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Abstract

We are concerned with the Cauchy problem for a class of compressible
non-Newtonian fluids on the whole one-dimensional space with external force and
vacuum. Itis proved that the Cauchy problem for a class of compressible
non-Newtonian fluids with external force and vacuum admits a unique local strong
solution under no compatibility conditions.
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1 Introduction and main results
We consider the one-dimensional equations of compressible non-Newtonian fluids which
read as follows:

pr + (pu)y =0,

(1.1)
(pu)e + (pu*)x — [(2 + o)

p-2
T Uyl + 7Tx = f,

where £t > 0, x € R, uo > 0, the unknown functions p = p(x, ), u = u(x, t) and 7 (p) = Ap”

(A >0, y >1) denote the density, the velocity and the pressure, separately. Without loss of

generality, we set A = 1. We consider the Cauchy problem with (p, &) vanishing at infinity.

For given initial functions, we require that
p(x,0) = po(x), u(x,0) =up(x), xeR. (12)

The motion of the fluid is driven by an external force f(t,x,u). In this paper, for any

(&, x,u) € (0, Tp] x (—00,+00) X (—00, +00), we assume f (£, x, u) to satisfy

fu < —u?,
Juy < —uuy, (1.3)

ﬁut = _M?)
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and to satisfy the structural conditions

feL>®0,T,L*(R)),
fr €L2(0, T, L*(R)), (1.4)
Ju<-B,

where B is a positive constant.

In recent years, there has been an increasing recognition of the importance of non-
Newtonian fluids. Non-Newtonian fluids arise in a large number of problems such as in
the field of biomechanics, chemistry, hemorheology, glaciology, and geology. For the study
of the non-Newtonian fluids, sparking the increasing interest, see [1-3].

When the initial vacuum is allowed, Lions [4] obtained the global weak solutions for the
isentropic fluids for large initial data. Li and Xin [5] obtained that the Cauchy problem
of the Navier-Stokes equations for viscous compressible barotropic flows in two or three
spatial dimensions with vacuum as far field density admits global well-posedness and large
time asymptotic behavior of strong and classical solutions. Huang and Li [6] establish the
global existence and uniqueness of strong and classical solutions to the Cauchy problem
for the barotropic compressible Navier-Stokes equations in two spatial dimensions with
smooth initial data with vacuum. Liang and Lu [7] obtained the global-in-time existence
of a unique classical solution with large initial data for the Cauchy problem for a com-
pressible viscous fluid in one-dimensional space. Recently, Li and Liang [8] found that the
two-dimensional Cauchy problem of the compressible Navier-Stokes equations admits a
unique local classical solution provided the initial density decays not too slow at infinity.

Up to now, the results about non-Newtonian fluids are quite few. Recently, Yuan and
Xu [9] obtained an existence result on local solutions. They obtained local existence and
uniqueness of solution by using a classical energy method. For related results we refer the
reader to [9-16] and the references therein.

For the Cauchy problem (1.1)-(1.2), it is still open even for the local existence of strong
solutions under no compatibility conditions when the far field density is vacuum. More-
over, the system (1.1) is with strong nonlinearity, so we are facing another difficulty. In fact,
this is the aim of this paper. Reference [8] motivated our study. Compared with [9, 15], the
advantage of this paper is there is no need for compatibility conditions, and compared
with [8], our problem is nonlinear. In this paper, we will obtain a unique strong solutions
for (1.1) under 4 < p < +o0.

The authors in [8] bounded the L(R?)-norm of  just in the terms of || p"?u||;2(z2) and
ll4xll2g2) by Hardy type and Poincaré type inequalities. In a similar way, we bounded

the L¥(R) (k > p)-norm of u just in the terms of || o'/

ull2@gy and ||yl rr). However, the
application of a Sobolev embedding inequality in R is very different from R2. For this,
we use truncation techniques which are needed to obtain the local existence of strong
solutions.

The rest of the paper is organized as follows: Firstly, we shall give some elementary facts
and inequalities which will be needed in later analysis in Section 2. Sections 3 is devoted
to the a priori estimates which are needed to obtain the local existence and uniqueness of

strong solution. Finally, Theorem 1.2 is proved in Section 4.
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Definition 1.1 If all derivatives involved in (1.1) for (p,u) are regular distributions, and
equations. (1.1) hold almost everywhere in R x (0, T'), then (p, ) is called a strong solution
to (1.1).

Theorem 1.2 For constant 4 < p < +00, assume that the initial data (py, uo) satisfies
1
00 >0, uo € L*(R), uox € L*(R), p¢uo € L*(R), (L5)

where (t,x,u) € (0, To] x R x R. Further, for constant p < q < +00, assume that po also

satisfies
®po € LHR) N HY(R) N WH(R),
where
o (e + xz)“{o (1.6)

and Cy is a positive constant.
Then there exists a positive time Ty such that the problem (1.1)-(1.2) has a unique strong
solution (p,u) on R x (0, Ty] satisfying

p € C([0, Tol; L'(R) N H'(R) N WH(R)),

®p € L=(0, To; LY(R) N HY(R) N WL4(R)),

u, /P, N/ pur € L0, To; LA(R)),

P, Nty € LR x (0, Tp)),

uy € L®(0, To; L*(R)) N L>(0, To; LA (R)),

u, € L*(0, To; HY(R)) N L@*V4(0, Ty; WH(R)),
Vitu, € L*(0, To; WH(R)),

Vit € L¥(0, To; L*(R)).

(1.7)

Moreover,

0<t<Ty

inf /QR ox,t) dx > i‘/l;{po(x) dx. (1.8)

2 Preliminaries
We have the following results concerning local existence theory on bounded intervals

whose existence can be found in [11, 17-19].

Lemma 2.1 For R>0 and Qr = {x € R||x| < R}, assume that (oo, uo) satisfies

po € H' (), inf po(x)>0,  uo € Hy(Qr) N H*(Q). 21
xXeNR
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Let f as in (1.3) and (1.4). Then there exist a small time Tg > 0 and a unique classical
solution (p, u) to the following initial-boundary value problem:

pe + (pu)y =0,

(pu0)e + (1) = (2 + 10) T ), + 70 = f,

w(p)=p", y>1, (2.2)
(0, 4)ls=0 = (po, o), x € QLp,

ulx) =0, x€dQp,t>0,

on Qr x (0, TR] such that

peC(0, Tl H (), ue C([0, Tel; Hy(Rr)) N L®(0, Tes HA(S2)),
pr € C([0, Tr]; L*(S2R)), ur € L*(0, Tr; Hy (),

P € L0, Tos L2(),

[(12 + 10)" 7 e € C([0, Tol; L2(20)).

(2.3)

Remark 2.2 Assume v € H}(Q2z) N H2(Qp), then v € W,” (Qg) with p > 4.

Lemma 2.3 Foreithers=2ors=p,m € [s,00) and ¥ € (m+1/2,00), there exists a positive
constant C such that, for either Q =R or Q = Qg with R > 1 and for any v € WI‘S(Q),

loc

1/m
(/ [v|™ (e +x2)_0 dx> < Clvlisey) + Clivalls@)- (2.4)
Q

A consequence of Lemma 2.3 will play a crucial role in our analysis.

Proof First, we begin with the case v e W&)’g(Q). For all R > 1, since

R 1
/ ’v(x)’zdx:R/ ‘V(RT)‘Zd‘L',
-R -1

we observe there exists Ry € [%, 1] such that

1 ) % 1 3 %
(/I‘V(RO‘L')‘ dr) 52(/1‘v(x)| dx) . (2.5)

By calculation, we get

R 4 1 3 1 3 1 %
fRO a(/_1|v(sr)|2clr) ds = (/_1}v(1et){2df> -</_l{v(1€0r)|2dt) . (2.6)
By virtue of
d 1
a</1|v(sr)|2dr)
1
:/ 2|v(s7)|
-1

dr

av(st)
as
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ov(st)
as

1 st 2 3
_2(/ |v(sr)|2dr) (/ dr)
-1 -1
1 ! 3
2</1|v(st)|2dt) (/1|v’(st)7:|2dt)
1 s 3
< 2(/ |v(sr)|2dr) (/ |1/(sr)|2dt> ,
-1 -1

we have

1 i 1 i
;(/ |V(S‘L’)|2d‘l,') 5(/ |v/(sr)|2dr> .
S \J1 -1
By some directly calculations, we get
Ry, pl ) 3
/(/ ’V’(St)| dr) ds
Ry -1
R 1 3 1 3
:f (sf |v’(sr)|2dr> (—> ds
Ry - S
R 3
(/ /|v sr)| drds) (/ —ds)
Ry N
1 R %
S(/ |vx(x)| dxds) (ln—)
Ry J-s RO

IA

and

R ps
/ |ve(@)[* dxds
R

0 Y-S

R R ) 0 /R )
5/ / |vx(x)| dsdx+/ |vx(x)| dsdx
0 x R J—x

R 0
2 2
5/0 |vx(x)| (R—x)dx+/_R|Vx(x)| (R +x)dx

R 2
=R/ ‘Vx(x)’ dx.
-R

Combining (2.5)-(2.9), we get

We denote

1 3 R )
Vil 2 </1|v(x>|2dx) + (/R|vx<x>|2dx>

Page 5 of 33

(2.8)

(2.9)

(2.10)

(2.11)
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and rewrite (2.10) as
! 2
/ [v(R7)|* dr < CRIn@2R)|IvI2. 2.12)
-1
Multiplying (2.12) by R, we obtain

R
/ v(x)[> dx < CR In@R)[IvI12
R

< CR’In(e+R*)|IvII3

< CR*(e + R*)[IvIli3- (2.13)

The Gagliardo-Nirenberg inequality implies that, for all 1 € (2, +00),

L my+2 m -2
ml m Zml 2m1
( / (o) dx) < ClIvl, 2 vl (2.14)
Consequently, we obtain after using (2.11), (2.13), and (2.14)
R
/ ’v(x)’m1 dx
-R
mp+2 +2 ml -2

<ClIvl o 2 vell 7
12(9) 12(9)

my -2

< C[R*(e + R*)[IvII2] & [R(e+R2)IvIZ])

my
< CR™(e+R*) |Ivll5". (2.15)

Next, we discuss the case v € Wlif (£2). Since

R 1
/ |v(x)|p dx:R/ {V(Rt)|p dr,
-R -1

we observe there exists Ry € [%, 1] such that

1 3 1 3
(/I‘V(ROI)‘p dT> < 2<f1|v(x)’p dx) . (2.16)

By some direct calculations, we get

R d 1 % 1 117 1 1%
/RO a(/_l|v(sr)|"dr> ds = </_1|V(RI)|2dr) —(/_1|V(Rot)|pdr> . (217)

By virtue of

d 1
a(/ |v(sr)|pdr>
/pIV( o

av(st)

dr
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ov(st)
as

1 2l » i
p
p(/_l|v(sr)| dr) </_1 d‘L’>
1
12 12
p(/_1|v(sr)| dr) </ |v (S‘L')‘L’| d‘L’)
1 = 1 5
» / 2
§p</_l|v(sr)| dr) (/_1|v(sr)| dr) ,

we have

d ! P }a ! / p é
£</1’v(sr)| dr) §(fl|v(st)’ dr) .
For all R > 1, we get
R, pl 3
/(/ |V’(st)|pdr) ds
Ry -1
R 1 5 /1\?
:/ (s |v’(st)’pdt) (—) ds
Ro -1 N
R 1 P% R 1 ﬁ 7
12
/RO /:1|vx(x)’ dxds) /RO (;) ds)
N NI/ R \21%
(/Ieofl|vxx)|pdxds> ;) ds) (/I;OEdS> :|
()] dxd ’
(AO/_1|v(x)| x s)
R 1 : o1
< f / |vx(x)|pdxds) (In(2R)) * R R7
Ro /-

<R R (e +R?) §</ /|vx(x)| dxds) .
Ry v -

We denote

|||v|||p—(/ |v(x)|”dx) (/ @) dx) .

Combining (2.17)-(2.20), we get

IA

IA
'=|'“

IA

IA

1 p
/ [W(R7)[" dr < CR (e + R?) 2 [|IvII5.
-1
Multiplying (2.21) by R, we obtain

R
/ @l dv=cre(e + RS,

Page 7 of 33

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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The Gagliardo-Nirenberg inequality implies that, for all m, € (p, +00),

R
/ |v(x) |m2 dx
-R

pmp—mp+p my—p
<ClVlpe, sl

lvIE)

m
2

()
p ny
2 P

<C(R'(e+R?)

< CR™(e+R*) 7 |Ivll}>. (2.23)
By a simple integration by parts, (2.13), (2.15), (2.22), and (2.23), we obtain for all R > 1,
either s =2 or s = p, m € [s,00), and, for any v € Wlls(Q)

R
/|v(x)|m(e+x2)70dx
20x
/|V(x)’ dx - (e+R2 /(/ ’V(T)| df) e+x2)z9+1dx

(R) 7% (e +R?)? +C|||v|||”’/ 2% - 2" V(e + x2) 2 &
)R (e +x2)?

(e + R2)?

= lvilis*

R 2\m—
9 2x(e + x*)"" 2
< IvllIl” (e + R)™ + Clllvlll?”/ — 5 I
r (e+x?)
R

< IV + Clivie” / (44" d(e+2)

-R
e+R? 1
< C|||v|||;"(1 + / y" dy)
e+R2
= CllIvIIly",
ifo>m+1 0

Lemma 2.4 Let ® and ¢y be as in (1.5) and Q as in Lemma 2.3. For y > 1, assume that
p € LY(Q) N LY () is a non-negative function such that

f pdx=Q, f p¥dx < Qs (2.24)
Qn Q

for positive constants Qy, Qa, and Ny > 1 with Qn, C Q. Then there is a positive constant
C depending only on Q1, Qa, N1, y, and &y such that

v < C[0"v] o + Cllvalizsie), (2.25)

g

foreveryve wWh(Q)n WlP(Q). Moreover, for € >0 and ¢ > 0 there is a positive constant

loc loc

C depending only on ¢, ¢, Q1, Qa2, N, v, and &y such that

[ve~|

<C|p"? + Clvellzse), (2.26)

Ls+e)/T(Q) V||L2(Q)

with ¢ = min{1,¢}.
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Proof 1t follows from (2.24) and similar arguments to Lemma 3.2 of [20] that there exists
a positive constant C depending only on Q;, Q, Nj, and y, such that

||v||§s(QNl) < C/ oV dx + C||Vx||§s(QNl). (2.27)

There exists a positive constant ¢, such that

s+e s+e 1
{' = (1+§0)>f+_1
¢ ¢ 2

which together with (2.4) and (2.27) gives (2.25) and (2.26). The proof of Lemma 2.4 is
finished. m

3 Apriori estimates
For R > 4R, > 4, assume that the smooth (pg, #() satisfies, in addition to (2.1),

1/2 5/ po(x)dxff polx) dx < 3/2. (3.1)
QRO Qr

Lemma 2.1 thus shows that there exists some Ty > 0 such that the initial-boundary value
problem (2.2) has a unique classical solution (p, #) on Qz x [0, TR] satisfying (2.3).

For @, ¢y, and g as in Theorem 1.2, the main aim of this section is to derive the key a
priori estimate on Y defined by

Y() =1+ ||PI/2M||L2(QR) + |l 2p) + 1ol 20y + 11281l P (2)
+ | PPl 1 @pynmt @p)nwia(2p)- (3:2)
Proposition 3.1 Assume that (pg, up) satisfies (2.1) and (3.1). Let (p, u) be the solution to
the initial-boundary value problem (2.2) on Qg x (0, Tg] obtained by Lemma 2.1. Then

there exist positive constants Ty and M both depending only on vy, q, (o, ¢o, No, and Ky
such that

To
(g+1)/
sup 0+ [ (Il 5700+ el + i)
0<t<Ty 0

+ osup tlliljag,y <M, (3.3)

0<t<Ty
where
A 12
Ko = | po” o () + lt0xlli20) + Ntt0xll 720 + 10l 2(2)
+ | Poo || 11 (@p)nH (@)Wl )

The proof of Proposition 3.1 will be postponed to the end of this section; we begin with
the following standard energy estimate for (p, u).

Lemma 3.2 Let (p,u) be a smooth solution to the initial-boundary value problem (2.2).
Then there exist a T* = T*(Ry, Ky) > 0 and a positive constant 8 = B(y,q) > 1 such that, for
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allt € (0, T*],

R R R t R
sup (/ |u|2dx+/ |ux|2dx+/ |ux|”dx> +/ / olu)? dads
0<s<t\J-r R -R 0 J-R

t
§C+C/ WP ds, (3.4)
0

where (as in the following) C denotes a generic positive constant depending only on y, q, o,
o, Ro and Ky, under the conditions of Proposition 3.1.

Proof First, applying standard energy estimate to (2.2) gives

t/ (R R
sup (||\/5u||%z(QR) + IIpIIZy(QR)) + / (/ |24, |? dox + / |u)? dx) ds<C. (3.5)
0 \J-r R

0<s<t

Next, for R >1and & € C5°(2g) such that
0<&k<1l, &W=1 |l<,

~ C ~
|‘§Rx| = Er |‘§Rxx| = E»

it follows from (3.5) and (3.1) that

d R 5 R 5
I / péap, dx = / pubapy, dx
R R

R 1/2 R 1/2
Z—C(Ro)_1</dex> (/Rp|u|2dx)

> B, (3.7)

where in the last inequality we have used

R R
/ podx = / po dx,
-R -R

due to (2.2); and (2.2)s. Integrating (3.7) gives

R R
inf / odx > inf / &R, dx
_ T J_p

0=t<T* J_p 0<t<

R
> / pobar, dx — BT
R
> 1/4, (3.8)
where T* £ min{1, (4B)™}.

From now on, we will always assume that ¢ < T*. The combination of (3.8), (3.5), and
(2.26) shows, fore >0,¢ >0,Vve W3’2(§2R) N Wg’p(QR) satisfies

R
_r112
[v@™ [t g =< Cles€) / pvIdx + C(e, Ol Zs(p) (3.9)
R
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with ¢ = min{1, ¢}. In particular, we have

v

1
||pCV| L(”E)/E(QR) L(S'*g)/E(QR) 5 C(&C)I// +£' (3'10)

Multiplying (2.2), by u;, and integrating it over (=R, R) on x and integrating over (0, £) on

the time variable

p-2 t R
// plu:l? dxds+// (ux +Mo T uxtdxds—//futdxds

=—/ 71, (0 )dx+/ Ty t)dx+/ / ‘ —PUUy) Uy — mux|dxds (3.11)
-R -R
We first compute the second term of (3.11), and we get
/ (ux+uo) 2 Uty dx
-R
1 [k P2
=3 /R(ui +H1o) 7 (uy); dw
Ld " u’%( )77 ds ) d (3.12)
=5 % 7R./(; S+ (o s ) dx .
and
g
| 6T as
0
wioo,
Z/ s ds
0
2
= Dyl (3.13)
p

Substituting (3.12), and (3.13) into (3.11), and by using (1.3), we obtain

t 9 1 R » 1 R 2
/0 AU / o) x5 / AZCIR™

2 R
< 20+ 700 gy + [ o] e

t pR
+f / |(—Puux)ut—7rtux|dxds
0 J-R
R t pR
5C+/ ’”“x(t)‘def/ / |(—pussy)u; — o1t | dxds.
-R 0 J-R

Using Young’s inequality, we obtain
t R R
2 V4 2
/ [P0 2 s + / s (0) ] e + / ()| dx
0 -R -R
t t R t R
§C+C/ ||\/Euux||iz(ﬂk)ds+c‘/ / |7txuux|dxds+/ / |7tui|dxds
0 J-r 0o J-r

+Cllmll” (3.14)
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First, the Gagliardo-Nirenberg inequality implies that, for all k € (p, +00),

l2xll k() = Clluxlle(QR ”uxx”Lz @)’ (3.15)
_ 2k-2p
where 6 = Thp

Next, we estimate each term on the right-hand side of (3.14) as follows: We deduce from
(3.10), (3.2), and Holder’s inequality that

1 1 _1
/Pl 20 < Nitellr@pll PPl 2 [ 07714 2y g | @ iHLmR)

<Cy’, (3.16)

where (as in the following) we use 8 = 8(y,¢) > 1 to denote a generic constant depending
only on y and ¢, which may be different from line to line.

By (3.9),we have
R 1
/_ [t dx < Cllpll} () 192l 2 ) 142 |2 (2) | D72 2] 2 o ”Li"s o
<Cy’. (3.17)

Using (2.2),, we get

p-2

[((ux) +,uo)T ] = Uy + PUlly + T0x + f .

By virtue of

r=2 p-2

o Tl < [(6° + 10) T 1],
we have

|ttxx| < Cloue + putdy + 7y + f1.
Taking the above inequality by L, norm and L, norm, we obtain

”uxx”Lz(QR)
r=2
= C” ((” + “0) : )xHLZ(QR)
< Cllpuell2(ap) + Cllouusll2(p) + Climtall 2 + I l22(0)

1
< CY2|/pusll 20

1 _1
+ Cllullroplo®liaey [ @776 g 7] o +CyP
L ¥0 (Qp) LPI2P-29-50 (Qp)
1
< CY 2 ||/ puel 2o + CYP, (3.18)
where 0 < &g < min{1, pq — 2p — 2q}, and

lttanllLaip) < C(lo%ellLa@p) + loutllLa@g) + 17l a@p) + I l22@) )- (3.19)
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By (3.15), we have

R
-1 —

/ || dx < [l ol | Poll2@p 14 lr@plluall 2 |7

R LP72(Qp) L0272 (Qp)

< CYP sl F2 g

< CEWY + Cey Ml }a gy (3.20)
where 6 = (3.10) to get
R 2
|7t |P-T dx
-R

f|n ’Pldx+ _1// Ll( pxth — pity) dx ds

<C+C/ ||p||LOOQR ||71||LDOQR/ (|px @@ u| + | p @D 1y |) drds

<C+C/ ol 11 0 (196 2 | €t iy |92 2
Loo(Qp) 170 Lo (@) NP2 1L (Qp) 12P(Qp) 17T (p)

+|lod ®1 u ds
0@ 2 | HU%(QR)II llran)
t
<C+ / WP ds. (3.21)
0

By virtue of

2 s
/ (s+mo) 2 ds
0

2

Uy  p2
2/ wo® ds
0

M
Z 2

lox], (3.22)

ml»—‘

and the arguments as in [8], we have

t
sup gy = C+C [ 7 ds (3.23)
0

0<s<

Putting (3.16), (3.17), (3.20), (3.21), and (3.23) into (3.14) and choosing ¢ suitably small
yield

R R R t R t
/ |u|2dx+/ qulzdx+/ qulpdx+/ / plutlzdxds§C+/ WP ds.
-R -R -R 0 J-R 0

The proof of Lemma 3.2 is finished. O
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Lemma 3.3 Let (p,u) and T* be as in Lemma 3.2. Then, for all t € (0, T*],

R t R ¢
sup s/ olu* dx +f sf (|uxt|2 + |ut|2) dxds < Cexp{Cf v ds}. (3.24)
— 0 R 0

0<s<t R

Proof We differentiate equation (2.2), with respect to ¢, and multiply it by u;, by using
(1.3), and integrating it over (—R, R) with respect to x we obtain

1d (% 2 K 2 K 2
- — YA dx+/ 7 dx+/ |us|” dx
2dt/_‘R t " Xt " t

R R R
sc/ |nx||u||uxt|dx+6f |n||ux||uxt|dx+6/ it ]
R R

R R R
+C/ p|u||ux|2|ut|dx+6/ p|u|2|uxx||ut|dx+6/ )ity 1] e
—R

R
+C/ pliag? dx
R

-cY 1. (3.25)

We estimate each term J;. We deduce from the Gagliardo-Nirenberg inequality and (3.10)
that

R
L= f el
—R

- _1 _1
= Cllol g 100tz | 4 oy 1073 2

< el o g,y + C)YF (3.26)

and that

R
12:/ 10 ik ]
-R

-1 —
< Cllpl i | Pollza@p 1tae | 2@ 4]l 2 [o7 2
L372(Qp) L@2% (Qp)

< CYPY Nl Fa g 1t 202

< CYP (U + Nt ll 12000 Nttt 202

=< 8”uxt”%2(gk) + C(8)1ﬁﬁ||uxx||iz(QR) +Cy P, (3.27)
_ 2°-2qp+dp
where 6 = P

Using the Gagliardo-Nirenberg inequality and (3.9), we have

R
L =/ plullu ||ty dx
-R

1 14 1 3
= CH'O2M||L2P(QR) H’OZMtHLZ(QR) lp2ee]® s,  ltsellizon
LP=2(Qp)
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f 1
<Clotu, Hfz(m)IIMxtIILi’(szR)‘/’ﬂ(||P%”t||L2(9R> +lltaell20)*
1 1
=Clotu |22 g 1282t 20 ¥° ”p%"f”é(ﬂm
1 1
+Cllp2ue] 2 g It N2 W7 ikl g

= 8””)61‘”%2(91?) + Cl//ﬂ ||,0%Mt ||§'2(QR)

and

R
14=/ plulua|* ue| dx
-R

gl =
= ||,0q)||Loo(ng)H(D 4”HL217(QR)HCD 4” 2

1 1 1 1
x [ o2ue| prgpllo?uel? s Nuxllri@p el 200
LP=2(Qp)

<P Nt | 02|y (197 g + Nt 22
< U0 + el 200) [0 e P (102 g+ Tl )
R VX TN FRRZ] PR P SN PO . 9

P it | 2] o o it

P el 200 | 07 ] 20

= 8”uxt”i2(QR) + C(S)wﬂ(”uxxHEZ(QR) + Hp%utHEZ(QR) + 1)!

where 6 = ﬁ. By (3.9) and (3.10), we get

1
I =/ P10 |t | |14 dox
0

1 1
=C| piu ”i‘*P(QR) ||,o% U ||L22(QR) Hp%"‘f 172 Ntasllizgn
LP2(Qp)

1 1 1
< C¥ el | 28 By (010 oy + 0kt 2o )
1

< CYP el 2oy + V210210 2y + 119780 2y Nt 120020

< ellttae |22 ) + CEVP (lthesl 2oy + [ 0282y +1)-

Young’s inequality together with (3.9), (3.10) yields

R
Is =/ lul? |t [thre| dox
-R

1 2 1
<Cllp®| e Oy y Uy || p Uyt || 12 o2 2
@l [ @7 5ul g clireplloan |72y
< elltatl oy + OV,

Page 15 of 33

(3.28)

(3.29)

(3.30)

(3.31)
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where 0 < &g < min{1, pg — 2p — 2¢q}, and

R
3 =f ity dx
—R

1 1 1 3
< luxllwap | p2ue] g 02 e 6,

L3774 (2p)
TP
S Ip ||10 2 Uyt ||L2(QR)(||IO 2 Uyt ||L2(QR) + ”uxt”L2(QR))

1 2
< elltall}s g, + CEOVP [ 021 o - (3.32)

Substituting (3.26)-(3.32) into (3.25) and choosing ¢ suitably small lead to

R

R
2
5o | P [ (a4 ) v < CoP o g+ O, (333)
R -R

where in the last inequality we have used (3.18). Multiplying (3.33) by ¢, we obtain (3.24)
after using Gronwall’s inequality and (3.4). The proof of Lemma 3.3 is completed. O

Lemma 3.4 Let (p,u) and T* be as in Lemma 3.2. Then, for all t € (0, T*],

t
sup (0Pl 11 (@pnei@pnwiag) < exp{Cexp{Cf yP dx} } (3.34)
0

0<s<t

Proof First, multiplying (2.2); by ® and integrating the resulting equality over Qg, we
obtain after integration by parts and using (3.10)

d R R
5/ ,OCDdxg/ o|u| D, dx
-R -R

R
§C/ ,0|u|(e+x2){°xdx
-R

R
< C/ p|u|(e+x2)§°(e+x2)%dx
R

1
< Cllp®ll2(qp||lu(e + %) 2 ”LZ(QR)

_1 _1
< Cllp®l2@p ule+%°) (e +57) || o

1 _1
< Clo®liag [ ™ gl + )M oy < Co,
R
which gives
R ¢
sup/ p@dxfCexp{C/ wﬂdx}. (3.35)
0<s<tJ-R 0

Next, it follows from the Gagliardo-Nirenberg inequality and (3.10) that, for 0 < § <1,

) = Clue™ [ 1 (407°), g

= C[u97 | kg * [14:®7 [ iy * 14927 [ 15(00)

407 1o e
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= CV" + lutaslizigp + 407 [ g | €7 ®all )

< C(¥P + el 2(0p)) (3.36)

where 6 = %
One derives from (1.1); that g £ p® satisfies

g + ug, —agu(ln ®), + gu, =0,

which together with (3.36) gives
(”gx”ﬂ(QR))t
< C(1+ lluallzooiq) + |u(ln cp)x”Lw(QR))”gx”LZ(QR)
+ C([[otx) | @) | 2 + 12610 @ [ 12y + 11l 120200 ) I N 20201
1
< C(WP + luallwraap + [u® 200 || oo o Vgslli2ia)

__ 1
+ C (el 202y + N0 ll 02y | @250 || 25
LP-2(Qg)

__ 1 1
+[u® 0D g [T 2 Vel
R

(VP + Ntaell a0 gl 200 + COUP + el 200 1€ 2% 020)

<C
=< C(l/fﬂ + ||Mxx||L2(ng)qu(QR))(1 + Ing||L2<QR) + InglleR)) (3.37)

and

(gl acn),
< C(1+ luellieion + [ 400 @) o ) el i)
+ C([[1el | n @) g gy + 181 A0 @] | g gy + ot lz2(200) @1 20
< CP + sl + |49 T | .l lisia
+ Clelg + |u T | 200 Bz | 2oy * Nt l1ac00) gl (e

< C(VP + NtaellLaop) gl o) + CUP + Ntaell 2 @pynracap ) g1 202

< C(¥P + el 2 @pyrracap)) (1 + gl La@p))s (3.38)
where in the last inequality we have used (3.35).
Next, we claim that
! (1) 2 '
a+1)/q
A (”M"x“LZ(QR)ﬂLq(QR) + t||uxx||L2(QR)qu(QR)) dx S CeXP{C[) ‘ﬂﬂ dt}! (339)

which together with (3.35), (3.37), (3.38), and the Gronwall inequality yields

t
sup | Pl L1 @pnmt @pnwha(eg) < CXP{CCXP{C/ wﬂdx} }
0

0<s<t



Yuan and Yang Boundary Value Problems (2016) 2016:201 Page 18 of 33

Finally, it only remains to prove (3.39). In fact, on the one hand, it follows from (3.18),
(3.4), and (3.24) that

t q+1
[ gy il ) 0

g+l
q

t 1 1
< / [(CO 1Pl 2y + COP) T +5(Cu b Il Bt 2y + C#)*] ds
q+1 q_+1
/ [Cv 5 1Pl g, + COP) T+ Cursli/punlZagg,, + Cs(w?)]ds
g+l +1 ¢
< /0 [C1//q-1 + qz—qH\//_thiz(QR) +Cyr exp{C/O WP ds} + Csw’s] ds
t t t
< [(1VBulgy 07 ds+ Cexp{C/ wds}/ yP ds
0 0 0
t
§Cexp{Cf W‘ds}. (3.40)
0
On the other hand, we denote
DEu +u-u,.

By (3.19) and the Gagliardo-Nirenberg inequality, we have

llttaxlla(p) < C(llpEN La@g) + 170l Laip) + I l22020))

< C¥’ + Cllpirllacn + I 1 i Vil 20p

<Cyf+ Cllpttllza(ag)» (3.41)
where 0 = 4 qz‘
By (3.9), (3.10), and (3.15), the last term on the right-hand side of (3.41) can be estimated
as follows:

ot Lar) < llouellLay) + Iloutyllap)

(g-D/(q*-2) ||(q2—2q)/(q2—2)

= IIputlle @ IPull g ) + [l o2l 120 (qp) Il Il 2 ()

< CyP ([0 u ”Lqulfz/q ) Il xf”Lq2 QZRq))/(q _2 ”pl/zut”Lz(QR))

C Z(qv 127)
T
¢ P ”uxx” !

This combined with (3.40), (3.24), and (3.4) yields

(g=2)(q+1)

t 21 b g 2 AL e
/ ”pu”LZ(QR) < C/ wﬂt 27 (thl/Zut ”LZ(QR))q(qu) (t”u"t";(m)) 2¢2-2) d¢
0 0

t t
+C/ ||p1/2ut||i2(QR)dt+Cexp{C/ wﬂds}
0
3,2

t t M
sCexp{C/ yh ds}/ (W et P2 it g,,) de
0 0



Yuan and Yang Boundary Value Problems (2016) 2016:201 Page 19 of 33

t
+ Cexp{C/ vh ds}
0

t
< Cexp{C/ i ds}, (3.42)
0
1
3 it 20 < CUP + Clll /Pty
t
§C1//’3+Cexp{C/ 1//’S ds}, (3.43)
0
and that
t t
[ ity = cenlc [ vras) (344)
0 0
One thus obtains (3.39) from (3.40)-(3.44) and finishes the proof of Lemma 3.4. O

Proof of Proposition 3.1 It follows from (3.5), (3.4), and (3.33) that, for all V¢ € (0, T*],
t
¥(t) < exp{Cexp{C/ vh dx} }
0

Standard arguments thus yield, for K £ ¢ and T, £ min{T*, (CM*)'},

sup (1) <K,

0<t<Ty

which together with (3.18), (3.39), and (3.4) gives (3.3). The proof of Proposition 3.1 is thus
completed. O

4 Proof of Theorem 1.2

Let (po, o) be as in Theorem 1.2. Without loss of generality, assume that

+00
/ Po dx = 1,
—-00

which implies that there exists a positive constant Ny such that

No 3 +00 3
[ 0o dx > Z/, po dx = 7 (4.1)

No 00

We construct pf =j 1% o + Rle™ where j 1 % po satisfies

No
/ j1 % podx >1/2, (4.2)
—Np R

and

®(jy * po) = ®po,  in LY(R) N HY(R) N WY(R), (4.3)
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as R — o0, since ug € L?(R) and uo, € L*(R), choosing v} € C°(Q2z) such that

limg_, oo V8 = ol 2() = 0,

limp_, o0 VR = tosll 2 = 0, (4.4)
V&l 2@ < C,

we consider a smooth solution u§ of the following elliptic problem (see [21]):

—up v us = —pSul + [ pEIR — VR 4R, (4.5)
uS(-R) = uf(R) = 0, (4.6)
where d® = (\/poug) * jiz, with js being the standard mollifying kernel of width 8. Extend-

ing ”o to R by defining 0 outside Q2 and denoting wR = uOSR with & as in (3.6), we claim
that

(10 =0y + 10, =) sy + o~

o ):a (4.7)
In fact, multiplying (4.5) by & and integrating the resulting equation over Q0 lead to

/(p0+l’u0| dx+/ 78 ‘de

= C”VJI:”LZ Q) ””g

X ||L2(QR)

o N O PO T P
0 ] e +e||u§x||iz<QR) ve /Q Euf [ dx + Cle),

which implies

[ lsPase [ ol ass [ aesc 49
QR Qr

for some C independent of R.

By the Gagliardo-Nirenberg inequality and (4.3), we obtain

| o5 ”LOc () ”/1 05 + R e ||L°°(QR)
= 1+1lj1 * pollzoe(ep
= 1+1j1 * pollzee)
= 1+1j1 * pollzeew)
<1+ ClI®jy * pollzm + C[[ i * Lol 2,
<C. (4.9)
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Combining (4.4), (4.8), and (4.9), we get

” Up ||L2(QR)

1
= Hug”LZ(QR) + “pg“foo(QR) P o

L2(QR)

1
+ 00 e |9 20 + 175l 20y + 17 200y

<c. (4.10)

We deduce from (4.8) and (4.13) that there exist a subsequence R; — oo and a function
wo € {wo € WA(R)| /powo € LA(R)} such that

loc

,05’ ng — /powo, weaklyin L%(R),
ng — wp, weakly in L%(R), (4.11)

ng — woy, weakly in L2(R).
It follows from (4.5), (4.6), and (4.8) that wX satisfies

—wR

Oxx

+ Wy = —pgwi +/ pih R — Vi Er + VREg + R\ Fg, (4.12)

with [, (Fg)*dx < C.
Thus, one can deduce from (4.21)-(4.24), for any ¢ € C°(R),

f(wO—uo)~wdx+/<wa—uox)~wxdx+/po(wO—uo>-¢dx:o,
R R R
which yields
Wo = Ugp. (413)

We get from (4.12)

limsup/ (‘wg,-’z + ’wﬁﬂz + pgj‘wgiyz) dx < / (Iuo]* + ltox]* + poluo|®) dx,
Rj—o0 JR R

which combined with (4.11) implies

. R (2
lim /’WO/‘ dx:/ 1o |* du,
Rj—oo Jp R

. Rj (2
lim Woic| dx:/ 4052 dx,
R

Rj—>oo ]R|

and

. R Rjj2
lim /p0’|w0’| dx:/p0|uo|2dx.
Rj—o0 Jp R

This, along with (4.13) and (4.8), gives (4.7).
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Then, in terms of Lemma 2.1, the initial-boundary value problem (2.2) with the initial
data (pf, wX) has a classical solution (p%,u®) on Qr x [0, Tz]. Moreover, Proposition 3.1
shows that there exists a T; independent of R such that (3.2) holds for (p%, u%). We first
deduce from (3.3) that

To L pn2
[ 10k g

fo A R _R|2 L R OR|2
C [ U0 gy + |94 0 )

IA

IA

To _Ll o py2 R|2
c A ”(D ‘u ”LOO(QR)”chx HLZ(QR)dt-'—C

<C (4.14)

and

To L Rrn2
JREX

To L R R|2 L R R|2
c A (| @2u"p; ||Lq(QR)+ @2 pfu “Lq(szR)) dt

A

< [0 |00 g €
- o L>®(Qg) x I L9(QR)

<C. (4.15)
By using (3.3), we have

p-2

To
I8 4 100) 7 g

fo R|P-2 R fo B R
<€ [ I o 1 gt C [ [0

IA

To R|I1-0 R 110 2| R
o A P P P PP 2

IA
a

To . 6 8 _
/0 (4 it 262 Nk 22 ) 1168 2y 2+ €
To o
< C/ tr2de+C
0
<C, (4.16)

where 6 = ﬁ.
With all these estimates (4.14)-(4.16), (3.3), (3.4), (3.24), and (3.34) at hand, we find
that the sequence (o¥,uf) converges, up to the extraction of subsequences, to some limit

(0%, u®) in the obvious weak sense, that is, as R — 0o, we have

uf = u, weakly* in L® (0, TO;LZ(R)), (4.17)

®3pR > d3p, inC(Qy x [0, Tol),YN >0, (4.18)
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PpR — ®p, weakly* in L® (0, To; HY(R) N Wl'q(R)),
DpR —~ dp, weakly* in L® (0, TO;LI(R)),

VpRuR — pu, weakly" in L™ (0, TQ;LZ(R)),

uf —~u,,  weakly* in L™ (0, To; L2 (R) N L”(]R)),

uf = uy,, weakly in L*V'1(0, To; L1(R)) N L2(0, To; L*(R)),

t2uf, — t"u,,, weakly in L*(0, To; L*(R) N LY(R)),
t'2uf, —~ u,,,  weakly® in L™(0, To; L*(R)),
ﬁ\/ﬁuf — Vt/pu;, weakly* in L™ (0, TO;L2(R)),
Vtul — tu,, weakly in L*(R x (0, Tp)),

1
inf / plx, t)dx > —.
0=<t<Ty N, 4

Next, for 1 < L < R and &, € C}(2z) such that

0<&@) <1 |&al=<%
E(x)=0, iflx] <%,
& x)=1, iflx|>L,

multiplying (1.1) by &;, and integrating over Q, it follows that

d R R
5/ SLPR dx = / %-prRuR dx
-R -R

1P 2l |20

=

=10

By virtue of &;, we have

$L(x)(1% * pg)(x) —Jji* (5%,00)(96)

<6 [ je-nn0d- [ E-emod

(o¢]

5/ jalx= ) (EL) —£L() po ) dy

<0.

Integrating the above inequality with respect to the time variable over (0, t), we get

R R C
/ $Ldex§/ éLp(’f(x)dmz
R R

+00 ) 1 R 2 C
< [t rpmar ¢ [ aerans g

Page 23 of 33

(4.19)
(4.20)
(4.21)
(4.22)
(4.23)
(4.24)
(4.25)
(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
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+00 ) q 1 R _x2d C
5/_ (1 * (€1 po)) (%) x+1—e/_Ré§Le o

ee]

- +00 d 1 R _xzd C
<[ Epomass g [ aetane g

e ¢]

+00 -L -
§/L po(x) dx+/ ! 0o(x) dx+/ e dx

4

+00 5 C
+/ e dx+ I (4.32)

L
2

Nt~

Multiplying (2.2); by £?oX, and integrating over Qg, it follows that

d R 9 R R
—/ (£.0%) dx = —/ pRufodexﬂ/ pRuRE € " dx

dt R R -R

= [0 | oo 19 | 20 1 * | 20y

C
S Ll PP L PR o PP

0 -0
= ”ELpR“Ll(QR) ”"’5“22(%) |”R||L2(QR) ||pR||L2(QR)

C
L L E) L JEYE) o PR

< Clén® gy + (4.33)

Z;

where 6 = %
Integrating the above inequality with respect to the time variable over (0, £), we get

/_ " (60%) dx

R

< [(@orydsc el as©
< _R(EL,Oo) + 0”5&0 [jore. T

1 _»
e—x

R
S/_R[SL(/% * o) + ?

- 2 2 . R 2 1 (R 2
< [ Gy x o) dse Ly s mlivg [ e dns g [ e e

2 7 RI0O C
:| dx+C/0 HEL:O ||L1(QR)dt+z

+c/t||stR||6 @+ ©

o LY(Qp) L

< / T Epo) dx+ 211 # pollieian / e dns L / Ce () ax
TS 2 RR )k R* | g

c (e, ars ©

+ OHSLP ||L1(QR) T
L
2

00 ) —% ) - ) 00
5/ 0% dx+/ oy dx + [lj1 *p()”LOO(QR)(f e” dx+/ e” dx)
L oo R R L

4 2
L
2

T2 2 O 22 T, C
+ (e ) dx + i (e ) dx+C HSL,O ||L1(QR) dt + T (4.34)
—o0 L 0

2

where 6 = %
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Next, by the fixed « € (L, R) and by using (4.34), we have
f p2dx
L
[’} -L - +00
2 o9 . 2 )
§/L ,oodx+/ podx+||]}€*p0||Loo(QR)(/‘ e dx+/; e dx)
i —00 —00 5

2

oIt~

L
2

_ +00 t
+ / (e‘"z)2 dx + /L (e”‘z)2 dx + C/ HEL,OR ||21(QR) de + %, (4.35)
—o0 L 0

where 6 = %

Taking the limit on « for inequality (4.35) we obtain, as k — +00,

+00
/ p2dx
L
0 - - ) +00 )
5/ pédx+/ pgdx + llj1 *polle(R)</ e dx+/ e~ dx)
L —00 R —00 L

4 2

L
T2, 2\ O 2\ C
+/:w(e )dx+/é (e )dx+z

2

Lolat
[Slal

t +00 L
+ C/ (/ po(x)dx+/ ’ 00(x) dx
0 % —00
_L [
+00 C
+/ ’ e dx +/ e dx + —) de, (4.36)
oo L L
where 6 = %
Thus, we deduce that

R
/ p?dx
L
00 - ) +00 )
5/ pédx+/ pgdx+||j; *p0||Loo(R)<f e” dx+/ e~ dx)
L o R o L
4

L
2

+ i (e”‘z)zdx+ +Oo(e”‘z)zdx+g
s L L

2

+Cf0t<f;oopo(x)dx+f_;o 0o(x) dx

4

NI

NI

_L
2

2 O c\’
+/ e” dx+/ e dx+ —> dt, (4.37)
—0 L L

2

where 6 = % In the same way, we can also handle f__RL 02 dx.
By the Sobolev embedding theorem, we have

L
/ (o® - p)zdx — 0, R— +o0. (4.38)
L
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By virtue of

f_R(pR—p)2dx

R
L R R L )
5/ (pR—p)zdx+/ (pR)de+/ pzdx+/ (,oR)2dx+/ o2 dx
L L L R R
L R R L
5/ (pR—,o)zdx+/ (SLpR)zdx+/ pzdx+/ o2 dx, (4.39)
L -R L R

and by using (4.34), (4.37), and (4.38), letting R — 00, and then letting L — 0o, we have

R
lim [ (of-p)°dx=o0. (4.40)

R—o0 R

By using (4.22) and (4.25), we have

To 72 9
/ / uf) +Mo 2(ff) dxde

R R e To p%z R 2
§C/ ”u ||LOO(QR)/ ( x) dxdt+Cf o f (ux) dxdt
0 R 0 -R

fo R R R\2
<C [t I [ () earsc
R
_0 0 i
e A P T e O e TR e
To p=2
< C/ tr2de+ C
0
<C, (4.41)
where 6 = P+2 Multiplying (2.2), by &R, and integrating over Qg, it follows that
R ) R » ,
/ & p dx+/ &(uR) dx+/ & ((u R) +/L0)T(u§) dx
2dt R 2
2 1 R 3
S——/ Erp"ul (u®) dx+—/ Erop(u®) dx
2 ) & 2 ).
R 2 p=2 R
+/ (1) +M0)T”5”Rdx+/ Prufdx
R _R
<2lluRII? R R Ci ry2 R R
= ”” ”LOC(QR) ”&p ||L2(QR)“”x ||L2(QR)+Z||M ”LOC(QR) ||P ||L2(QR) ||” ||L2(QR)
C p=2
tT ” ((”5)2 + “0) Tuﬁ”LZ(QR) ””R ||L2(QR)
+ ”'ORHLOO (Q0r) HELPR”H(QR) HM§HL2(QR)
C
=< Cll&o®] ooy + I (4.42)
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Integrating the above inequality with respect to the time variable over (0, £), we get

R -
%/REL'OR dx+// £ (u dxdt+// £ (( +,u0)7( f)2dxdt

1 (R 2 Cc
55/_R$Lpg(u§) dx+C/O ||§LpR||L2(QR)dt+/O Za
R t t C
§C/ ’;‘L,ogdx+C/ HngR||L2(QR)dt+/ zdt.
—R 0 0

It is easy to see that the following inequality is established:

p-2

R 2 T R
[ o) ¥ ez 5 [ e acs - [ s
R -R

By virtue of

t R
//(uR—u)dedt
// uR —u dxdt+// dxdt+// u?dxde
// dxdt+// W dxdt
=f / (uR—u)zdxdt+/ / (ELMR)dedt
0 J-L 0 J-R
t R t —L
+// uzdxdt+// u* dxdt,
0o JL 0 J-r

(4.43)

(4.44)

(4.45)

and by using (4.42) and by a similar approach to (4.40), letting R — 00, and then letting

L — 00, we have

t pR
lim / / (uR - u)zdxdt =0
R— o0 0 R

Subtracting both sides of the inequality (2.2), from [(u2 + 1)

r2
2

&, (uf — u,), and integrating over g, it follows that

t R
// §L(uf—ux)2dxdt

P
<[00 100) T e 1]y + W)

L L
/ / %—L u +H0 : ("‘f‘”x) dxdt+/(; |lf||L2(QR)HuR_uHL2(QR)

1
[ 10 i 1P g~

t
10 i |1 = 0

(4.46)

u,]y, multiplying by
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+ —/ T TS T PP (e P T PR L
/ [0t 160" | 2 gy (128 ] 2 gy + Nt 2y) e

C
fc/uw—wgwﬂ~—+amwmmm

+C/f £ (( +u0 TZ( f)zdxdt

+// $L|ux|p2 dxdt+C/f %-L dxdt
0 J-R

t
C
fcfuf—w;%ﬂn—+qmwmmm

+C// A +u0 TZ( f)zdxdt
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+/Ot(f_j|ux|f”dx>”2(/ £(u )dx> dt+C/0/ £ (u )dxdt (4.47)

where in the second inequality we have used (4.44).

By virtue of

t PR t oL t R
/ / (uf - ux)2 dxdt < / / (uff - ux)2 dxdt + f / & (uf - ux)z dxdt, (4.48)
0o J-r 0 J-1L 0o J-r

and by (4.47) and by the lower semi-continuity of various norms, letting R — 00, and then

letting L — oo, we have

t PR
lim / / (uf - ux)z dxdt=0.
R—o0 0o J-Rr

By virtue of the nonlinear term, we have

[+ 10) 7's] = (6 20) T [0~ D% + ]

()" + 120) > 08 = (124 110) ™ 0] 1 = )

1
> / |0uf +(1- 9)ux|p_2 d@(uf - ux)2
0

1 1
z/ yeuf’pfzdé(uf—ux)2+/ ‘(1—9)ux‘p72d0(uf—ux)2
0 0
1

L ) 0 )’

=

(4.49)
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> C(|uB| + el (R — )

> Cluf —u,|". (4.50)

Next, we discuss the case ufu < 0 for fixed (¢, x), we have

R\2 3 (, R\2 R\?2 ’%2 R 2 ’%2 R
Z((Mx) +M0) (ux) _((ux) +M0) uxux_(ux-"“o) Uxlhy

= 217 (fu| + faual)”

= 21_p|uf - ux‘p. (4.51)
Consequently, we obtain after using (4.50) and (4.51)

p=2 P2

R
[T 00) % = (0 4 120) T ] - )
R
> 2! f |uf — u|” dox. (4.52)
-R

By (4.52) and (4.47), we know

t PR t oL t pR
/ / |u§—ux|pdxdt§/ / |uf—ux|pdxdt+/ / $L|uf—ux|pdxdt
0o J-r 0 J-1L 0o J-r

and

t R
lim / / |uf —ux’p dxdzt =0. (4.53)
-R

R— o0 0
Next, for any function ¥ € C5°(R x [0, Tp)), we take W as a test function in the initial-
boundary value problem (2.2) with the initial data (pg , wg ). By standard arguments, letting
R — 00, it follows from (4.17)-(4.28), (4.40), (4.46), (4.49), and (4.53) that (p, &) is a strong

solution of (1.1)-(1.2) on R x (0, Tp] satisfying (1.6) and (1.7). We only give a proof of the
nonlinear term as follows:

To p_z p=2
/ / uy) +Mo T uf — (Ul + o) 7 x|V dxde

To p-2

;,L0+ 9u +(1- Q)MX) ]TdQ }uf—ux||‘~ll|dxdt

To . NS
5/ / ([0 + ([B] + 10a1)"] 7 |[0f — e || 0| dxdit
0 -R
oo R 2 st
SC/ f (L + po + |uf]™ + 1ual®) 7 |0l — uy| W] dicdt
To -
="

L+ g + |uRP ™ + ) R = || W] drede
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To R To R 1
<[ [l -uliwidsder € [ [ (a7l - o dre
0 -R 0 -R

To R
+C/ / |ux|"_1‘u§—ux’|\ll|dxdt
o J-r

To (R ) 3/ To (R 2
§C</ / |u§—ux| dxdt) (f / |‘~Il|2dxdt)
0 -R 0 -R

To B
o R A [CEA T P

To
e / el | (028 = 1) 9 [

To R . ) 3 To .
§C</O /R|ux—ux| dxdt) +C/0 ||‘~IJ||LDO(QR)”(ux—Mx)HLp(QR)dt

To R 9 % To R 117
§C</ / |oay — 1| dxdt) +C(/ / ’uf—ux‘pdxdt) . (4.54)
0 -R 0 -R

The proof of the existence part of Theorem 1.2 is finished.
Finally, to finish the proof of the main theorem, we only need to prove the uniqueness
of the solution of the problem (1.1). Let (p,u) and (p, &) be two solutions that satisfy the

same initial condition. Denote
Z2p-p, U2u-un, O=2r(p)-n(p)

Subtracting the momentum equations satisfied by (p, ) and (p, %) yields

ol pue- U= ([ 10) F ], = [(@ + o) * ], )
=—pU - thy — Z(Uy + th - Uhy) — O + f(u) — f(i2). (4.55)
By virtue of f, we have
fo- ), (4.56)

ds

By (1.4), we know

+00 +00 1
/ [f(w) - f@)|U dx = / / fi(0u+ (1 -0)ir) dOU* dx
-0 —00 0

<-B / U2 dx. (4.57)
By virtue of
-2 —4
[(s*+ Mo)%_s]/ = (s + Mo)%_ [(p—1)s” + o]
> (s + MO)I%Z

pr=2
= (/’LO) 2,
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multiplying (4.55) by U, by using (1.4) and integrating by parts, leads to

+00

d
— uPrd
i) plU] x+/_0o

+00 +00

|L[x|2dx+B/ U?dx
—00

+00 +00

plUI* dx + C/ \ZIU (1) + @]|iy]) dx

—00

< Clli e /
—00

+ ClON 2@ 1 Ul 2w

écnaxnpo/ p|U>dx + A; + As,. (4.58)

oo

Then subtracting the mass equation for (p, #) and (p, i) gives
Zi+ih- L+ Ziy+ pU, + U - p, =0. (4.59)

Multiplying (4.59) by 2H ® and integrating by parts lead to

1
(|zo> ”;(R))t
1
< C(latellooqmy + [|@®20m0) ||L°°(]R))||ZCI)% ||i2(R)
+ C||,o<I>% ||LOO(R)”ux”L2(R) ”ZCD% ||L2(R)

+ 208 oy [U@7H] 24 I @pulrace

29
72 (R)

< C(L+ Nt lyragey) | 20}

2
H L2(R)

+C|Z03 | o ey (Wl 2y + IV/PU N 2wy),

where in the second inequality we have used Sobolev’s inequality, (1.7), (2.26), and (1.8).
This combined with Gronwall’s inequality yields, for all ¢ € (0, T%],

704 |y = € [ (1Whlizg + 1VAUL ) s (4.60)
As observed by Germain [21], putting (4.53) into (4.55) leads to
A <Ce)(1+ t”ﬁxt”iZ(R) + t||ﬁxx||%q(R)) /(”Ux”iZ(R) + ||«/5U||22(R))d5
+ (IVPU oy + 1Ux o y)- (4.61)
Next, we will estimate A,. In fact, one deduces from (2.2); that
O +u®, + U (0)y + yOu, + ym (p)U, =0,

which gives

(191 2w)),

< C(L+ [lutxll oo @) 1Ol 2wy + Cll Ul 2w
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+ C” ue™ “qujfz(R) ”n(qu)”Lq(R)

< C(1+ el o) 1€l 2y + Cll/BU Py + CHUl 22 gy (4.62)

which together with Gronwall’s inequality gives

t
1Ol < C / (1l + I1V/AU 2w) ds,
0

which shows
t
Ax = 1y + €16 [ (1L + IVBUIEe) . (4.63)
0

Denoting

t t
H() = / L2 gy ds + I/PU oy + / (IVPUII 2 gy + 1N 7)) ds,
0 0
putting (4.61) and (4.63) into (4.58) and choosing ¢ suitably small lead to
H'(t) < C(l + [t || Loor) + tllﬁxxﬂiq@g) + t”ﬁxt”iz(R))G;

which together with Gronwall’s inequality and (1.8) yields H(t) = 0. Hence, U(x,t) = 0
for almost everywhere (x,£) € R x (0, Tp). Then (4.60) implies that Z(x,t) = 0 for almost
everywhere (x,£) € R x (0, Tp). The proof of Theorem 1.2 is completed.
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