namely, if L[f,’,i #0, then A = (-1Yn/2,j=1,2,is
the simple pole of the function f;(x, A), if U,(,’,), = 0, then the function f;(, 1) is regular at the
point A = (-1)n/2,j=1,2.

The linearly independent solutions of equation (3) for A = 0 or » = 7, n € N have been
constructed in [12]. These solutions are the functionsfl,,(x) = e 3% (Y1,(x) + xp1a(x)) and
folx,—5) when & = -7, fi(x, 5) and};,,(x) = €135 (Y (%) + X2, (x)) when A = 2 andﬁ(x) =
Yo(x), f2(x) = x0(x) + do(x) when A = 0. Here the functions V1, (x), r.(x), Y2.(x), d2u (),
Yo(x), Po(x) belong to the class Q.

3 The spectrum and resolvent of the operator L,
Theorem 3 The operator L, does not have real eigenvalues, i.e. 5,(L;) "R = @.

Proof Let us show that the equation L,y = 0 has only a trivial solution which belongs to
Ly(R*) for VA € R. In case A #0, 7, n € N this follows from the properties of solutions
filx,A) and fo(x, 1). Indeed, if y(x, 1) = c1fi(x, A) + cofa(x, 1) is the solution of the equation
L) =0 belonglng to Ly(R*) and satisfying the condition y'(0) — /zy(0) = O, then y(x, 1) is
an almost periodic function and necessarily y(x, 1) = 0, thus A is not eigenvalue. If linearly
independent solutions of (3) according to A = £5, n € N or A = 0 are taken instead of
filx, 1) and fo(x, 1), then similar result is also valid. Hence 0,(L;) N R = @. The theorem is
proved. d

Theorem 4 The operator L, has at most a countable set of eigenvalues in C\R.
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Proof 1t is easy to see that fi(x,1) € Ly(R*), fo(x, 1) ¢ Ly(R*) for ImA > 0 and fi(x, 1) ¢
Ly(RY), fo(x,A) € Lo(R*) for Im A < 0. These relations imply

Yy, A) = cifilx, 1) + eofa(x, 1) € Ly(0, +00), ¥'(0,A) —hy(0,A) =0, A1eC\R,
if and only if the eigenvalue equations

A1(A) =f{(0,A) = hfi(0,1)=0 when ImA>0 or

Ax(A) =f5(0,1) = hf2(0,A) =0 when ImA <0

are satisfied.

Since Aj(A) and A,()) are holomorphic functions in the upper and lower half planes
respectively, these equations have at most a countable set of roots in C\R, i.e. 0,(L) is a
countable set. The theorem is proved. d

Theorem 5 The residual spectrum of the operator L, is an empty set, i.e. 0,(L;) = .

Proof Since the operator L, is one to one for every A € C\o,(L,), then A € 0,(L;) if and
only if when the range R(L,) is not dense in Ly(IR*). It means the equation L}(z) = 0 has a
nontrivial solution z(x), in other words A € o'(L). In here, if we take into account that the
operator L} is generated by the linear differential expression

6(2) =2 — (07 + [A2 + Aga (%) — g1 (%) + g3(%) |2
and the boundary condition z'(0) — [% + ¢1(0)]z(0) = 0 in the domain

D(L}) = {z(%) | z(x),2 (¥) — q1(x)z € AC[O, R] for all R > 0,
Z(0) - [h + ql(O)]z(O) =0,z(x),0;(z) € Ly (R*) },

there exists a nontrivial solution z(x) € L,(R*) satisfying the condition z'(0) — [/ + ¢1(0)] x
z(0) = 0 of the conjugate equation

Z'(x) = 1 (0)Z (%) + [A* + Aqa(x) — g} (%) + q3(x)]2(x) =0, 0 <x < +00. (11)

Since equation (11) is an equation of type (3), then according to Theorem 2 equation (11)
for A € R does not have a nontrivial solution z(x) € Ly(R*), i.e. A ¢ 0,(L}) or o,(Ly) "R = @.

In general, if A € C, A #0, j:g, n € N, then according to Corollary 1, equation (11) has
the solutions as

oo o0 oo
i) = ™ (1 # D Vi) ) Vk(i)em")
n=1 k=1 n=k

and

) 00 00
i ; 1 .
(,02(96,)») = e—l)»x (1 + E VV(IZ)emx + § : m E : V]ﬁ)amc)
k=1

n=1 n=k
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in R. Clearly the functions (see [15], pp.208-210)

) - 2iMfi(e, k) 2iMi(x )
AN WA W)
200fp(04)  2ikf(xA)

WihAIxA)  W(xA)

z(x%, 1) =—
are linearly independent solutions of equation (11) for A # 0, =5, n € N. By the uniqueness

theorems for the analytic and almost periodic functions, it is easy to see that

M (x, 1)
Wix,2)

2if(x, 1)

7W(x, e (12)

Pr(x, 1) = - Pa(x, 1) = —
From the explicit form of functions ¢;(x, 1), i = 1,2, we have ¢;(x, 1) € Ly(R*), ¢o(x, 1) ¢
Ly(R*) for ImA > 0 and ¢;(x, A) ¢ La(R*), ¢o(x, 1) € Lr(R*) for Im A < 0. Consequently, the
solution z(x) = c1¢1 (%, 1) + 2902 (%, 1) of equation (11) with conditions Z'(0) - [z +¢1(0)]z(0) =
0 and z(x) € Ly(R*) only exists for values of the parameter A satisfying the equation
¢1(0,1) = [+ p(0)]¢1(0,1) = 0 when Im A > O or the equation ¢;(0,A) — [+ ¢1(0)]¢2(0,A) =
0 when Im A < 0. From (12) we get

@i ) = [+ (%) ]gi(x, 1)

(2 0)Y 2irfi(x, 1)

) (_ W (x, %) ) U @500

B Zi)»fi’(x, MWi(x,A) — ZiKﬁ(x, MW (x, L) ZiAﬁ(x, A)
=" (W) MAEACl 7wy
_20A[f (%, 1) — Bfi(x, 1)]

T Wx, 1)

and

2i1[f/(0, 1) — hfi(0,1)]
W (0,1)

2irA; (1)

70D

9i(0,4) = [+ q1(0)]@i(0, 1) = -

- = AG)eXm W, i=1,2.

Thus ¢;(0,1) — [+ 41(0)]¢;(0, 1) = 0 is equivalent to A;(1) = 0, i = 1,2. By this, we have that
if A € C\R is an eigenvalue of the operator L}, then X is an eigenvalue of the operator L;.
However it contradicts the fact that A € C\o,(L,). Consequently, all A € C\R do not be-
long to residual spectrum of the operator L;, i.e. 0,(L;) N C\R = &. Since 0,(L;) "R = &,

consequently we get 0,(L;) = @. The theorem is proved. O

According to Theorem 5, for each A € C\0,(L,), the inverse operator L;!is defined in a
dense subset of the space L, (R*). Let us show that for each A € C\[0,(L;) UR] the operator

L;! is bounded on L,(R"). For this reason, let us investigate the solution y(x,1) € Ly(R*)
of

Y+ qi(x)y + [Az + A (x) + qg(x)]y =f(x) (13)
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satisfying the condition y'(0) — &y(0) = 0, where f(x) € L,(R"). If we apply the Lagrange
method by using Floquet solutions of equation (3), we find the solution of (13) as

y(x, 1) = /0 " G L 0@ dt, (14)

where

Gt ) = —— iﬁ(x,wm, 0<t<x,

MWL) | o AGA), t>x,
ifTmA >0, A;(A) #0,

T — {fz(x,%(t,k), 0<t<x

Ao MW (L) | fole, (M), =«

ifImA <0, Ay(A) #0, where

f()(x, )\) = AZ(O)fl(x! )‘) - AI(O)fZ(xr )V)

is the solution of equation (3) in (—o0, +00) with initial conditions f,(0,A) = W(0,1) =
=2iAwy, fo(0, 1) = =2iAhwy, wo = e~ W Ttis easy to see that the function

~Jo A As(0)gi(x, A) — Ar(0)ga(x, A)
- W) ~2il

Px, 1)

is the solution of equation (11) with the conditions ¢(0,1) =1, ¢’(0,1) = & + ¢1(0) and the
function
o hEN) A0 - A0)f(x, )

) = -
Seod) = Z2in

is the solution of equation (3) with the conditionsf(o,)\) = WO,?(O, A) = hwy. Therefore,
these solutions are holomorphic functions of A in C. Using these expressions we can write

G(x,t,)\) =

1 iﬁ(x,k)a(t,x), 0<t<x,

A [FaeMe(th), t=>x

ifImA >0, A;(A) #0,

G(x,t,))

1 50,0t A), 0<t<ux,
T A0 @b, t>x

if ImA <0, Ay(2) #0. By these formulas the function G(x, £, A) is analytic with respect to
A at point A for which A;(A) # 0 and Ay(A) # 0. From the explicit expression of functions
filx, 1) and ¢;(x, 1) it follows that for VA € C\0, (L), ImA #0

|G, t,2)| < C(h)e ™™, (15)
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where C(A) >0, T = [ImA[, Vx, ¢ € (0, +00). From here we have that

+00

+00
/ |G(x, t,k)|2dx< +00 and / |G(x,t,k)|2dt< +00.
0 0

By considering formulas (14), (15) it can be proved by the standard method (see [16],
pp-302-304) that for each f(x) € L,(R*) the function

y(x,X) = /+00 G(x, t, A)f (t) dt,
0

belongs to L,(R*) and satisfies the condition y'(0,) — hy(0,A) = 0. Further the integral
operator L;! : Ly(R*) — Ly(R*) defined by

R = (L)) = /0 Gl b, )f (1) dt

is bounded for YA € C\[0,(L;) UR] and ||R; || < M It means that A € p(L;). On the
other hand, for Im = 0, the operator L;! is a closed operator defined on a dense proper
subset of Ly(R*), and so L;' is an unbounded operator, which means A € o.(L;).

It is clear that root A of the equations A;(A) =0,ImA > 0 or Ay(A) =0,ImXA <0 maybea
pole of the kernel G(x,t,1). If Im A # 0, then these poles are eigenvalues of the operator L; .
If ImA = 0, since L, does not have A € R as an eigenvalue, then the kernel G(x, ¢, A) of the
resolvent operator has poles at these points which are called spectral singularities (in the
sense of [16], p.306) of the operator L.

Thus the following theorem is true.

Theorem 6 L, has a continuous spectrum o.(L,) = R, a countable set of eigenvalues
op(L;) € C\R and the resolvent set p(L;) = C\(R U 0,(Ly)). The resolvent operator Lt
is an integral operator in Ly(R*) with the kernel G(x,t, 1) of Carleman type for A € p(L,).

4 The asymptotic formulas for singular values of the operator L,

In this section we specify the location of the singular values of the operator L, on the
A complex plane and show that the singular values with sufficiently large modulus are
located close to the points A = =7, n € N. Note that by the singular values of the operator
L, we mean the eigenvalues and spectral singularities of the operator ;. For this reason
we show that the singular values are located on the set E, = {A|A € C,|ImA| < a,Re A < &}
for some & > 1. Let us prove this fact for the case ImA > 0, A;(A) = f/(0, 1) — hf1(0,A) = 0;
when ImA <0, Ay(}) =£,(0,1) — hf;(0, 1) = 0, it is proved in a similar way.

Let Up(x) =1+ oo} Lly(,l)ei”x. According to the second equation of system (7), the func-
tion Uy(x) is the nontrivial solution of the equation 2iy’ + [igi(x) + ¢q2(x)]y = 0, and so
Uy(x) = e3 [liax@-a@ldx 11— 11.(0) =1 + > U #0. First, we show that there exists
o >max{l, [k, > po >, ILI,EB |/|Uo|} such that the equation A;(A) does not have a root
outside the set E,. For this purpose, we use the representation

oo

AR =£(0,0) = Hfi(0,2) = (A = Wfi(0,1) + D inlUP + /(-l—% > intif).
k=1

n=1 n=k
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Because of |k + 24| > 2« > 2 and |A| > « > |h| for each 1 € C\E,, k € N, the following

inequalities
A0 = [h - Wfi0, )| - | i, Z 55 2 intly,
n=1 k=1 n=k
[o¢] [o¢] 1 [o¢]
= (111 =12 = D] = 3 e Dl
n=1 k=1 n=k
[o¢] 1 o0 [o¢]
= (I = 1) £ 0)] = Y mltP] - 257 3 nfur,)
n=1 k=1 n=k
and
o0 ( [ee) 1 o) [ee) o o] 1 o] O
1
f1(0,1)] ;u” +§k+2knzu 1+§un _kzﬂjk”*;kuk"

= Uol - 3 g DU = Ml - 5 3 S Ju
k=1 n=k

k=1 n=k
ol _ ||

> Ul - == = =8
2 2

are satisfied. According to above inequalities, we get

8100 > (1= 10) 23 e - 23S )
n=1

k=1 n=k
Za@_”"@‘i”|uﬁl)|—%iinlu,&)|>o
n=1 k=1 n=k
for each
a>max{ 2k 1Z;O:k”l|u,$,)| +2Z;i1”‘|uitl)| + |h||Uo| }
|l

For some « satisfying this condition, the equation A; (1) = 0 does not have any root outside
the set E,. On the other hand, the function A;(2) is holomorphic at every interior point
A 7!—15( (k € N) of the set E, and on the boundary of this set. Then the equation A;(A) =

may have at most a countable set of roots in the set E,, and all these roots may have the
unique limit point at infinity. Let us show that the roots of the equation A;(A) = 0 with
sufficiently large modulus are located close to the points A = —7, n € N. For this, taking
into account the absolute convergence of the series ) -, Zn k n|LI,(( |, we can choose the
smallest number ko € N, ko > 2 such that 2, 3¢, nlL[kn | < %. Further, because of
limy s o0 Zk 1 k+2;\ iik LI,ST) = 0, we can take the number k; € N, k; > max{ky, 3|k + %}

such that the inequality

|Uo|
4

<

ko—-1 1 00

(1)
Z 7+ 20 Z U
n=1 k=n
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is satisﬁed for allrg >k, roeNandallA € C, |[ImA| <a,ReA < —’70 + i. Thus, for A € E,,

ReA <-7 + 4, [2A + k| > ,kz ro, we have |A| > %|h|, |24 + k| > %, k > 1 and because of
0,1)| > |U
1fi(0,2)| = [Uo| - Er:
o0 o0
> |Uy| — —_— u®v
=1 n=k k=ko
|U()| 3|U0|
>|Uol———ZkZ|Ukn ——ZZWI%
k=ko n=k k=ko n=k
31U, U U
, 3ltol _ |th| _ |thl _ o (16)
4 4 2
we have the inequality
[o¢] o0 1 [o¢]
. , (1) , 1)
|AL)| = lix = hl[fi(0, )] = Y inl +Zk+u2m%
=1 k=1 n=k
0 (1) (1)
= = lin—hl- LTSS o 2|
n=1 k=1 | +2M n=k
0
A= 1h] = U] =33 0 nlu)]
n=1 k=1 n=k
[Uol|ro 1| |Uol, e
> |7 ey - =8 ) nlu > 0
n=1 k=1 n=k
for
ro L (Uollhl + 230, Il + 6 358 SO milly,|
4 |Uo|
or for
L1 3lliAl +4 Y nuP #1250, % nul)|
0> = .

2 [Up|

1 1
3| [l+4 Y501 nlUP 1412300, 300 miuY
[Up| }r ro S N,

the roots of the equation A;()) = 0 satisfying the conditions A € E,, Re A < —%0 + % can

Consequently, for the smallest y > max{k, % +

be located only in the neighborhood of the points A = —%, k > ry with radius § = %. On
the other hand, the equation Al(k) = 0 may have a finite number of roots satisfying the
conditions A € E,, ReA > -7 + 7. Show that if the point A = —%', m > ry is a pole of the
function £i(0, ), that is, Llﬁ,ﬁn # 0, then there is a unique 51mple root of A;(A) = 0 in the
neighborhood |4 + 7| < l . Indeed, the equations A;(A) = 0 and (m + 21)A1(X) = 0 have

the same roots in the closed disk [A + 5| < 1 . Further if we put

g(x) = (m +21)(ix — KU,
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A — 1 0. 0. L e
h(k):(m+2k)<(zk—h)Z—ZU,E”+Zml[£,)+Z—ZmU,{n ,
k=1 k+22 n=k n=1 k=1 k+25 n=k

n’I|:

then we have |\ + §| > % for each k > 1 on the circle |1 + 5
that

%, and from (16) it is obtained

lgW)| = |h()]
= |m + 2\||iA = h||Uy| = |m + 2)|

o0 o0 o0
x |(ix = h) ;k k;u +;mLI +Zk 2)‘an,[kn

Zk,f

|

1 ol _ LS
> (- a3 e Sl

n=1

(3= 3-m) - ol -0 St} o

k=1 n=k

)

1
> g[llk hl(IUol

[e¢] 0] 1
Dol + Y0y Sinlly)

n=1 k=1 n=k

v

i.e. |g(x)] > |h(X)|. Therefore, by the Rouché theorem, the functions (m+20) A1) =g(h) +
h(x) and g(2) have the same number of zeros in the disk | + 7| < ¢. Since the function g()
has the unique simple zero A = —% in this disk, we have that the function (m + 21)A1(X)
also has the unique simple zero A, in this disk. It is obvious that, if A = -7 is not a pole
of £i(0,1), i.e. LI%” = 0, then the equation A;(A) = 0 does not have any root in the disk

A+ 5] < é. To show this it is sufficient to set

g(}“) = (l)\ - h)UO’

h(\) = ((ik —h)i N i W Zznu + Z = ZinU,&))
e k

and apply the Rouché theorem to the function A;(A) = g(A) + 4(A). Consequently, the

equation A;(%) = 0 may have a unique simple root in the § = l—neighborhood of the

point A = -% for all m > ry. This implies that A, = =2 + 8., |8,n] < ¢ ¢ m>ro. We show
that §,, = O(l/m) m > ry. It is easy to see that |iA;, — hI > A, - |h| > 5 = 18ul = |h| =
ml mem@ - L -y %—%—%):m(%—%):%,mzro.Nowﬁwewrlte

the equation A;(A;,) = 0 in the form

[o¢] 1 [o¢] [o¢]
on — iy — 1 .
(i, = B)Uo + (i3, — 1) Y e Y Uy + > inll)
k=1 m =k n=1
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or
D 1 s
l)f—h |:Uo+zk 2 Zukn] lk’—h)m+2k;nnzzmur(;;
kstm
1
+ Zinl,[,(}) + Z T Zi"’u/&) -0,
n=1 k=1 m o,k
we find that
o0 1 00
23|t + D s D Ui
= m
b
00 o .
| 2] 1 7+ 21 "
E;!Umn |l}\.7 _h| Z | |)\-;n—h| Z |k+2)\,;n| Zn|ukn|
- k=1 n=k
1 o 1/3
= o+ e S s s S S u)
n=m k-1 nk
1 o0
;[Zn L[(l |+SZ |LI |+9ZZ |L[kn }
"= k=1 n=k
or
o0 1 00
28U+ D s Z e {Z | |+3Z |U”|+922n|ukn }
o o= k=1 n=k

k;m

If here we take into account the estimation

k+ 2A;, Z k"

k;’m
(o) o0
= |thol = Z|/<+2,\ Xk:
k;:’m
1 o0
M
Z |L[0| k+2)\-_ Z kn Z |k+2)\';n| Z|Uk}‘l|
k=ko n=k
k#m
Lo | 3|U0| S o) 3|U0| \Uo| Ul
>|U0|———Z Z|Ukw > ZZ”WM -
k=ky n=k k=ko n=k

k#m

we obtain

|u0||5m|5% ;X::n| |+3Z |U“|+9ZZ |

k=1 n=k
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or
1 o0 o0 o0 o0
Ol < o S n|ul| +3> n[uP|+93 "3 n|ul)|}, Ym=r.
n=1 n=1 k=1 n=k

Since the series in brackets converge, the last inequality implies 6, = O(i), Vm > ry. Con-
sequently, we prove that A, = -7 + O(%), Vm > ry.

By a similar way, we can show that the equation A,(A) = 0 has the unique simple root
A inthe § = é—neighborhood of the point A = % for all m > r; and some r; € N for which
Ay =5+ O(%), Vm > r; holds. Outside these neighborhoods, the equation A, () = 0 may

have only a finite set of roots. If we set my = max{ry, r}, we have

L =" 0(k >
=——+0( -, =—+0(=), n>m,.
" 2 n ) n =70

Here A are the simple eigenvalues of the operator L; if Im A, > 0 or ImA}, < 0 and fi (x, A;,),
f2(x,1}) are eigenfunctions corresponding to eigenvalues A IfIm A, = 0 or Im A}, = 0, then
AE are the simple spectral singularities of the operator L;.

Taking into account the results of the work [13], it can easily be shown that all analysis of
this work is also satisfied for the operator generated by the differential expression ¢, (y) =
¥+ q1(x)y + [A2 + Aga(x) + g3(x)]y and the condition y(0) = 0 in L,(R*). So the following

theorem is true.

Theorem 7 The operator L, generated by the linear differential expression £,(y) =y’ +
@ @)y + A2 + Aq2(x) + g3(x)]y and the boundary condition y'(0) — hy(0) = 0 (or y(0) = 0)
in the space Ly(R") has the continuous spectrum o.(L,) = R, may have at most a countable
set of eigenvalues o,(L,) € C\R and a countable set of spectral singularities on the contin-
uous spectrum. The resolvent operator L} is an integral operator in Ly(R*) with the kernel
G(x,t,A) of the Carleman type for all A € p(L;) = C\(RUc,(L,)). Moreover, singular values
A (eigenvalues or spectral singularities) with sufficiently large modulus are simple, lie in
the neighborhood of points ). = £%, n € N and the asymptotic formula

1
)»f::i:z+0<—>, n— 00
2 n
is satisfied.
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