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Abstract

In this paper, a class of nonlinear impulsive fractional differential systems including
Lipschitz continuous nonlinear terms is studied. Under suitable hypotheses and by
using variational methods, some new criteria to guarantee that the fractional
differential system has at least two nontrivial and nonnegative solutions are obtained.
In addition, an example is presented to illustrate the applicability of the main results.
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1 Introduction
In this paper, we consider the following perturbed fractional differential systems with im-
pulsive effects:

DT (a: ()5 Dy ui(t)) = AF,, (6, u) + hi(u;(2)), O0<t<T,t+,
A(tDo%i_l SDY u)) () = Li(ui(t), j=12,...,m, (P,)
ui(0)=u;(T)=0, 1<i<N,

where u = (u1,...,un), N > 1, |u| = ,/Zfiluf, A>0,0<a;<1lforl1<i<N,a;c€
L>[0,T] with a; := essinfjo 7 a;(t) > 0 and tDO}" denotes the right Riemann-Liouville
fractional derivative of order oj; 0 = £y <t < -++ < tys1 = T, and A(tDo}i_l(ngiui))(tj) =
DY (GDY ) () — DY (§D ) (&) where

tDc}i_l ((C)D?i Mi) (tj+) = :lgg fD(;i_l (:)D?iu,') (t)’
]

(DY (1) (57) = Jim D (1) 0,
]

and D} is the left Caputo fractional derivatives of order «;. The functions I € C(R,R)
are Lipschitz continuous functions with the Lipschitz constants L; > 0; i.e.,

|I(s1) = Ii(s2)| < Lyjls1 — 5] (L1)
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for all 51,55 € R, satisfying I;;(0) =0 for i=1,...,N, j=1,...,m. F: [0,T] x RN - Ris
measurable with respect to ¢ for every u € RY, continuously differentiable in u, for almost
every t € [0, T], and it satisfies the following summability condition:

(FO) supy, <, (max{|F(-, u)|, |[Fy, (- u)l,i=1,...,N}) € LY([0, T]) for any ry > 0, and F(¢,0,
...,0) =0 for each ¢ € [0, T']. F,;, denote the partial derivative of F with respect to u; for
1 <i < N. In addition, the functions /4; : R — R are Lipschitz continuous functions with

the Lipschitz constants L; > 0; i.e.,
|i(x1) = hi(x2)| < Lilwy — 5] 1.2)

for every x1,x; € R, and /;(0) =0 fori=1,...,N.

Fractional differential equations play a very important role in the modeling of many phe-
nomena in various fields of engineering, chemistry, physics, rheology, and biology. With
the help of fractional calculus, the natural phenomena and mathematical models can be
more accurately described. Therefore, the theory and application of fractional differen-
tial equations have been rapidly developed in recent years. For more details of fractional
calculus theory, the reader can see the monographs of Kilbas ez al. [1], Diethelm [2], and
Zhou [3]. Recently, the existence and multiplicity of solutions to boundary value problems
for nonlinear fractional differential equations is extremely investigated; see [4—12] and the
references therein. Classical approaches to such problems include fixed point theorems,
degree theory, the method of upper and lower solutions and so on. In [13] the authors
studied a class of fractional boundary value problem by establishing corresponding vari-
ational structure and using mountain pass theorem. Since then the variational methods
are applied to deal with the existence of solutions for fractional differential equations. The
literature on this technique was extended by many authors as [14—22]. More precisely, the
authors [22] obtained, by using recent results of Bonanno [23], for the following boundary

value problem for fractional order differential equations:

DY EDYu(t)) + u(t) = Af(tu), a<t<b,
u(a) = u(b) = 0,

the existence of at least two nonzero solutions.

On the other hand, impulsive boundary value problems for differential equations have
become an important area of investigation in recent year. Such equations appear in
describing processes which experience a suddenly changes of their states in chemical
technology, physics phenomena, population dynamics, biotechnology, and economics,
etc. [24]. Some classical tools of nonlinear analysis as topological methods have been ap-
plied to study such problems in the literature. Since very recently, the variational methods
and critical point theorems belong to the most promising approaches to integer-order im-
pulsive differential problems, and the literature on this approach has extensively grown;
see [25—28] and the references therein.

However, to the best of our knowledge, there are few results on the solutions to impul-
sive fractional boundary value problems which were studied by the critical point theory

and variational methods. Bonanno ez al. in [15] studied the following impulsive fractional
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differential equations:

DG (DYu(t)) + a(t)u(t) = Af (t,u), 0<t<T,t#t,
AGDEHEDYu)(t) = nli(u(y)), j=1,2,...,m, 1.3)
u(0) =u(T) =0,

where A, 1 € (0, +00) are two parameters. Under suitable hypotheses and by using the crit-
ical point theorem, the existence results of at least one and three solutions for the problem
(1.3) are proved. In [16] the authors applying a recent critical point theorem of Bonanno
and Marano [29] discussed the existence of at least three distinct weak solutions for the
problem (1.3). In [17], by using critical point theory and variational methods, the authors
gave some new criteria to guarantee that the problem (1.3) have at least one solution or
infinitely many solutions, in the case A = u = 1.

Motivated by the above work, in the present paper, our main aim is to investigate the
multiplicity of nontrivial and nonnegative solutions of the system (P;) with Lipschitz
continuous impulsive effects. Under some natural assumptions, by employing variational
methods, some new results for the existence of at least two nontrivial and nonnegative so-
lutions of the system (P,) are obtained. To the best of our knowledge, the investigation of
the existence of solutions for impulsive fractional differential systems by employing varia-
tional methods has received considerably less attention. Obviously, our results are differ-
ent from the main results in [15, 22] and extend the second order boundary value problem
to the non-integer case in comparison with the papers [25, 27, 28]. The effectiveness of
our results is illustrated by an example.

The remainder of this paper is organized as follows. In Section 2, we provide some basic
definitions and lemmas that will be useful for our main results. In Section 3 we give the

proofs of our main results and an example.

2 Preliminaries
To formulate our main results on the existence of nontrivial solutions for the system (P;),
we present the following basic notations and lemmas.

Let C5°([0, T], RY) be the set of all functions x € C5°([0, T], RY) with x(0) = x(T) = 0 and

the norm

[l%]loc = max |(£))- 1)
[0,7]
Denote the norm of the space L#([0, T],RY) for 1 < p < 0o by

T 1/p
Il = ( | or ds) .

The following lemma shows the boundedness of the Riemann-Liouville fractional integral
operators from the space L?([0, T], RN) to the space L?([0, T],RN), where 1 < p < cc.

Lemma 2.1 ([13]) LetO<a <1,1<p<oo,andf € L?([0, T],RN). Then
t(l
||0Dgaf||w([o'ﬂ) < m”}(”l}’([o,t]), Jor& €[0,t],t €0, 7],

where (D;* is left Riemann-Liouville fractional integral of order a.
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Definition 2.2 ([3]) Let % <a; <1for1<i<N. The fractional derivative space E;’ is

defined by the closure of C5°([0, T], RY), that is,
Ey' =C3([0,T],RN)

with respect to the weighted norm

T 9 T ) 1/2
||ui||ai:(/ aa0)|° D u(e) it + / i (0) dt) .V e B 22)
0 0

It is clear that the fractional derivative space E;' is the space of functions u; € L*(0, T)
having an «;-order fractional derivative D} u; € L*(0, T) and u;(0) = u;(T) = 0. According
to [13], Proposition 3.1, it is well known that the space E;’ is a reflexive and separable
Banach space. Moreover, from [2, 13] we have

(051 o o (¢73
SDt’ui = ()Dtllxll', EDTZMI = tDTt U;
forany u; € Ey',1<i<N.
0

Lemma 2.3 ([18]) Let 0 <a; <1for1<i<N. Forevery u; € Ey', one has

o

T T - N
lluill g2 < W(/O ai(t)|th Mi(t)| dt) . (2.3)

Moreover, if a; > %, then

1

T T
o) v/ai(20; - 1) (-/0

lltill oo <

12
; 2
aolpiulf’) (2.4)
By (2.3), one can consider E,' with respect to the norm

T 12
lltille; = (/ ﬂt(t)|gD?iui(f)|2dt) , Vu; €Ey, (2.5)
0

which is equivalent to (2.2). Then one has

N N
D lwill}s < Ao Y llwill, (2.6)
i=1 i=1

N N 1
21 llill%, < Bo Zl lsil12, (ifai > 5)’ (2.7)

where

TZot,-—l
T@)laea-1"

T2ot,'
[[(e; + 1)]?a@;’

Aozmax{ lfisN}, Bozmax{ §i§N}.
For the space E’, similarly to the proof of Proposition 3.3 in [13], we have the following
results.
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Lemma 2.4 Let % <o; <1 forl<i<N.Assume that the sequence {x,} converges weakly
tox in Ey', i.e. x, — x. Then {x,} converges strongly to x in C([0, T],R), i.e. %, — %[00 — O,
asn— oo.

In the sequel, X will denote the Cartesian product of N Sobolev spaces E;',...,Ey~, i.e.,
Eg! x -+ x EgN, which is a reflexive Banach space endowed with the norm

N
laall = || ars oo tn) | = D Motillg (2.8)

-1
Obviously, X is compactly embedded in (C°([0, T],R))N.

Definition 2.5 By a weak solution of problem (P;), one means any u = (uy,...,uy) € X
such that

Z/ (@i(t)s DY ()5 DY xi(t) dt — Z/ ui(t))xi(¢) dt

p T
+ Zal )1 (wi(t))i(t) — ZA/ (6 u(0)xi () dt =0
i=1 j=1 0

for every x = (x;,...,xx) € X.
We define
H;(x) = / hi(z)dz, i=1,...,N, (2.9)
0

for every t € [0, T] and x € R.
Arguing as in the proof of Theorem 5.1 in [26], we have the following.

Lemma 2.6 Let % <a;<1for1<i<N,anduecX.Ifuisa nontrivial weak solution of
problem (P,), then u is also a nontrivial solution of problem (P,).

Our analysis is mainly based on Lemmas 2.7 and 2.8, consequences of a local minimum
theorem ([23], Theorem 3.1), which is a more precise result of Ricceri’s variational principle
(see [30]).

For a given non-empty set 2 and the functionals ®,V : Q@ — R, one defines the following

functions:
su ) W(u) — W (x)
X (7'1, 7'2) _ inf Pucao-1 (Jriral) )
xed1(Irp,r2)) ry — ®(x)
W (x) — SUpP,,cp1 (=00 D) \l’(u)
pi(r,ra) = sup ,

®d(x) —

€@ 1(r1,ra[)
forevery ri,ry € Rwith ry <ry, and

W (x) = SUP,cqp1 (oo, ¥ ()
Ox) —r

p(r)= sup
xe®1(]r,00()

’

foreveryreR.
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Lemma 2.7 ([23], Theorem 5.1) Let X be a real Banach space; ® : X — R be a sequentially
weakly lower semicontinuous, coercive, and continuously Gateaux differentiable function
whose Gdteaux derivative admits a continuous inverse on X*, W : X — R be a continuously
Gateaux differentiable function whose Gdteaux derivative is compact. Assume that there

exist r;, 7o € R, 1y < 1o, such that

x(r1,12) < p1(r1,12).
Then, setting I, = ® — AV, for each L €] —— y r1 rGCESL W[ there exists ug; € ®(|ry, ra[) such
that I (uo,,.) < L), Yu € 7 (Ir1, r2[) and I, (uo,,) =

Lemma 2.8 ([23], Theorem 5.3) Let X be a real Banach space; ® : X — R be a sequentially
weakly lower semicontinuous, coercive, and continuously Gdateaux differentiable function
whose Gdteaux derivative admits a continuous inverse on X*, W : X — R be a continuously
Gateaux differentiable function whose Gdteaux derimtive is compact. Fix infx ® < r <
supy ® and assume that ,o( ) > 0, and for each i > 55 theﬁmctlonal I, = ® — AV is coer-
cive. Then for each A € | - oL +00[ there exists u, € <D Y, +00[) such that I, (uo,) < I, (u),
Vu € ®7'(]r, +00[) and I (uo,;) = 0.

3 Main results and proofs
In this section, we shall give and prove our main results. Throughout this paper, we assume
that:

(HO) % <a <1 fori=1..Nand 0 < 88 := pa*LBO + LoAy < 1, where a* =

..........

Proposition 3.1 Let T : X — X* be the operator defined by

N p
T(u)x = Z / ai()D} w3 D %) — (i) i) dt + Y ai(t)ly (wilty))xi(ty)
i=1 j=1
forallu=(uy,...,un), x = (%;...,xx) € X. Then T is a continuous inverse on X*.

Proof From (1.1) and (1.2), we have —L;|&|> < h;(§)8 < L;|&|> (i=1,...,N) for each £ € R,
and —L;|s|* < I;(s)s < L;|s|* foreachs e Rand i =1,...,N;j=1,...,p. It follows from (2.6)
that

T(w)u = Z/ a; (t)|0Da’u(t)| — I (wi(8) i (t)dt+ZZu (&)L (i) ) ity

=1 j=1

N N p N

2 2 2

> w2, - DY a2, = Lilluill}
i=1 i=1

i=1 j=1

N p
=3 (1 - ait)LyBo - LiAO) llaall2,
i=1 j

i1

N
>(1-8)) lwll, (31)
i=1



Zhao and Zhao Boundary Value Problems (2016) 2016:129 Page 7 of 16

Since B < 1, the inequality (3.1) shows that T is coercive. For every u, v € X, it is easy to see
that

(T () - T(), 1 —v) Znul—vlua, Z / {(1:0) = (i) [0) — vi®)] dt

N p
+ Z Z ai(t;)[1( = Li(vi(®) ] (wi(8) — vi(¥))
i=1 j=1

N

> (1=B) Y lui—vill,

i=1

which implies that 7 is uniformly monotone. According to Theorem 26.A(d) in [31], the
inverse operator T~! of T exists and T~ is continuous on X*.
For a given nonnegative constant r and a function w, let

Jo max wmy, Flt,(0) dt - [T E(t, o) dt

8w(r): )
r— _(1"'/3)2 1”601”2

where w = (wy,...,wy) € X. O

Theorem 3.2 [f there exist constants r) > 0, r, > 0, and a function o = (wy,...,0yn) € X

such that:

(HD 25 < 3205 el < 22

(H2) there exist by € L*([0, T],R), by € L*([0, T],R), and a positive constant i < 2 such
that

|F(t,u)| < by(£)|ul" + bo(£)

for almost every t € [0, T) and for all u € RN;
(H3) 8, (r2) < 80 (r1).
Then, for every A € ]%, %[, the problem (P;) has at least two nontrivial solutions

u*, u, € X such that

r1<—2||u|| >y 1,,(5),15_2/ ) di <1 52

i=1 j=1

Remark A In Theorem 3.2 and in the results below, by #*, u, one means the vectors

u* = (uf, ..., uy), Uy = (Usi, ... UsN), TEspectively.

Proof of Theorem 3.2 To apply Lemma 2.7 to the problem (P;), we define the functional
L :X — Rby

Li(u) = ©(u) — AV (1)



Zhao and Zhao Boundary Value Problems (2016) 2016:129 Page 8 of 16

for all u = (uq,...,uy) € X, where

1 N N » u;(t)) N T
Q@)= Nl + > [ Li(s)ds - f Hi(ui(0)) dt (3.3)
23 0 i=1 V0

i=1 j=1

and
T
W (y) = / F(t, u(t)) dt. (3.4)
0

Due to the continuous embedding X — (C°([0, T],R))N being compact, we know that W
is a well-defined Gateaux differentiable functional whose Géteaux derivative at the point
u € X is the functional W'(«) € X*, given by

N T
x =Y / E,, (6 ult))xi(0) dt
i=1 70

for every x = (x1,...,xy) € X, and V' is a sequentially weakly upper semicontinuous func-
tional on X. Moreover, ¥’ : X — X* is a compact operator. In fact, for a given u € X, if
{u, = (upy,-.., uyn)} CX, u, = u in X as n — +00, then u,, converges uniformly to u# on
[0, T]. Hence, we have F, (t,u,) — F,(t,u) as n — +00. So ¥'(u,) — W'(u) as n — +o0.
Therefore, W’ is strongly continuous on X, which implies that W’ is a compact opera-
tor.

It is not difficult to verify that the functional & is a continuously differentiable whose
differential at the point # € X is

N T N T
@' (u)(x) = Y f ai()yD; ui(t)g DY () dt =y / B (ui(t))x:(2) dt
i=1 70 i=1 70
N p N T
Y altl (i) xilg) - 2 /0 Fu (8, u(t))x:(t) dt
j i=1

for every x € X. From Proposition 3.1, it is easy to see that @’ is a continuous in-
verse on X*. Furthermore, & admits also sequentially weakly lower semicontinuous
on X.

Clearly, the solutions of the equation ; (x) = 0 are exactly the weak solutions of the prob-
lem (P;). Similarly to (3.1), we get

N
1+ B) Y Ml (3.5)
i=1

N =

1 N
SA=P)D il < @) <
i=1

From the condition (H1), we have r; < ®(u) < r5.
According to (2.1), one has

N N
max Z’ui(t)‘z <By Z ||“i||§,v'
i-1

te[0,T
cl0.1] i=1
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So, for every r > 0, from the definition of ¢ and by using (3.5) one has

CD_I(] —oo,r]) = {u eX:d(u) < r}

ClueX: %(l—ﬁ)ijlluillii Sr}
clueX: Znu,noo_ 1= }
- ueX:|u(t)|§\/f?j3r, forallte[O,T]}. (3.6)
Therefore,
Crur) = -, SUP,cp-1(jry ) ¥ () — W (@)
wed1(r,m)) r; - ®(w)

< SUPycp-1 (—oo,r2[) \IJ(”) lIJ(w)

- ry — O(w)
_ SUPucort(Coonp Jo Flbu(®) dt — V()
- 7y — ®(w)

Sy max o B ) de - ST Bt () dt
ra— 51+ B) 1 lle 12,

<

= Sw(r 2)'
On the other hand, we also have

‘I'l((,l)) - Supue¢-1(]7mml D \IJ(M)
cI)((,()) —-n

p(ri, ) = sup

we®(Ir,r)

< \Ij( ) SUP -1 ((=o0,r1) ‘I/(Lt)

- CD(C()) —I
- ‘If(a)) - Supue¢-1((7oo7,2[) fOT F(t, M(t)) dt
- <I>(a)) —-n

foT max‘uls\/y F(t,u(t))dt - foT F(t,w(t))dt
-3+ BN lloill2,

= Sw(rl)'

According to condition (H3), one has p(r1,73) > x(r1,72). Hence, applying Lemma 2.7, for

every A €5 [ the functional I; (i) has at least one critical point #* € X such that

r < ®(u*) < ;E;l.) Oabi:iously, u* is a nontrivial local minimum for I, in X.

Next we show that the existence of a second local minimum of I; in X is distinct from
the first one. To this aim, we will prove the hypothesis of the mountain pass theorem for
the functional I;. Obviously, the functional I, € C'[0, T] and I;(u) = 0. From the above

proof, we know that u* € X is a nontrivial local minimum for I, in X. So there exists a
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¢ > 0 such that infy,_,», - [, (x) > I, («*), that is, the condition [[32], [;, Theorem 2.2] is
satisfied. Choosing u # 0, it follows from (3.3), (3.4), (3.5), (H2), and the Holder inequality
that

2

- N ) 72 N »p , T2 N T
Ltw) = 3 iy, =5 2 Y Ju)] =530 | Lilwito)| de
i-1 i=1 70

i=1 j=1

—)»'CM E t U; t t_)\’ t t
i=1 /0\ ( )| ( )‘ \/O\ ( )

v

2 N N
T
5 =B D llwilly, = A" Wball2 Y ey = 2liball — +00
i=1

i=1

as T — 00, since u < 2. Hence the condition [[32], I, Theorem 2.2] is satisfied.
Furthermore, by standard computations /; satisfies (P-S) condition. Therefore, it fol-
lows from the classical theorem of Ambrosetti and Rabinowitz that there exists a critical
point u, of I, («) such that I, (u,) > I, (u*). So, the problem (P;) has at least two distinct
nontrivial weak solutions u*, u,, and u* satisfies (3.2). The proof of Theorem 3.2 is com-
plete. d

For a given constant 6 € (0, %), set

1 0T (1-6)T T
Pat)= | [ awean [ aopoas [ awgoal,

where

pilt) =t = (t-0T)",

gi() =87 — (- 0T)" — (£ - (1-0)T)"™
and

Ko = min{P;(«;,0),1 <i <N},

Ky = max{P(a;,0),1 <i <N}.
For a given nonnegative constant n and a positive constant &, let

o max, - pes Fut) de - [} F(T(2 - ark, ..., T(2 - ay)§) dt
(1-B)n—N(1+ B)K,£> ’

8:(n) =

where (1 - 8)n # N(1 + B)K,£2.

Theorem 3.3 Assume that the condition (H2) satisfies. Furthermore, if there exist con-

stants ¢ >0, b > 0 and & with /NLI<0 << N(Iil_glbﬁ) such that:

(H4) F(t,u) > 0 for all (t,u) € (0,0 T) U [(1 - 0)T, T1) x [£,&]N;
(H5) 8¢ (b) < 85 (¢).
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Then, for every X €] 551( 5 ﬁ [, the problem (P,) admits at least two nontrivial solutions

) %_(
u*, u, € X such that

(1- ﬂ)c<—Zu” +ZZ/ ,,s)ds—Z/ u; (1) dt < (1- B)b. (3.7)

i=1 j=1

Proof We shall show that all the assumptions of Theorem 3.2 are fulfilled by choosing
rn=0-8),r=>0-p8)b and w = (w;(t),...,wn(t)) with

%t, te[0,0T],
wi(t) = 1T (2 - ))é, teloT,a-0T, Y
Lew (T~ 1), tel1-6)T,T).

Clearly ;(0) = ,(T) = 0 and w; € L*[0, T] for i = 1,...,N. By direct calculation we have

B, te[0,0T],

QiT pi(t)r tG[QT,(l—@)T],
q:(t), teld-0)T,T].

cDY wi(t) =

Furthermore,

T 2
/ ai(t)| D wi(t)|” dt

0T 1-6)T T )
&
f / / ai(t)| Dy wi(t)|" dt
0T 1-e)T

2 orT 1-6)r T
d { f a; ()2 dr + / ai(H)p?(t) dt + / ai()g*(t) dt}
0 0

0272 T 1-0)T

= 2P;(et;, 0)E2 < +00.

Thus, w € X, this and (3.5) show that

N
ANKoE” <) " lla]12, < 2NKy £

i=1

and

N(1-B)Ko&? < ®(w) < N(1+ )K€

This together with the condition 1mphes (H1) is satisfied.

It follows from (H4) that

0T  (U-OT T 1-0T
U (w) =f +/ +/ P(t,w)dtzf F(t,w)dt
0 0T 1-0T 0T

1-0)T
=/9T F(t,T(2-a)§,...,T (2 —ay)§) dt. (3.9)

NK <§< N1<1(1+,3
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Therefore, one has
SUP e -1 (oo ) W (1) = W(w)
ry — ()

- S maxy, < apos Fu®) dt — [ F(t,T(2 - @), ..., T2 — ay)§) dt
- (1-B)b—-N(1+ K52

x(r,re) <

= 8¢(b)

and

V(w) - SUP e -1 ((~00,r1 ) W (u)
d(w)—n
_ Jo MmN pome F(6 u(@) dt — [ FO T2 —on)§, ... T2 — o)) de
z 1-B)c—NQ + K &2
= 85 (C),

p(rlyrZ) >

which implies that (H3) is verified. Therefore, Theorem 3.2 ensures the conclusion. O

Corollary 3 4 [n addition to (H2), assume that there exist two constants b > 0 and & with

< NK 1+ ﬁ such that the assumption (H4) in Theorem 3.3 holds. Furthermore, suppose
that:
H6) [TEE T2 -m)E,...,T(2 - ay)E) dt . i maxy, < a5 F(t u(t) dt
N(1+5)K152 1-p)b .
Then, for every
c ] N(1 + B)K;E* 1-p)b [
JTF@6T@-a)s,...,TQ@-an)é)de [, maxy, - 55 F(tu() de

problem (P;) has at least two nontrivial solutions u*, u, € X such that

ZZ / Ij(s)ds - Z / (wi®)dt<(1-pb.  (310)

i=1 j=1

1 X
0<—
2 21l

Proof The conclusion follows from Theorem 3.3 by choosing ¢ = 0. From our assump-
tions, we have
1- (Hﬁifff fo max,,, < g5 F (£ u(t)) dt

(1-B)b-N(1+p)Ki&?

55 (b) <

_ o max <o (L u(0) dt

1-p)b
Jy F&TQ@-oE,...,T(2-ay)E)dt
< N+ K2 =5:(0)

Hence, Theorem 3.3 ensures the conclusion. O
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Theorem 3.5 Assume that there exist a positive constant r and a function o = (w;(¢), ...

wn(t)) € X with 2 5 < >N llwillZ, such that:

T T
(H?7) /0 max__ F(t,u(t)) dt</0 F(t,w)dt;

2B,
lu|< - ﬁgr
F(¢,
(H8) liminf ( Z) <0 uniformly fort € [0, T].

lul>+o0  |u|

Then, for every X € |Ag, +00), where

r— 11+ B) N, leill?,
foT max \/?%F(t, u(t)) dt — foT F(t,a)(t))dt’

Ao =

problem (Py) has at least one nontrivial solution u* € X such that

Page 13 0of 16

DD TIFRS 95 9] KAVTEEES of IO e

i=l j=1

Proof We may take the functionals ® and W and the space as in the proof of Theorem 3.2,

and choose A as in the conclusion of the theorem. Obviously, all the regularity assumptions

required in Lemma 2.8 are satisfied. According to (H8) there exist a positive constant & > 0

and a function m,(t) € L'[0, T] with ¢ < 2A A such that

F(@t, )| < e|u@)]” +me(2) (312)

for each t € [0, T'].
It follows from (3.3), (3.4), (3.5), and (3.12) that

T
L(u) = Z||u,||2 +ZZ/ (s)ds—Z/ (ui(t)) dt - k/o F(t,u(®)) dt

i=l j=1

l1 ﬂZHule—kst |ui (0| dt - ,\/ m,(£) dt

l\.)

—_

> —(1- ﬂ)Znuln —AsZnulan—xnmgnu

i=1 i=1

[\J

(1-p- 2ons)Z||uz|| — Ml

i=1

l\JlP—‘

and then

L (1) = +00,
lullx—+o00



Zhao and Zhao Boundary Value Problems (2016) 2016:129

which implies that the functional [ () is coercive. Similarly to the proof of Theorem 3.2,
it follows from (H7) and (H8) that

Jy max g E( ) de - ST B o) dt
r=1a+ H TN, lwil2,

> 0.

p(r) =

Hence, from Lemma 2.8, the functional 7, has at least a local minimum #* € X such that
(3.11) holds. a

Corollary 3.6 Assume that the condition (H8) holds. Furthermore, suppose that there exist
positive constants ¢ and & with ¢ < NKo&? such that:
(H9) F(t,u) = 0 for all (t,u) € ([0,6 T)U[(1 - 6)T, T]) x [-£,E]Y;

T 1-e)T
(H10) / max__F(¢,u(t)) dt < / F(6T2-)é,...,T'(2 - ay)é) dt.
0 lul=+/2Boc 0T

Then, for every X € A1, +00), where

1-B)e— N1+ B)Ko&?

h = - -
U T max - e F (o) de - [0 F(6, T2 - an)E, ..., T(2 - an)E) dt

problem (P;) has at least one nontrivial solution u* € X such that

a-peey Yhl e 33 [ a3 [

i=1 j=1

Proof The conclusion follows from Theorem 3.5 by choosing 7 = (1 — 8)c and taking @ as
in (3.8) with & replaced by .
Finally, we present the following example to illustrate the applicability of Theorem 3.2. [J

Example 3.7 Consider the following fractional differential systems:

DY (1 + £2) - D750y (8)) = AE,, (&, w1, ) + (1), 0<t<1,

DY((0.5 +2) - §DXBuy (£)) = AE,, (6 u1, u2) + ha(uz), 0<t<l,
AGDP> (DY wy)) (1) = In (1 (1)), (3.13)
A(DF* (DY 1)) (1) = Iy (ua (1)),

u1(0) = uy(1) = 0, u3(0) = uy(1) = 0,

where ai(t) =1 + £2, ay(t) = 0.5 + t, F(t, u1, u) = (1 +2)(u? + M%)% for u1, uy € R, hy(uy) =
% sin(u), ho (1) = 1 ln(l + uz) for u;,us €R, t = 4, Ih(x) = x forx € Rand fori=1,2.
Obviously, hl,hz : R — R are two Lipschitz continuous functlons with Lipschitz con-
stants L; = %, L, = 21—5 and /;(0) = h5(0) = 0; [;; : R — R (i = 1,2) are also Lipschitz contin-
uous functions with Lipschitz constants Ly = Ly = % F(t,0,0) =0 forall £ € [0,1] and by
taking p = %, bi(t)=1+ t2 by(t ) = t, then the condition (H2) holds. By simple calculations,

weseethata*=2,L=3,Ly = 3 L Ay~ 2.3052, By~ 2.8637, and 8 ~ 0.4672.

32’

Page 14 of 16
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By choosing, for instance, w = (w1, w;), where w; (t) = ['(1.25)t(1—¢t), wy(¢) = ['(1.2)¢(1-¢),
andr = ﬁ, ry = 30, then the conditions (H1) and (H3) are verified. In fact, w;(0) = w;(1) =
0,i=1,2, and || ||2,5 &~ 0.1582, |lwa||3 s &~ 0.1389. It is easy to show that the condition
(H1) holds and

[ maxu<o.ae63 F(t, u(t)) dt — [, F(t, () dt
r1—0.7336([|@1 (12 5 + a2 g)

8u(r) = ~ 0.3977,

[ max<17.058 E(t, u(t)) dt — [ E(t, w(0)) dt

8u(r2) =
¢ ry —0.7336([ w1115 75 + @2 155)

~0.3770,

which imply that the condition (H3) is satisfied. Therefore, according to Theorem 3.2,
for every A €]2.5146,2.6525[ the problem (3.13) has at least two nontrivial solutions in
E8‘75 X E8‘8.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this article. All authors read and approved the final manuscript.

Author details

'School of Science, Hunan University of Technology, Zhuzhou, Hunan 412007, People’s Republic of China. ?School of
Energy and Safety Engineering, Hunan University of Science and Technology, Xiangtan, Hunan 411201, People’s Republic
of China.

Acknowledgements
The first author is supported by Aid program for Science and Technology Innovative Research Team in Higher
Educational Institutions of Hunan Province.

Received: 21 April 2016 Accepted: 28 June 2016 Published online: 11 July 2016

References
1. Kilbas, AA, Srivastava, HM, Trujillo, JJ: Theory and Applications of Fractional Differential Equations. Elsevier,
Amsterdam (2006)
2. Diethelm, K: The Analysis of Fractional Differential Equations. Springer, Berlin (2010)
3. Zhou, Y: Basic Theory of Fractional Differential Equation. World Scientific, Singapore (2014)
4. Agarwal, RP, Benchohra, M, Hamani, S: A survey on existence results for boundary value problems of nonlinear
fractional differential equations and inclusions. Acta Appl. Math. 109, 973-1033 (2010)
5. Ahmad, B, Sivasundaram, S: On four-point nonlocal boundary value problems of nonlinear integro-differential
equations of fractional order. Appl. Math. Comput. 217, 480-487 (2010)
6. Su, X: Boundary value problem for a coupled system of nonlinear fractional differential equations. Appl. Math. Lett.
22, 64-69 (2009)
7. Zhao, Y, Chen, H, Huang, L: Existence of positive solutions for nonlinear fractional functional differential equation.
Comput. Math. Appl. 64, 3456-3467 (2012)
8. Feckan, M, Zhou, Y, Wang, J: On the concept and existence of solution for impulsive fractional differential equations.
Commun. Nonlinear Sci. Numer. Simul. 17, 3050-3060 (2012)
9. Guo, L, Zhang, X: Existence of positive solutions for the singular fractional differential equations. J. Appl. Math.
Comput. 44, 215-228 (2014)
10. Cabada, A, Hamdi, Z: Nonlinear fractional differential equations with integral boundary value conditions. Appl. Math.
Comput. 228, 251-257 (2014)
11. Jia, M, Liu, X: Multiplicity of solutions for integral boundary value problems of fractional differential equations with
upper and lower solutions. Appl. Math. Comput. 232, 313-323 (2014)
12. Wang, G, Ahmad, B, Zhang, L, Nieto, JJ: Comments on the concept of existence of solution for impulsive fractional
differential equations. Commun. Nonlinear Sci. Numer. Simul. 19, 401-403 (2014)
13. Jiao, F, Zhou, Y: Existence of solutions for a class of fractional boundary value problems via critical point theory.
Comput. Math. Appl. 62, 1181-1199 (2011)
14. Zhao, Y, Chen, H, Zhang, Q: Infinitely many solutions for fractional differential system via variational method. J. Appl.
Math. Comput. 50, 589-609 (2016)
15. Bonanno, G, Rodriguez-Lopez, R, Tersian, S: Existence of solutions to boundary value problem for impulsive fractional
differential equations. Fract. Calc. Appl. Anal. 17(3), 717-744 (2014)
16. Rodriguez-Lopez, R, Tersian, S: Multiple solutions to boundary value problem for impulsive fractional differential
equations. Fract. Calc. Appl. Anal. 17(4), 1016-1038 (2014)
17. Nyamoradia, N, Rodriguez-Lépez, R: On boundary value problems for impulsive fractional differential equations.
Appl. Math. Comput. 271, 874-892 (2015)



Zhao and Zhao Boundary Value Problems (2016) 2016:129 Page 16 of 16

20.

21.

22.

23.
24.

25.

26.

27.

28.

29.

30.

31
32.

Zhao, Y, Chen, H, Qin, B: Multiple solutions for a coupled system of nonlinear fractional differential equations via
variational methods. Appl. Math. Comput. 257, 417-427 (2015)

Bai, C: Infinitely many solutions for a perturbed nonlinear fractional boundary-value problem. Electron. J. Differ. Equ.
2013,136 (2013)

Sun, H, Zhang, Q: Existence of solutions for a fractional boundary value problem via the mountain pass method and
an iterative technique. Comput. Math. Appl. 64, 3436-3443 (2012)

Klimek, M, Odzijewicz, T, Malinowska, AB: Variational methods for the fractional Sturm-Liouville problem. J. Math.
Anal. Appl. 416, 402-426 (2014)

Averna, D, Tersian, S, Tornatore, E: On the existence and multiplicity of solutions for Dirichlet’s problem for fractional
differential equations. Fract. Calc. Appl. Anal. 19, 253-266 (2016)

Bonanno, G: A critical point theorem via the Ekeland variational principle. Nonlinear Anal. 75, 2992-3007 (2012)
Benchohra, M, Henderson, J, Ntouyas, S: Theory of Impulsive Differential Equations, Contemporary Mathematics and
Its Applications. Hindawi Publishing Corporation, New York (2006)

Xiao, J, Nieto, JJ: Variational approach to some damped Dirichlet nonlinear impulsive differential equations. J. Franklin
Inst. 348, 369-377 (2011)

Tian, Y, Ge, W: Multiple solutions of impulsive Sturm-Liouville boundary value problem via lower and upper solutions
and variational methods. J. Math. Anal. Appl. 387, 475-489 (2012)

Zhao, Y, Huang, L, Zhang, Q: Existence results for an impulsive Sturm-Liouville boundary value problems with mixed
double parameters. Bound. Value Probl. 2015, 150 (2015)

D'Agui, G, Di Bella, B, Tersian, S: Multiplicity results for superlinear boundary value problems with impulsive effects.
Math. Methods Appl. Sci. 39, 1060-1068 (2016)

Bonanno, G, Marano, SA: On the structure of the critical set of non-differentiable functions with a weak compactness
condition. Appl. Anal. 89, 1-10 (2010)

Ricceri, B: A general variational principle and some of its applications. J. Comput. Appl. Math. 113, 401-410 (2000)
Zeidler, E: Nonlinear Functional Analysis and Its Applications, Vol. II. Springer, Berlin (1985)

Rabinowitz, PH: Minimax Methods in Critical Point Theory with Applications to Differential Equations. CBMS Reg.
Conf. Ser. Math., vol. 65. Am. Mat. Soc., Providence (1986)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Nontrivial solutions for a class of perturbed fractional differential systems with impulsive effects
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results and proofs
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


