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Abstract
The equation related to the p-Laplacian

abi(u)
8)(,‘ '

N
uy = div(p®|VulP?vu) +Z

=1

1t e x (),

is considered, where p(x) = dist(x, d€2) is the distance function from the boundary. If
o < p-1,the weak solution belongs to H” for some y > 1, the Dirichlet boundary
condition can be imposed as usual, the stability of the solutions is proved. If & > p -1,
the weak solution lacks the regularity to define the trace on the boundary. It is
surprising that we can still prove the stability of the solutions without any boundary
condition. In other words, when o > p — 1, the phenomenon that the solutions of the
equation may be free from any limitations of the boundary condition is revealed.
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1 Introduction and the main results

Consider an equation related to the p-Laplacian,

N b;(u)
= div(p®|Vulf2v N , 11
u; = div(p®|Vul u)+; P @DEQr (11)
with the initial value
u(x,0) = up(x), xe€Q. (1.2)

Here Q is abounded domain in RN with appropriately smooth boundary, p(x) = dist(x, 32),

p>1,a>0,Qr = x (0, 7). Can we impose the homogeneous boundary condition

ulx,t)=0, xt)edx(0,T), (1.3)
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as usual? Recently, Jifi et al. [1] studied the equation
u = div(|Vul’>Vu) + q)u”,  (xt) € Qr, (1.4)

with 0 < y <1, and they showed that the uniqueness of the solutions of equation (1.4) is

not true. The author [2] studied the equation
Uy = div(p“|Vu|”_2Vu) +f(u,x,t) 1.5)
and showed that the stability of the solutions can be obtained without any boundary value

condition. Comparing (1.5) with (1.4), one can see that the degeneracy of the coefficient p*

can eliminate the effect from the source term f (i, x, £). Thus, it is naturally to ask whether

the coefficient p® can eliminate the effect from the convection term %}:’) in equation (1.1).
Yin and Wang [3] studied the following equation:
ou . -2
Frie d1v(a(x)|Vu| Vu) —bi(x)D;u + c(x, t)u = f(x, £), (1.6)

where D; = %, a € C(R), and a(x) > 0 in Q. Yin and Wang classified the boundary
into three partls: the nondegenerate boundary, the weakly degenerate boundary, and the
strongly degenerate boundary, by means of a reasonable integral description. The bound-
ary value condition should be supplemented definitely on the nondegenerate boundary
and the weakly degenerate boundary although the equation is degenerate on this portion
of the degenerate boundary. On the strongly degenerate boundary, they formulated a new
approach to prescribe the boundary value condition rather than define the Fichera func-
tion as treating the linear case. Moreover, they formulated the boundary value condition
on this strongly degenerate boundary in a much weaker sense since the regularity of the
solution is much weaker near this boundary. Stated succinctly, instead of the usual bound-

ary value condition (1.3), only the partial boundary condition
ulx,t) =0, (1) e, x(0,T), 1.7)
is imposed in [3], where ¥, C 0Q.
In our paper, we will study how the degeneracy of p affects the well-posedness of the

solutions of equation (1.1).

Definition 1.1 A function u(x, ¢) is said to be a weak solution of equation (1.1) with the

initial value (1.2), if
uel®Qr), p*|Vul’ € L'(Qr), (1.8)

and, for any function ¢ € C°(Qr),

N
// (—u(pt + p%|VulP2Vu -V + Zbi(u) . %,») dxdt = 0.
Qr

i=1
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The initial value is satisfied in the sense of that

t—0

lim/ ‘u(x, t)— uo(x)} dx =0. (1.9)
Q

Definition 1.2 Let p > 1. The function u(x, t) is said to be the weak solution of equation
(1.1) with the initial value (1.2) and the usual boundary condition (1.3), if u satisfies Defi-
nition 1.1, and the usual boundary condition (1.3) is satisfied in the sense of trace.

The existence of the solutions of equation (1.1) with the initial value (1.2) can be obtained
similar to [4, 5]. The main aim of the paper is to study the stability of the solutions.

Theorem 1.3 Let p >1, o < p —1, bi(s) be a Lipschitz function. If u, v are two solutions of
equation (1.1) with the same homogeneous value condition (1.3) and with the initial values
uo(x), vo(x), respectively, then

/ |u(x, t) — v(x, t)| dx < / lug —vol, Vtel0,T). (1.10)
Q Q

Theorem 1.4 Let p > 2, a > p — 1, b;(s) be bounded when s is bounded. If u, v are two
solutions of equation (1.1) with the initial values uy(x), vo(x), respectively, then

/ |, £) = vlox, £) | dx < / |40 (%) = vo()|” dx. (1.11)
Q Q

Theorem 1.5 Letp >1, a > p —1, by(s) satisfy

a+2(p-1)

|bi(s1) = bils2)| < clsi—sa| 7 . (1.12)

If u, v are two solutions of equation (1.1) with the initial values uy(x), vo(x), respectively,
such that

ux, 1) <cpe),  [vx 1) <cp(), (1.13)
then the stability (1.11) is true.

Theorem 1.6 Letp>1,a > p—1, bi(s) be a C* function which satisfies
’b;(s)| <cs|". (1.14)

Assume the following:
(i) Whenl<p<2,a <2+p(r-1),r>1
(i) Whenp=2,a <pr.

(2r+1)p-2
—

Let u, v be two solutions of equation (1.1) with the initial values u(x), vo(x), respectively,
such that (1.13) is true. Then the stability (1.11) is true.

iii) Whenp>2,r>1% a<
(iii) p 5

Since the solution u lacks the regularity when « > p — 1, we cannot define the trace of u
on the boundary. How to construct a suitable test function to get the stability (1.11) is a full
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challenge. By Theorem 1.4, the remaining important problem is thatif p > 1, > p—1, the
same conclusion is true or not. Theorems 1.5 and 1.6 partially solve the problem. Certainly,
the conditions of (1.12)-(1.13) in Theorem 1.5, and the conditions (i)-(iii) in Theorem 1.6,
may be not the best.

2 Thecaseofx <p-1
Lemma 2.1 If o < p — 1, let u be the solution of equation (1.1) with the initial value (1.2),

then u € H” (Q) for some y > 1 the trace of u on the boundary 0Q2 can be defined in the
traditional way.

If b; =0, the lemma had been proved in Theorem 1.1 in [6]. For the general case, the
lemma had been proved in [7] recently. By the lemma, the initial-boundary value problem
(1.1)-(1.2)-(1.3) is reasonable.

Proof of Theorem 1.3 Let u and v be two weak solutions with the different initial
values u(x,0),v(x,0), respectively. From the definition of the weak solution, we have
0% Vul?, p*|Vv? € LX(Q), and for all ¢ € C°(Qr),

3 —
J[[ M e [ g (v u- 1929 Vo asa
Qr dt Qr

N
- Z//Q (bi(u) = bi(v)) - @x, dax . (2.1)
i1 JJQr

For any given positive integer #, let g,(s) be an odd function, and when s > 0,

1 s>1
(5) = P 2.2
2n(s) {n232el_”232, s< % (2:2)
By the usual boundary condition (1.3),
ulx,t) =vix,t) =0, (xt)edx(0,T7).
By a process of limit, we can choose g,(u — v) as the test function in (2.1), then
3y —
/:/ g.(u—-v) - dxdt
or ot
+ // P (IVulP 2V — |Vv|P>Vv) - V(u - v)g, dxdt
Qr
N
+> / / (bi(w) - bi(v)) - (u—v),,g, dxdt = 0. (2.3)
i=1 7 JQr

Thus

o(u—-v) d
ngn(u—v) - L

// ,o“(|Vu|p_2Vu - |Vv|”’2VV) -V(u-v)g,dxdt>0,
Qr
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,}EEOZ// (1) = b; (v) gn( -v)(u—v),, dxdt = 0.

Here, (2.4) is established by

SN

lg.(s)| < g Is| <

according to the definition of g,(s), and by the following facts:

’// X [bi(u) - b,-(v)]gy,(u = V) dxdt‘
QrN{lu-vi<3;}

// [bi(u) - bi(v) g, (u = V) —v),, dxdt‘
Qrn{lu-vi<y)

< c// bi(u) — bi(v)
QrN{jlu-vi<i}

|(u - V), | dxdt

u-—-v

_a b; bi(v
:c// p P L|pp(u—v)x|dxdt
QrNflu-vi<i) u—v
P p-1
S (=
Qrn{lu—vi<3} u-v

1

p

(// ’p“V(u—v)’pdxdt> :
Qn{lu-vi<L}

Since « < p — 1, and b;(u) is a Lipschitz function,

//QT”{”-V<%1 Qp ' W

In (2.5),let n — o0. If {x € Q: |u — v| = 0} is a set with 0 measure, then

lim // ,01% dxdt:// ,01% dxdt = 0.
n=00 JJQrnflu-vi<1} QrN{ju-v|=0}

If the set {x € Q: |u — v| = 0} has a positive measure, then

b
-1 a
) ddtfc// o P ldxdt <c.
Qr

Page 5 of 13

(2.4)

(2.6)

(2.7)

lim // ,0“|V(u—v)|pdxdt:// p”\V(u—v)|pdxdt:0. (2.8)
n=>00 JJQrnlu-vi<i) QrN{|u-v|=0}

Therefore, in both cases, (2.5) goes to 0 as n — oo.
Now, let # — 00 in (2.3). Then

a le—vl1 <0
dt ="
It implies that
f |u(x, t) —v(x, t)|dx < f lug —voldx, Vtel0,T).
Q Q

Theorem 1.3 is proved.
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Remark 2.2 If b,(s) is a C'(R), the conclusion of Theorem 1.3 had been proved by the
author and Yuan in [7] recently, the method used here is very similar as that in [7]. Since
[7] is written in Chinese, we give the details here.

3 The stability of thecasea > p -1

When o > p — 1, let u be a weak solution of equation (1.1) with the initial value (1.2).
Generally, we cannot define the trace of # on the boundary, how to prove the uniqueness
of the solutions seems very difficult. Theorem 1.4 solves the problem when p > 2, in the
following, we give its proof.

Proof of Theorem 1.4 Denote 2, = {x € Q : dist(x, 92) > A}. Let

TR

& = [distr, 2\ )] = . (3.1)

From the definition of the weak solution, we have

1.+

d dt=— // (IVulP2Vu - |V Vv) Ve dxdt
Qr

- [blf(u) - bl'(V)](pxi dxdt, (3.2)
Q
i=1 T

for any ¢ € C3°(Qr). For any fixed 7,s € [0, T], we may choose x[r(u: — v:)&, as a test
function in the above equality, where x[; 4 is the characteristic function on [7,s], #, and
ve are the mollified functions of the solutions u and v, respectively. Thus, letting Qs =
Q x [1,s],

//U Vg)ék )dxdt

- // P (IVulP2Vu - |VvIP V) V(s — v, )€, | dxdt

—Z / / 0] [se - v)&a],, datr (3.3)

For any give A > 0, denoting Qr; = Q; x (0, T), we know that Vi € L?(Qr3), Vv € LP(Qry).
Thus according to the definition of the mollified functions u, and v,, we have

ue €L2(Qr),  ve €L¥(Qr), (3.4)
IViellpo, < Vuullpe, IVvelpo, < 1IVVipe;- 3.5)
By the Young inequality,

|(IVulP >V — [VvP2Vv) V(e — ve)|
< p;l||Vu|p‘2Vu - |VV|P_2Vv’1‘% + l‘V(ug - v5)|
p p

<c(IVul +|VvIP) + c(IViel? + [Vve ).
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Since on 2, p* > A%, we have

|0 (IVulP 2V — | VP2 V) V(s — ve)|
< c(k)(|Vu|p + |Vv|1’) + c(|Vu8|” + |va|1’)

< 2c()»)(|Vu|p + |Vv|p),

by the Lebesgue control convergence theorem,

Fh_r)rg)f/ vp“‘(|Vu|p’2Vu—|Vv|p’2VV)V[(uS—VS)E,\]dxdt
= // P (IVulP>Vu - |VvP2Vv) V[ (u - v)E, | dxdt
= // P&, (IVulP >V — VP> Vv) V(i - v) dxdt
¥ / / P (IVulP>Vu — |Vv|P=>Vv) (u - v) VE;, dx dt. (3.6)

The first term on the right hand side of (3.6),

// p"‘&(WuV”zVu - |VV|p_2VV)V(u —v)dxdt > 0. (3.7)

s

The last term on the right hand side of (3.6), since, when x € Q;, d, (x) > 0, obeys

‘// (= v)p* (IVul’>Vu - |Vv|P2Vv) V&, dxdt‘

< /f = vl (|Vaul™ + |V ) |V | dxdt

s = 1
< c(/ / P (IVul’ +|VvP) dxdt) " (/ / p“lVE,\|p|u—v|”dxdt>p
T Q)L T S’Z;L
p-1
s P
§c</ /p“(|vM|P+|vV|P)dxdt>
T JQ
s 1
21 p
. (f / p“d‘:(p )|Vd,\|p|u -y dxdt)
T Q;\

1
50(// p“df(p_l)lu—vlpdxdt>p. (3.8)
T JQ

Here, we have used the fact that |Vd, | = 1 is true almost everywhere. Now, since p > 2 and

a > p —1imply that 2o — p > 0, we have

lim
r—0

/ (=) (IVulP > Vu - | VP> Vv) VE, dxdt‘
QTS

S o p
< lim c(/ f p“(p—k)p(p_l)|u—v|pdxdt>
r—0 r Ja,
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1
= c(/ / p“*p(%l)lu—ﬂpdxdt)p
T Q
s 1
200—p V4 ’
<c P |u —v|P dxdt
T JQ
P 1
p
50(/ /lu—v|2dxdt) . (3.9)
T Q

Using the Holder inequality

1
p
/ |Vu,|dx < ( |Vu£|pdx)
I @,

1
5( |vMde)”5cux
Q).
|Vu,| € L}(R2;). Then by the definition of the mollified function ,, one has

Vel < |Vul;.

By the Lebesgue control convergence theorem, we have

lim // [bi(u) - b,»(v)][(ug - vg)él]xi dx dt

e—>0

= /:/ [bi(u) - bi(v)][(u - V)S)\]xi dxdt

ff b(u V) (- V)&, dxdt+// W(u) — b;(v )](u Vi Exdxdt.  (3.10)

Sincea > p - lg—1> ! Foranyl>48>0,byp>2,22 <1and

_2-8
/p 7 dx<c
Q

due to 2 being appropriately smooth. By these two facts, we have

A—0

lim // -b; (V) (U — V)&, dxdt

@)
3 X _}. _ p
sq%/ [ 1) -b )]

<cllmff|u—v|2dp dx
1
§c</ /lu—v|2p_1’dx>
T JQ

15 1

s . 2-5 s _ 2-5
se([ [t ([ [ )
T JQ T JQ

1-5

§c</:/9|u—v|2dx> b (3.11)
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and
tim / [0 b)) =) 6 e

= hm // b(u) b(v)](u V)xldp dxdt

S () - b T . , , 5
S(/r L(!b;(u) bz(v)|) dxdt) (/T /Qp (IVul? +|Vv| )dxdt)

N

<c<// |b ‘ dxdt)

s 1 a1

7 s 2

§c</ /Iu—v|dxdt)p §c</ /|u—v|2dxdt) !
T JQ T JQ

By (3.6)-(3.11), after letting ¢ — 0, we let A — 0 in (3.3). Then

/[u(x,s)—v(x,s)]zdx—/[u(x,t)—v(x,r)]zdx
Q

Q
s q
< c</0 /;2|u(x,t) —v(x,t)|2dxdt) ,
where g < 1. Let k(s) = [, [u(x,s) — v(x,s)]* dx. Then

k() — k(T) <C(fjx(t)dt)q

sS—T - sS—T

By the L'Hospital rule, we have

’ (S)
w(r) = Cslgrrl (f (&) dt)-1

= clim ';((SS)) (/:K(t) dt)q -0.

Thus, by the arbitrary of t, we have

/|u(x,s)—v(x,s)|2dx§/ lug — vo|® dx.
Q Q

The proof is complete.

4 Proof of Theorems 1.5 and 1.6

Page 9 of 13

(3.12)

(3.13)

(3.14)

(3.15)

Instead of the condition p > 2, if we only assume that p > 1, then we also can obtain the

uniqueness of the solutions in some cases.

Proof of Theorems 1.5 and 1.6 Denote 2, = {x € Q : dist(x,92) > A} as before, let &, €

C§(€2,) such that &, =1 on €, 0 <&, <1, and

c
V& | < —.
| 5»\|_A

(4.1)
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From the definition of the weak solution, we have

oy —
[ o™ axdi=— [[ ot (9up =190 Vg da
Qr dt Qr

N
- Z//Q [bi(u) - b,'(v)]wxi dxdt, (4.2)
i=1 T

for any ¢ € C3°(Qr). For any fixed 7,s € [0, T], we may choose x[. (1. — V¢)&, as a test
function in the above equality, where x[; is the characteristic function on [7,s], #, and
ve are the mollified functions of the solutions u and v, respectively. Thus, letting Qs =
Q x [1,s],

/[ =, WD v

= f/ P (IVulP>Vu — |VvP2Vv) V[ (ue — v, )&, | dx dt

N
_ Z //Q [6:(w) — b:(V) ][ (e — vg)fx]xi dxdt. (4.3)
i1 7 Qs

For any give A > 0, denoting Q1 = 22, x (0, T'), we know that Vu € L?(Qr;), Vv € LP(Qr3).
Thus according to the definition of the mollified functions u, and v,, similarly, we have
(3.4)-(3.6). The first term on the right hand side of (3.6),

f / P&, (IVul >V — |VvIP>Vv) V(i - v) dxdt > 0. (4.4)

s

The last term on the right hand side of (3.6), since@ > p -1,

’/ (= v)p® (|Vul’>Vu - |[VvP2Vy) VE, dxdt’
QTS

<[] vt (Vup s (99

s 5
< c</ / P (IVul? + |[Vv[P) dxdt)
T J2\ Q2
s 1
14
(// p“wsu”dxdt)
T J\Q
p-1 1
S N s r
< c(/ / P (IVul’ +|VvP) dxdt) . (/ / 2&P dxdt)
T 2\ Q29 T Q\Q221

p-1

(a+l-p) § 2
<ch P / / P (IVul? + |Vv|?) dxdt
T JQ;\ Qo

p-

S v
< c(/ / p"‘(|Vu|" + |Vv|p) dxdt) — 0, asi—0. (4.5)
T 2\ Qo

—
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Also by the Lebesgue control convergence theorem,

e—=0

- [ [0z, dras

:f/ MAM—bAWNu—W&%¢wh+/f[h@ﬁ—hWﬂW—vhﬁMMdt (4.6)

lim f/ [bi(u) - b,»(v)][(us - VE)SA]M dxdt

By that |u(x,£)| < cp(x), [v(x,£)| < cp(x),

11m // b;(u) - b; (V) (= v)&y, dxdt < clim /S/ dx =0. (4.7)
s A=0 2, \Q09,,

By the Holder inequality
lim // [bi(u) - bi(v)](u — V)& dxdt
A—0 Qrs

- tmy [ /Q 50 - b)) F ), dc

(//ﬂp|b(u b)) a’xdt) (// (IVul? + IVvlp)dxdt)

1
7

<c<//pp|b(u) b)) dxdt> . (4.8)

DIfp>1,
a+2(p1
|b(u) b(v)| <c|u—v|P |u — VIP =clu-v| ,
by (4.8),
hm// b(u) b(v)](u—v)xlé,\dxdt<c</ / lu—v| dxdt),. (4.9)
(1)

@) Ifp<2, 16 <Islr=1,

// (p_% ’bi(u) —b,»(v)’)pl dxdt < f/ pfl% |b;(§)‘% |u—v|1%72|u —v|?dxdt
o 1+r
f/ Tt |u— v2dx dt
< c// lu—v|®dxdt. (4.10)

Here, the last inequality is based on the assumption « < p(r — 1) + 2, which implies that

o pd+7)
+
p-1  p-1

-2>0.
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Then

%iir%) // . [bi(u) - b,'(v)](u -V &rdxdt < c</OS/Q lu —v|? dxdt) . (4.11)

(i) Iifp =2, 16O = |¢Ir =5,

N

|bi(u) = b(W)|* < |BE) |1 = vI?,

then

%Lr%// (u v)xl&dxdt<c</ / lu - vlzdxdt) . (4.12)

(iii) If p > 2, by |Bi(O)| < ¢, s %

/ / (077 |biw) - b:(v)|)” dxdt
QTS
o _p_ b
< [[[ o7 b P i
p

<(J[ T aa) T ([ wovpanas)”

(p-2) r
2(sp—a) 2(p-1) 2 2(p-1)
< (// P2 dxdt) <// |u—v| dxdt) ,

(2s+1)p
2

then, based on the assumption « < 2 which implies that

2(sp — @) S

-1,
p-2

we have

<// (077 [bia) = i)Y dxdt>%<c</f Iu—vlzdxdt)%, (413)

and we have (4.12) too.
By (4.4)-(4.13), after letting ¢ — 0, we let A — 0 in (4.3). Then

/ [u(x,5) - v(x,s)] dx — / [u(x, 7) — v, 7)]” d
Q Q

< c(/s/ |u(x, t) —v(x, L‘)|2 dxdt)q, (4.14)
0 Ja

where g < 1. Let «(s) = fQ[u(x, s) — v(x,5)]2 dx. As the proof of Theorem 1.4, we have the
conclusions.

At the end of the paper, we should point out that the conditions (1.12)-(1.14) and (i)-(iii)
ﬁl az;,-g)_ In other words, if b; = 0, then all
these conditions are not necessary, the same conclusions had been obtained in [2]. O

are used to deal with the convection term )

Page 12 0f 13
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